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A B S T R A C T

Optimisation problems arise across numerous domains, with metaheuristics
being widely adopted due to their flexibility and ease of use. Although the
metaheuristic framework is relatively simple, the search process is sufficiently
complex that it is effectively a black box. Users are often forced to accept results
at face value despite the risks of faulty implementations, non-determinism, and
unintended biases. To address these limitations, this research introduces an ex-
plainability framework for metaheuristics by extracting human-interpretable
insights from generated solutions.

Central to the proposed methodology is the novel concept of Partial Solu-
tions—defined and implemented as part of this work—which represent under-
standable sub-structures within metaheuristic solutions associated with high
fitness. To find these patterns, we use a multi-objective search method
that leverages information relating to their complexity, fitness, and structure.
The resulting patterns offer trade-offs between objectives, and each can be
post-processed into an explanation.

To quantify the “structure” of Partial Solutions, we developed two novel
linkage learning methods and a new linkage evaluation procedure, which we
show offers a superior trade-off between accuracy and execution time compared
with existing methods.

The utility and domain-agnostic nature of this framework are demonstrated
and evaluated across several distinct applications. First, the methodology was
applied to a complex industrial optimisation problem posed by British Telecom
(BT), yielding insightful explanations. Second, the framework was adapted for
a recommender system model, successfully generating explanations that
satisfy stakeholder objectives. Furthermore, the same underlying methodology
was utilised to construct transparent models for predicting solution
fitness.

To conclude, Partial Solutions are a flexible tool for explainability. They are
shown to recover known patterns within benchmark problems, and to be ap-
plicable and insightful in large and complex problems such as British Telecom’s
Staff Rostering. Our methodology can also be used beyond metaheuristics; for
example, we apply it to a recommender system to produce domain-specific
explanations. Finally, Partial Solutions can be used to predict fitness: we show
that decision trees based on Partial Solutions are competitive with traditional
approaches.

We conclude the thesis with reflections on whether our objectives have been
achieved, and possible future work. Partial Solutions may be used to implement
efficient and more understandable metaheuristics, and the applicability of the
explanations produced may be expanded beyond combinatorial optimisation.
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N O TAT I O N

L Number of decision variables in the search space.
Di Domain of the i-th decision variable.
F Fitness function.
s A solution vector.

si Value of the i-th variable in s.
X, S, P A collection of solutions

xψ, yψ, sψ Partial Solutions (PS) / patterns.
∗ Wildcard value (unfixed variable).

sψi Value of the i-th variable in sψ.
PRef Reference Population.

match(xψ, s) Boolean function matching xψ to s.
Pmatch Subset of PRef matched by xψ.

Pnotmatch Subset of PRef not matched by xψ.
apply(xψ, s) Applies fixed variables of xψ to s.

fixed_count(xψ) Number of fixed variables in xψ.
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Part I

I N T R O D U C T I O N



1 I N T R O D U C T I O N

Optimisation problems are unavoidable: maximisation and minimisation tasks arise
naturally in many domains, including many critical applications [230]. These problems
are highly diverse, which has led to a great variety in how they are solved. Some exact
methods exist when a task can be modelled mathematically in its entirety, but in many
cases the only feasible method is metaheuristics.

Metaheuristics is a term used to describe solvers for optimisation problems which
are at their core trial and error: random guesses are made and evaluated, and this
information informs the next guesses to be made. Because randomness is so central to
these methods, they are characterised by stochastic behaviour: the results vary between
runs. Metaheuristics were invented in the 1950s, and are highly capable of solving a wide
variety of optimisation problems [133]. Although the implementation of these methods
can be small and well understood, the emerging complexity arising from the optimisation
process results in a quantity of information which cannot be feasibly understood by a
human user, often making these methods black boxes.

This severely limits the ability to understand, verify, trust, or adapt the outputs.
Because metaheuristics are increasingly considered for critical applications, those ethical
and practical issues are preventing further adoption of metaheuristic methods [300].

A concrete example of this issue comes from our industrial partner, British Telecom
(BT), which needs to allocate its engineers to working rotas. It is necessary to maximise
the resulting “evenness” of the workforce allocation, which makes the task an optimisation
problem. Because of its scale and complexity, BT has developed a metaheuristic to solve
it, but its application results in ethical and practical issues due to its uninterpretability.

This thesis aims to resolve the aforementioned issues by developing novel explainability
methods for metaheuristics.

1.1 definition of partial solutions and linkage learning

The concepts of Partial Solution and Linkage Learning are necessary in order to
fully understand the first 4 chapters of this document. Only an intuition is required for
these initial chapters, after which we provide more in-depth definitions in Chapter 5.

A Partial Solution is a pattern in the decision variables of combinatorial solutions.
The solutions [2 3 1 4], [1 3 1 1] and [0 3 1 4] all contain the pattern [* 3 1 *].
The solution [0 0 0 0] does not contain that pattern. Partial Solutions are conditions
where every decision variable is either ignored (*) or must be a given value. The pattern
[* 3 1 *] is the condition “the solution’s second variable must be a 3, AND the third
must be a 1”.

a partial solution is just a pattern and nothing else. It can be used to
refer to groups of solutions, and that is its main purpose. Most PSs are not useful or
noteworthy, but some PSs represent a group of solutions which are desirable (i.e. they
have high fitness values). Finding these “noteworthy” patterns is a complex task, which
will be discussed throughout this thesis.

Additionally, PSs can be easier to “process” than solutions, because they have the
same format but omit some (and potentially most) variables. In the pattern [* 3 1 *]
we only care about 2 variables out of 4. This aspect becomes more important as the
quantity of decision variables increases: we may be able to find “small patterns” even in
problems with hundreds of decision variables.

partial solutions can be used for explanations because they
allow us to make statements about groups of solutions using a simple rule. The solution
to a complex problem with 150 decision variables may be impossible to understand, but
our system could find that solutions presenting the pattern [* 6 3 * * * ...] have
fitness values is in the top 10% of all solutions. This pattern describes a group of solutions
we are interested in.

Although the fitness function and the overall problem are humanly intractable, a
human may be able to understand how setting the second and the third variables to 6 and
3 are the main drivers behind the optimality of solutions. It is a useful approximation
of the fitness function, which serves as an explanation.
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linkage learning helps in finding desirable PSs. Linkage learning is the process
of finding which decision variables interact with each other in influencing fitness.
In the example given above, the pattern [* 6 3 * * * ...] involves 2 decision variables.
Perhaps the second variable being set to 6 has a negative effect in general, but when
the third variable is set to 3 it has a highly positive effect on fitness values. Because
finding useful PSs is hard, linkage learning is used as a guide to which patterns are most
likely to be useful. For example, if two variables are not linked, we should not look into
patterns which set both of their values.

1.2 hypothesis

The hypothesis being investigated by this thesis is as follows:

We hypothesise that solutions produced by metaheuristics for combinatorial
optimisation problems can be made more understandable. This is achieved
by breaking them into smaller patterns, which we call Partial Solutions.
The fitness of a solution can be understood as the combined effects of the
Partial Solutions present.

Regarding Partial Solutions, a more specific hypothesis is investigated:

We hypothesise that it is possible to find Partial Solutions associated with
high fitness which are also understandable. These Partial Solutions can then
be used for explanations. Partial Solutions can also be used to implement
transparent prediction models, but also to analyse datasets such as those
produced by a Recommender System.

1.3 brief context on bt

Our industrial partner British Telecom (BT) encounters black-box optimisation issues
when solving their Staff Rostering problem. They have reported several specific issues:

• Metaheuristic results often need to be modified manually to fit unforeseen con-
straints. These results are hard to modify without significantly degrading their
quality.

• BT faces resistance in adopting metaheuristics due to a lack of trust in their results
from Human Resources and regulatory bodies.

• Users often ignore metaheuristic suggestions due to a lack of trust, and instead
hand-craft the solutions. This produces worse results overall.

• There is an inability to understand how problem settings (workers available, rotas
available) could be modified to improve solutions.

The Staff Rostering (SR) problem is a combinatorial optimisation task, featuring
highly-dimensional solutions (141 variables in the instance analysed in [46]) and a
complex fitness function. The problem is solved using a customised algorithm (iRoster,
[81]).

These aspects make the solutions hard or impossible to understand, which motivates
the need for explanations. We chose not to develop an approach specialised on the SR
problem or iRoster, and instead we developed a problem-agnostic and metaheuristic-
agnostic method to expand its applicability. The BT context served as an initial set
of research questions, and the methods developed were then developed to be generally
applicable.

1.4 brief summary of work

This thesis implements explainability features for optimisation problems, achieved
using Partial Solutions (PSs). These are patterns that describe groups of solutions, and
we aim to find PSs associated with high-fitness solutions. Simultaneously, these patterns
must be simple and easy to understand. For a solution such as [2 3 1 6], a Partial
Solution could be [2 * * 6]. The “less important” parts of the solutions have been
removed in order to make the solutions easier to understand. For an optimisation problem
with combinatorial solutions belonging to a certain search space, Partial Solutions are
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defined as vectors of values from the same search space, but every vector can now also
have the value “*”.

The PSs of interest are those which are Pareto optimal with respect to multiple
objectives, which make them suitable for explanations. Such objectives can include
complexity, effect on fitness, and linkage strength. Once these desirable PSs are found,
they are post-processed into explanations.

PSs are a medium for producing explanations, and their flexibility allows them to adapt
to a variety of situations. They are used as standalone explanations for metaheuristics,
but they were also applied to a dataset derived from a Recommendation System model.
PSs were also used to create transparent models which predict the fitness of solutions.

In order to evaluate the utility of our explanations, a user study was designed to
statistically prove whether these provide an advantage.

1.5 considerations and challenges

This section outlines the main considerations and challenges encountered during this
research. This context is necessary for understanding the research questions.

1.5.1 Absence of an explicit model

Many explainability methods within Explainable Artificial Intelligence (XAI) were de-
veloped for Machine Learning (ML). These methods assume a model is present; however
metaheuristics usually lack such a model. Here, “model” refers to higher-level inform-
ation learned from input data, and explaining ML involves representing this learned
information usefully.

Although some metaheuristics do possess such a model (Estimation of Distribution
Algorithms (EDAs), discussed in Section 2.3.8), our methodology must be applicable to
model-free approaches like Simulated Annealing (SA) and a wide range of other search
methods.

1.5.2 Absence of a baseline

Although some explanations could be considered “correct” for certain benchmark prob-
lems, there is no universal criterion for determining what makes an explanation satisfact-
ory. An explanation’s quality is dependent on its audience, and even then the question
of “what makes the explanation good” is a subjective matter.

1.5.3 Speed

BT indicated that their workflow requires explanations in under two minutes. This is not
a hard constraint, but it has serious implications: faster execution significantly reduces
the barrier to usability. An explainability method which is too slow will not be used as
much, and thus its benefits are voided.

1.5.4 Relevance

Explanations for optimisation problems and metaheuristics aim to answer different
(although similar) questions to those for ML. Therefore, the XAI techniques already
developed for ML will often be inapplicable for our aims.

1.6 research directions

This section formalises the research questions guiding this thesis and outlines the concrete
objectives required to answer them.

1.6.1 Research Questions

This thesis investigates methods to explain metaheuristic solutions by using PSs. The
focus is on explaining the solutions rather than the metaheuristic itself. This addresses
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a significant research gap, while also mitigating the practical concerns associated with
black-box search methods. We formulate the following primary research questions:

• RQ1: How can the results of a metaheuristic be explained using PSs?
Specifically, how can explanations facilitate various tasks relating to using the
solutions?

• RQ2: How can PSs be defined for explanations, and how can they be generated
efficiently from a set of solutions to maximise their explanatory power?

• RQ3: How effective are PSs in supporting decision making?

These primary questions focus on explainability. However, additional secondary ques-
tions are also of interest:

• RQ4: Can PSs act as models to predict fitness, potentially in an explainable
manner?

• RQ5: Can PSs be applied to other contexts beyond optimisation ?

1.6.2 Research Objectives

The research questions will be answered by pursuing the following specific research
objectives:

• O1: Formally define PSs and the metrics used to quantify their explanatory
suitability.

– PSs should occupy a niche not covered by existing explainability methods.
As discussed in Section 3.7, variable importance dominates XAI but assumes
linearity. Therefore, PSs are specifically designed for problems with complex
variable interactions.

– Define PSs and their metrics formally to ensure the proposed methods are
easily replicable.

– The explanations must avoid common XAI issues, such as a lack of provability
or demonstrable utility [94].

– The PSs should harness linkage learning in order to expose the underlying
structure of the optimisation problem. Linkage learning itself requires further
research in order to be satisfactory for our purposes, in terms of quality of
results and execution speed.

• O2: Develop algorithms to generate Partial Solution-based explanations quickly.

– Each explanation should be generated in the order of seconds, rather than
minutes or hours.

– Scalability is a major concern. The SR problem for example features large
solutions and is highly non-linear (see Section 2.2.7.1).

– Ensure PSs are flexible: problem-agnostic, metaheuristic-agnostic, and adapt-
able to other domains. We only assume that the problem is combinatorial.
Further assumptions on the problem will prevent general applicability.

– The metaheuristic must be treated as a black box. We cannot assume the
presence of a population (for example BT’s iRoster is a single-individual SA)
or of an explicit model. The only guarantee is that the solver evaluates many
solutions. Similarly, there are no assumptions about the distribution of the
solution being evaluated, which allows our methodology to be decoupled
from the metaheuristic. In domains like Recommender Systems where a
metaheuristic is missing entirely, our methodology should still be applicable.

• O3: Evaluate the explanatory power of the system.

– The evaluation methods must align with XAI literature.

– The evaluation should prove practical utility in use cases relevant to BT.

– The evaluation should acknowledge the possibility of researcher bias and
take steps to prevent it.
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• O4: Create Partial Solution-based models which are both transparent and effective
for predictions.

– The resulting models should avoid the common misconception that an
understandable format leads to understandable models. The size of the
model should be small in order to be feasibly understandable.

• O5: Find generalisations for PSs and our general methodology, in order to align
with the desiderata of stakeholders. Our methodology should be easily modifiable
whilst remaining anchored to its central procedure.

1.6.3 Contribution

The research objectives culminate in the following core contributions:

• C1: A pattern-based definition of PSs, detailed in Section 5.4. These patterns
are optimised against the metrics defined in Section 6.8 for understandability,
Section 6.7 for fitness quality, and Section 6.9 for “structural integrity”. These
objectives are themselves a significant contribution.

• C2: A multi-objective search method with customised operators to obtain PSs, as
discussed in Chapter 6

• C3: The integration of domain-specific information to improve PS interpretability,
discussed in Section 6.12.

• C4: A novel, transparent method for predicting solution fitness using PS-based
decision trees, shown in Section 8.3.

• C5: A methodology for evaluating metaheuristic explanations designed to mitigate
researcher bias, in the form of a user study described in Chapter 9.

• C6: Two novel linkage learning methods, which are designed to work on data
produced by metaheuristics, defined in Section 7.4.

• C7: An evaluation of many linkage learning methods, defined in Section 7.5.

1.7 structure of thesis

Introduction
Chapter 1

Background Chapters

Explainability
Chapter 3

Optimisation
Chapter 2

State of the Art
Chapter 4

Contribution Chapters

Mining of PSs
Chapter 6

Introduction to PSs
Chapter 5

Linkage Learning
Chapter 7

Applications
Chapter 8

User Study
Chapter 9

Testimonial
Chapter 10

Conclusion
Chapter 11

Figure 1.1: Summary of chapter structure in this thesis, with clickable links.
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The structure of the thesis is shown in Figure 1.1, and is summarised as follows:

• (Chapter 1) Introduction : Introduces the motivation, problem context, and
research questions of the thesis.

• Background chapters:

– (Chapter 2) Background on optimisation : Covers the fundamental
concepts of combinatorial optimisation and the search methods used to solve
them.

– (Chapter 3) Background on explainability : describes how explanations
have been researched in the context of computer science, and provides
definitions and concepts used throughout the thesis.

– (Chapter 4) State of the Art: Compares existing methods against our
proposed methodology, and discusses its novelty.

• Contribution chapters:

– (Chapter 5) Introduction to Partial Solutions : introduces the concept
of PSs and provides formal definitions. It also includes a worked example of
their usage.

– (Chapter 6) Mining of Partial Solutions: documents the methodology
developed to find useful PSs. It describes and motivates the multi-objective
search method, its operators, and its objectives.

– (Chapter 7) Linkage Learning: A review of existing Linkage Learning
methods, followed by proposed novel approaches and their evaluation.

– (Chapter 8) Applications of Partial Solutions: contains the main
contribution, all based on PSs. They include post-hoc explanations for
optimisation problems (e.g. Staff Rostering), transparent prediction models,
and explanations for Recommender Systems. This chapter also evaluates
each method.

– (Chapter 9) User Study: the evaluation of our explanations through a
user study.

– (Chapter 10) Testimonial: our explanation system was shown to our
industrial collaborator, and a report of his testimonial is given

• (Chapter 11) Conclusions: closing remarks, discussion of how the research
questions have been answered, and future work.

• Appendices:

– (Chapter A) Original paper defining PS Mining.

– (Chapter B) Algorithms used to implement various PS objectives.

– (Chapter C) Linkage learning methods definitions.

– (Chapter D) Example linkage tables

– (Chapter E) Benchmark SR problems used for evaluation of PS mining.

– (Chapter F) User study questionnaire described in Chapter 9.

– (Chapter G) Ethics approval letter.
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Part II

B A C K G R O U N D



2 B A C K G R O U N D O N O P T I M I S AT I O N A N D M E TA H E U R I S T I C S

Optimisation problems are at the core of this thesis, since they are the subject of the
explanations. These problems are characterised by emergent complexity: small definitions
can give rise to complex and diverse classes of optimisation problems.

In order to discuss the different varieties of optimisation problems, Section 2.1 will
formally define them in mathematical terms.

The hardest part is solving these problems, and for this thesis we are interested in
how metaheuristic methods are used for this purpose. This topic is covered in detail
in Section 2.3.

The reason why optimisation problems and metaheuristics are being researched here
is that their results are often unexplainable, meaning that it is not clear how they were
obtained or why they work. A short discussion on this is presented in Section 2.1.5.5,
and a comprehensive background on the topic of explainability is given in Chapter 3.

2.1 optimisation problems

Optimisation problems occur naturally in real-world applications, across many fields. In
chemistry, one may find the optimal reaction conditions, find drugs that satisfy many
objectives, or find the optimal lab experiment scheduling. In engineering, one can find
the optimal design of vehicles and circuits. In computer science, one can find the optimal
decision variables for a machine learning model [9].

2.1.1 Definition

Optimisation problems are tasks described by a collection of decision variables and
an objective function. For a given combination of decision variables (a “solution”),
the objective function describes its quality (called the “objective” or “fitness”). The aim
is to find the combination(s) of decision variables that result in the best fitness value,
which is the minimum for a minimisation problem, and the maximum for a maximisation
problem. More formally, a maximisation task is one where the aim is to find x such that:

x = arg max
x∈X

F (x) (2.1)

F is the objective, and X is the set of all possible solutions, the search space. If the
intention is to minimise the objective, a similar equation is used:

x = arg min
x∈X

F (x) (2.2)

To note is that these formulations are equivalent: multiplying the objective of a
maximisation problem by −1 and finding the minimising x has the same results:

arg max
x∈X

F (x) = arg min
x∈X

−F (x) (2.3)

A more formal formulation of optimisation problems can be found in [28]. The rest of
this section will focus on single-objective optimisation problems, and other variants are
covered throughout the rest of the chapter.

For the rest of the thesis, objectives are to be maximised.

2.1.2 Terminology

Here we clarify the terminology used throughout the thesis.

optimisation problem/task : aiming to find the input which maximises a certain
quality metric.
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objective / fitness / utility metric : measures the quality of solutions.

solution / candidate solution : a possible input for the objective function. In
this thesis, a solution will always be a fixed-length vector.

decision variables : the numbers that together form a solution.

values : the possible values which can be taken by a decision variable in a solution

cardinality : of a decision variable, it is the quantity of possible values it can take.

search space : the set of all possible solutions, but more practically it is a description
of the decision variables and the values they can take.

fitness landscape : the values taken by the fitness function over the entire search
space

fitness assessment / evaluation : computing of the objective value of a solu-
tion

search : the process of looking for the optimal solution. This is at times called solving
the problem.

global optimum : the best solution, because it maximises or minimises the objective

local optimum : a solution that is better than all of its “neighbours”, which are
solutions similar to it.

2.1.3 Notation

Table 2.1 shows the symbols used to indicate the items described above.

Table 2.1: Notation used in optimisation

Symbol Meaning

F Fitness function
x, y, z, s, t Individual solutions
L Length of solutions in the search space
x = (x1, x2, . . . , xL) A solution with L decision variables
i, j, a, b, k Indices of decision variables
cardinality(i) Number of possible values for decision variable i

X, S, P Collections of solutions

2.1.4 Types of optimisation problems

Optimisation problems can be categorised by the type of decision variables, the
shape of the fitness landscape and the quantity of objectives.

2.1.4.1 By type of decision variables

A common categorisation in the literature of optimisation consists of combinatorial
and continuous problems [220].

A problem is combinatorial if the decision variables in the solution can take values
from a finite set, such as {Red, Green, Blue}, {True, False} and {1, 2, 3}. These fall
under the category of discrete problems, because the size of the search space is finite.

If the decision variables can take real values from a range, such as [1, 4] (which includes
1.1, 2, 3.9999), then the problem is continuous. The size of the search space for these is
theoretically infinite, whereas for combinatorial problems it is very large but still finite
[153]. There are many other kinds of problems, where the solutions are variable-length
lists, trees, text, permutations etc. . . , but these are not relevant to the present work.

The main problem which motivated this research, the Staff Rostering (SR) problem
described in Section 2.2.7, is a combinatorial problem.
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2.1.4.2 Convex vs non-convex

This classification relates to the fitness landscape, and has strong implications for the
complexity of the problem. As mentioned in Section 2.1.2, there are local and global
optima, and in a convex problem these are always the same, as shown in Figure 2.1.
Informally, these are problems where a solution can be proven to be the global optimum
by showing that any slight modification will worsen its fitness [32].

Non-convex problem

solution parameter

ob
je

ct
iv

e

Convex problem

solution parameter

ob
je

ct
iv

e

Local and global 
optimum Local and global 

optimum

Local 
optimum

Figure 2.1: In non-convex problems, local optima are not always global optima.

In non-convex problems, the same proofs are not valid: although the neighbourhood
of a solution might only have worse fitness, by going far enough it might be possible to
discover solutions with better fitness, as shown in Figure 2.1.

This difference makes it much harder to determine when a global optimum is found
in a non-convex problem, and thus this category contains the most computationally
complex problems which are solved via global optimisation methods. Generally,
convex problems follow polynomial complexity, whereas many non-convex problems are
NP-hard. [68]. Non-convex problems are one of the main driving factors behind the
development of metaheuristics, as purely mathematical methods are often inapplicable.

More detailed and formal definitions of convex and non-convex problems are found in
[32, 68].

2.1.4.3 By Quantity of Objectives

The problems discussed so far were single-objective problems, where there is a single
objective to be optimised. While these are more typical, there also exist multi-objective
problems, in which multiple and often conflicting objectives must be considered simul-
taneously [185].

In single-objective optimisation, solutions can typically be ordered from “best to worst”
according to their fitness (mathematically, they follow a total order). A solution is either
better, worse or equivalent to another in terms of fitness. However, in multi-objective
problems, such ordering is generally not possible because improving one objective may
come at the expense of another [73].

Here, the term dominance is more appropriate: a solution dominates another if
it is better in all objectives (with some caveats when ties occur, see Equation (2.4)).
A solution is non-dominated when there are no solutions which dominate it [73]. In
notation, dominance is often indicated using ≻.

s ≻ t ⇐⇒ ∀i ∈ {1, . . . ,m}, Fi(s) ≥ Fi(t)

∧ ∃j ∈ {1, . . . ,m}, Fj(s) > Fj(t). (2.4)

The set of non-dominated solutions is called the Pareto front, and this is what one
seeks to find when solving a multi-objective optimisation problem [73]. An example
is shown in Figure 2.2. These solutions represent different optimal trade-offs between
objectives, and which one is preferable often depends on context-specific priorities or
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preferences. It is important to understand that, mathematically, the Pareto front is an
inevitable consequence of multi-objective problems with conflicting objectives.

f2

f1

A

C

B

Pareto front
Dominated solutions

Figure 2.2: A Pareto front for a multi-objective problem of two functions to be
minimised. Pareto Optimal solutions such as A and B dominate solutions
outside of the Pareto front (such as C), and they are non-dominating
between each other.

Therefore, there is rarely one best solution for a multi-objective problem, but this is
not a weakness: the Pareto front presents a set of possible options from which a user can
decide their most suitable option.

In this thesis, the search for explanations was implemented as the resolution of a
multi-objective problem, so this class of problems will be relevant in our methodology.

2.1.5 Challenges of solving optimisation problems

There are various challenges to be considered when attempting to solve optimisation
problems, and they are summarised here for future convenience.

2.1.5.1 Inability to solve exactly

A naïve method of finding the optimum is enumeration: calculating the fitness of the
entire search space, and then picking the solution with the best fitness.

Unfortunately, this is in many cases not feasible due to the size of the search space
being potentially very large, since it tends to increase exponentially in size as more
variables are present (the curse of dimensionality [49]). For example, the SR problem
instance used in our experiments would involve testing 1.7 · 1051 candidate solutions.

In some cases, there are exact methods for finding the optimum without having to eval-
uate the entire search space, such as Branch-and-Bound, Dynamic Programming, Integer
Programming and Backtracking [137], which do guarantee the optimum. Unfortunately,
these methods can still be unfeasible.

Determining if a solution is a global optima (mathematically) is practically impossible
for many real-world problems. For many common optimisation tasks, the decision problem
of “is this solution the global optimum?" is NP-hard [163], meaning that optimality can
only be proven by checking the fitness of every solution in the search space. (Note that
this is a simplification, and that although there might be ways to make the process more
efficient, it will still be at that unapproachable scale).

Therefore, if a solution with good fitness is found for a problem, knowing whether it
is the true optimum might be impossible.
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In many cases, finding the global optimum is not strictly necessary as long as a “good
enough” solution is found. In these situations, an algorithm which solves the optimisation
task would be evaluated based on the fitness of its results rather than its probability of
finding the global optima.

In the context of this thesis, the informal term “good solution” is used
to refer to solutions that have a relatively high fitness in a maximisation
problem, and relatively low fitness in a minimisation problem.

2.1.5.2 Large-scale global optimisation

A practical issue which is particularly relevant to this thesis is the presence of large
genomes, meaning that the quantity of variables in a solution is inconveniently big, and
the field of large-scale optimisation focuses on these [211]. The SR problem provided
by BT as an example of realistic instance consists of solutions with 141 variables,
which affects both the search process (curse of dimensionality, as mentioned above)
and understandability (too many variables to process or visualise). These 141 decision
variables each correspond to engineers working for BT.

2.1.5.3 No free lunch theorem

The No Free Lunch Theorem is highly relevant when developing methods to solve
optimisation problems, and states that [291]:

No optimisation algorithm can outperform any other under any metric over
all problems.

The main consequence of this theorem is that if an optimisation method performs
better than average for a certain category of problems, it will perform poorly for other
categories [151].

For some researchers, a consequence of this theorem is that optimisation methods
cannot be both efficient and transparent, and thus there is a trade-off between
interpretability and efficiency. This has been contested in recent literature, and will be
discussed with further detail in Section 3.7.

2.1.5.4 Assumption of structure

In order for an optimisation problem to be solvable without enumeration, the objective
must exhibit some form of structure. In the case of metaheuristic solvers, this consists
in the assumption that similar solutions should have similar fitness, and mathematical
methods make much stronger assumptions. Quoting from [149]:

Optimisation algorithms succeed by exploiting structure in the objective
function. If no such structure exists, then search reduces to blind guessing.

There are multiple ways in which a problem can display structure, and an efficient
algorithm generally attains its performance by specialising on certain structures.

On the other hand, assuming that a problem follows a certain structure can be
detrimental, which is a consequence of the “No Free Lunch Theorem” [291]. If all
problems followed a structure that would allow a more efficient algorithm, then there
would be an algorithm that is globally better, which is impossible. This is relevant
for this thesis, as we aimed to create a tool which makes few assumptions about the
optimisation tasks.

2.1.5.5 Non-understandability

Knowing the exact formula for the fitness function does not necessarily mean that a
human user will understand how to solve it, or that the global optimum will be easy
to understand. In many cases it is easier to find the solution to an optimisation problem
than to find an explanation for its existence.

This issue is one of the main motivations behind this thesis, especially due to real-world
optimisation problems being particularly hard to comprehend, as explained in Chapter 3.
The sheer quantity of formulas and tables involved prevents a human user from trusting
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and using automated methods in solving the optimisation problem. These issues are the
main motivations behind the topic of XAI, which is discussed in Chapter 3.

There is a fundamental question to be answered: are all optimisation
problems in some way understandable?
This question is hard to answer, and too broad for the scope of this
thesis. What can make a problem understandable is the possibility of it
being approximated, such that it can be understood by a human but at
the cost of some lower-importance details. This approximation is a lossy
compression, and thus compressibility can be taken as an indication
of an optimisation problem being in some way understandable partially.
In this small discussion, we discuss lossless compressibility, as
this does not require deciding the level of approximation. The two
are not the same, but lossless compressibility could be taken as an
indication of lossy compressibility, which in turn could be an indication
of explanations being possible. These are still just an indication rather
than a guarantee, but this discussion is a useful informal starting
point in order to argue that most optimisation problems should allow
explanations.
First, consider the concept of Kolmogorov complexity: every piece
of data has a shortest description possible. If this shortest description
is smaller than the data itself, the data is Kolmogorov compress-
ible. Data which cannot be compressed (noise without structure) is
Kolmogorov incompressible [113]. With optimisation problems,
we can say that an optimisation problem’s optimum is explained by
showing why it is better than the rest of the search space. If this explan-
ation requires listing the entire search space, then we can consider the
problem non-understandable because its fitness function is Kolmogorov
incompressible.
On the other hand, we can consider a problem to be understandable if
there are more concise explanations (on why the optimum is optimal),
due to the fitness function being Kolmogorov compressible.
In the real world, we can assume that every fitness function is
Kolmogorov compressible, because we know that it must have been
implemented using code that is smaller than its search space (barring
some unrealistic situations). Therefore, from an Information Theory
point of view, all optimisation problems that are encountered in the real
world should in some way be understandable (with some loss of lower
noise detail). In this sense, explanations are simply a method of
compressing information about solutions, which is a core idea in
this thesis.

2.1.5.6 Interactions and non-separability

Another source of difficulty in optimisation arises from interaction effects between
variables. In many problems, the impact of modifying one variable depends on the
values of others, meaning that variables do not contribute independently to the objective
[118]. Knowing which variables are interacting can help in determining how to solve the
problem more efficiently, since it could be separable into smaller independent problems
[265].

The SR problem is particularly dense with interactions, due to the workers sharing
skills and working days, but finding this information is challenging. Informally, most
existing explainability methods are not well defined when interactions are present, and
thus this thesis aims to investigate this research gap. Methods for detecting interactions,
called linkage learning, are discussed in detail in Chapter 7.

2.2 benchmark problems used in this research

In order to evaluate and compare different resolution methods for optimisation problems,
a suite of benchmarks was used throughout this research.

These benchmarks were chosen to cover a wide and diverse array of behaviours that
could occur in optimisation problems in the wild. This thesis relates to combinatorial
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optimisation problems, and so all the benchmarks are in the same class, many being
binary.

Since interaction effects are of interest to this research, almost all the problems display
such effects. Generally, there are groups of variables that interact with each other, which
we call cliques (borrowing from Graph theory terminology, although it has a more
specific definition there). The problems in Section 2.2.2 are the main problems used and
they are chosen as they are problems displaying interaction effects of different kinds, while
also allowing ground truth for what an explanation should look like. Graph Colouring
is another one of the main problems used in this work, as it allows for instances which
display interaction effects that can mimic what is seen in real-word scenarios, such as what
is seen in the SR problem. NK problems are used for their “tunable complexity” while
Max-SAT problems are used since they are well-known and competing methodologies
can be applied and compared against ours.

Note that some of the definitions differ from the literature in how the
fitness might be multiplied or divided by a constant. This inconsistency
is inevitable, as different papers use different but equivalent definitions.
As discussed in Section 2.1, this does not affect the resolution process.

The notation used in this section is the same as that used in Table 2.1, with some
additions. L indicates the quantity of variables, F is the fitness and s is a solution.
Additionally, we use c to indicate a clique (as a vector of variables), and get_clique(i)
to indicate that we are getting a specific clique from the solution. These are summarised
in Table 2.2

Table 2.2: Notation used in optimisation

Symbol Meaning

F Fitness function
L Length of solutions in the search space
x, y, z, s, t Individual solutions
x = (x1, x2, . . . , xL) A solution with L decision variables
i, j, a, b, k Indices of decision variables
c A clique, which is a collection of variables within solutions.
get_clique(i, s) the ith clique present in the solution s
clique_len The quantity of variables in each clique
n_cliques The quantity of cliques in each solution

2.2.1 OneMax

OneMax, defined in [2] is a problem where there are no interactions between variables
and each variable has the same contribution. It is a binary problem with L variables,
where the fitness of a solution is just the sum of its values:

F (s) =

L∑︂
i=0

si (2.5)

2.2.2 Unitary problems

Unitary problems are problems where the variables are grouped into cliques [75].
A solution has L binary variables in total, and its variables are partitioned into

n_cliques so that each clique consists of clique_len variables.
For convenience, the partitioning is so that the first clique is (s0, s1, . . . , sclique_len−1),

with the second clique starting at sclique_len and so on. We indicate the ith clique
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with get_clique(i, s) For each clique, we calculate the sum of its variables, called the
unitation.

unitation(c) =
clique_len∑︂

i=0

ci (2.6)

This value is then passed to a sub-function Fu, and it is this sub-function which
distinguishes the various unitary problems.

The final fitness of the solution is then the sum of these sub-fitness values.

F (s) =

n_cliques∑︂
i=0

Fu(unitation(get_clique(i, s))) (2.7)

2.2.2.1 RoyalRoad

RoyalRoad represents the simplest problem where interactions occur. More specifically,
a clique has good fitness if and only if all the variables have value 1 [198].

FRR
u (u) =

{︃
1 if u = clique_len
0 otherwise

(2.8)

2.2.2.2 Trap-k

Trap-k was designed to be a deceptive problem, so that automated solvers would
struggle to find the optimum, through these properties:

• There are interaction effects, but only for specific combinations of values

• The general behaviour of the function indicates that more zeros are beneficial, but
the best clique is composed entirely of ones.

The unitary function for Trap-k, first discussed in [107], is defined as follows:

FTrap-k
u (u) =

{︃
clique_len if u = clique_len,
clique_len − u− 1 if u < clique_len.

(2.9)

Note that this formula replaces the k used in the literature with clique_len to avoid
confusion - usually k = clique_len.

More intuitively, in a problem where k = 5, the optimal clique is [1 1 1 1 1] (Fu = 5),
closely followed by [0 0 0 0 0] (Fu = 4). Adding ones to the latter clique will lower
its fitness, but if all the values are set to one then the fitness becomes optimal. Hence,
there is no interaction between the variables unless they are all ones.

2.2.2.3 Parity

This function, called “Concatenated Parity Function” in [59], aims to demonstrate
interaction effects which are hard to model for EDAs [59]. The sub-fitness function is:

FParity
u (u) = u mod 2 (2.10)

For each clique, half of its possible variable combinations is optimal.

2.2.3 Graph Colouring

Graph Colouring is a class of problems where there is a network of nodes and edges, and
the aim is to colour the nodes so that there are no (or the fewest) connected nodes with
the same colour (as seen in Figure 2.3).

This was originally stated as a decision problem, on whether a certain quantity of
distinct colours would have allowed for a satisfactory graph colouring, and it has been
proven to be NP complete [154].

There are two optimisation tasks stemming from the decision problem:
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• Given a graph with nodes to be coloured, what is the fewest quantity of colours
so that no two connected nodes have the same colour?

• Given a graph with nodes to be coloured from a limited selection, what is the
colour assignment which yields the fewest quantity of connected nodes with the
same colour?

The latter of these tasks is widely used to create problems with interaction effects.
A summary of theoretical aspects relating to the Graph Colouring problem is given in
[146], and a list of real-world instances is given in [270]. An example of a graph colouring
problem instance is shown in Figure 2.3.

Compared to other problems presented in this section, this is characterised by non-
binary variables, multiple optima, and complex higher-order relationships between
variables.

These problems are relevant to this thesis because the behaviour of the SR problem
often mimics that of a Graph Colouring problem, since workers might have to be assigned
to different working patterns so that the workforce is evenly spread. This relationship
has long been discussed in the literature, with [253] providing a summary.

2

0

4

1 3

6

5

Figure 2.3: Example of an optimisation problem. This problem needs at least 3
colours to have no-same colour connections, and the configuration shown
is optimal.

2.2.4 RoyalRoadWithOverlaps

This is a novel but minor contribution.

RoyalRoadWithOverlaps was developed as a benchmark for our methodology centred
around PSs, and was used in [44].

For a RoyalRoad problem instance, the fitness is exactly the quantity of cliques that
are entirely made of ones, and thus it can be re-written in a more general form as how
many “optimal_patterns” it contains.

F (s) = |{eψ ∈ optimal_patterns s.t. match(s, eψ)}| (2.11)

(match(a, bψ) means that the solution a contains pattern bψ. This notation will be
introduced in Section 6.2)

In RoyalRoad, optimal_patterns might look like {(1 1 1 1 * * * *), (* * * * 1 1 1 1)}.
This generalisation allows us to use any pattern instead of those that are already present

in RoyalRoad. In particular, “overlapping” or “contradicting” patterns can be used.
For example, with optimal_patterns = {(* 1 1 1 1 * * * ), (* * 0 0 0 0 * *),
(* * * * 1 1 1 1)}, the optimum could be (1 1 1 1 1 1 1 1) but (* * 0 0 0 0 * *)
might still a positive trait to have.

This property was used since in the initial stages it was unclear whether it was possible
to find patterns which overlap.
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2.2.5 Max-SAT problems

Boolean satisfiability problems (SAT) are defined by a set of Boolean clauses, each
expressed in conjunctive normal form (CNF). In the classical decision formulation, the
task is to determine whether there exists an assignment of values to the variables such
that all clauses are satisfied.

In the optimisation variant, often referred to as Max-SAT, the goal is to find an
assignment that satisfies the maximum possible number of clauses. Formally, for a CNF
formula φ = {C1,C2, . . . ,Cm} with clauses Cj the fitness function is:

FSAT(s) =
⃓⃓
{C ∈ φ | satisfies(s,C) }

⃓⃓
SAT was the first class of problems proven to be NP-complete (Cook-Levin theorem,

[229, 154]), and Max-SAT inherits the associated complexities.
The instances used for this research are taken from SATLIB, a well-established

repository of SAT benchmarks inspired by Donald Knuth’s collections of satisfiability
instances [135].

2.2.6 NK Problems

The NK landscape model was originally introduced by Kauffman [155] to capture the
structural properties of fitness landscapes in evolutionary biology, particularly relating to
proteins and DNA. In modern computer science, it serves as a benchmark for generating
tunably rugged combinatorial optimisation problems.

An NK problem is a binary problem with N variables. The landscape’s ruggedness is
governed by the epistatic parameter K (0 ≤ K ≤ N − 1), which dictates the degree of
interaction among the variables. The core characteristic of the model is that the fitness
contribution of an individual variable xi is conditionally dependent on its own value as
well as the values of K other variables.

The fitness of a solution is the average of N localised fitness contributions:

F (x) =
1
N

N∑︂
i=1

fi(xi,xi1 , . . . ,xiK ) (2.12)

where each component function fi : {0, 1}K+1 → [0, 1] assigns a fitness value to the
combination of the main variable xi and its K interacting neighbours.

The inputs to fi are (generally) sequentially contiguous bits. To handle boundary
conditions, the indexing wraps around using modular arithmetic:

fi(x) = fi(xi,x(i (mod N))+1, . . . ,x((i+K−1) (mod N))+1) (2.13)

Practically, because the inputs are discrete and binary, each fi is implemented as a
unique lookup table containing 2K+1 randomly generated real numbers, typically drawn
from a uniform distribution U(0, 1) [217].

2.2.7 The Staff Rostering problems

The SR problem is the main problem which originated this research. It was first posed
by British Telecom (BT), and it represents a somewhat simplified version of the real
problem faced by managers. There are many versions of this problem, each with different
constraints and objectives, and this thesis is concerned with two specific instances:

• A version which is almost identical to that discussed in Fyvie’s work in [100]

• A version which is simplified, used for the user study in [42].

The original “canonical” definition can be found in [81].

2.2.7.1 Original definition

The SR optimisation problem consists of assigning rota patterns to a set of workers,
where the fitness measures the consistency of the quantity of workers over a certain
calendar period. The problem is parametrised by:

19



• A calendar length (e.g. 12 weeks),

• The list of rota patterns, each being a boolean vector representing “Working”
and “Not Working” days,

• A list of workers, each having some rota pattern options and a set of skills (a set
of strings). These options are provided by BT and are unchangeable. These are
picked based on the availability of workers, law compliance and HR acceptance.

Within solutions, each worker is a variable and their rota assignment is their value
(e.g. worker#6→option#2). If worker#6 has rota options [12, 24, 25, 60], option#2 will
be pattern#25.

The fitness function is based on the “range” of the quantity of scheduled employees
with a certain skill on a certain day of the week. For example, of Fibre Optic engineers
on Tuesdays there might be {2,1,5,2,5} throughout five weeks, but having {3,2,2,3,2}
would be better since the quantity only ranges between 2 and 3. Let Qx(skill, weekday)
be the function returning the quantity of workers trained in skill working on weekday
as determined by solution x, for each week (e.g. Qx(Fibre, Tuesday) = {2, 1, 5, 2, 5}).

The aim is to minimise the range of workers for each skill-weekday com-
bination (Equation (2.14)), with some additional components that contribute to the
objective function in Equation (2.17).

Rangex(skill, weekday) =
(︃

1 −
min(Qx(skill, weekday))
max(Qx(skill, weekday))

)︃2

(2.14)

weight(weekday) =
{︃

10 if weekday ∈ {Saturday,Sunday}
1 otherwise

(2.15)

preference_score(x) = W · #{non-favourite rotas in x} (2.16)

F(x) = −

⎛⎜⎝ ∑︂
s ∈ skills

d ∈ weekdays

Rangex(s, d) · weight(d)

⎞⎟⎠ − preference_score(x) (2.17)

Firstly, weekends have increased importance and thus their contribution to the
fitness is increased by using the weight function (Equation (2.15)). Additionally, each
employee has a favourite rota within their choices, and the fitness improves as more of
these are picked (Equation (2.16)). Finally, the weighted ranges for each skill-weekday
combination are added with the preference score (with a weight W, here set to 0.001) to
form the final fitness function (Equation (2.17)). The final fitness function multiplies all
of this by -1 as to make this a maximisation problem.

The instance used here is (almost) identical to [97], with the same workers and rotas
available to them. There are 141 workers, each having at most 4 rota options of which
there are 95 in total. Unlike [97] where skills are not considered, there are 18 possible
skills and each worker is trained in at most 5. Lastly, the calendar length is 3 months
(13 weeks). This problem has interactions, because workers with the same skill have
their impact dependent on the allocation of the other workers. This was retained in the
simplified version of the problem.

2.2.7.2 User study version

This definition was used for the user study in [42], but it was beyond
the scope of the contents of the paper. Therefore, this is its first formal
definition.

This problem was developed due to the original SR problem being too complex for
the expected participants of the user study.

Many things were simplified:

• Every worker has exactly the same rota options

• There are only 4 rota options in total: A, B, C, D (see Figure 2.4),

• The calendar length is 2 weeks,
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• The fitness function is much simpler,

• There are only 18 workers, each can have at most 2 skills,

• It can be described and represented (mostly) as a Graph Colouring problem (see
Figure 2.5),

• Rotas A and B are designed to be “complementary”, and Rotas C and D are as
well.

Figure 2.4: The rota patterns used for the simplified SR problem. Specifically, there
were the rotas shown to group B.

Figure 2.5: The workers in an instance of the simplified SR problem. Workers which
are connected (or in the same enclosed area) share a skill.

Formally, the function which counts workers in each weekday-skill combination is
almost the same, but this time it also counts which week (first or second week).

Qs(skill, weekday, week) = quantity of workers
with <skill> on <weekday> of <week>

Then, the fitness function is the difference in Q between week 1 and 2.

F (s) =
∑︂

skill ∈ skills
day ∈ weekdays

|Qs(skill, day, 1) −Qs(skill, day, 2)|
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2.3 metaheuristics

This thesis will discuss metaheuristic methods to solve optimisation problems. These
have two roles in our research:

• they are the algorithms to be made more understandable

• they are the method used to generate the explanations

2.3.1 General introduction to metaheuristics

In simple terms, a metaheuristic is a method of solving optimisation problems character-
ised by the use of randomness as part of the algorithm. In the face of intractably large
search spaces, these methods decide to pick certain options at random and are able to
find satisfactory solutions. Some of these methods are similar to natural processes, while
others are based on statistical models.

The main advantage of these methods is their flexibility: as long as a fitness function
is implemented these methods can be used, and thus they are the most immediately and
widely applicable. This also allows them to be compatible with more exotic tasks, such
as generating shapes or even programs. This flexibility does depend on an appropriate
representation of solutions being used, but the effort in planning and implementing this
is negligible when compared to the effort required by problem-specific algorithms.

On the other hand, they have their issues: they cannot outperform exact methods in
quality of results, and they are generally considered to be slower than most mathem-
atical formulations. Moreover, the results produced by a metaheuristic are stochastic
themselves: running the program with the same settings can lead to different results.

Despite these issues, their flexibility and simplicity are undeniable, making them a
valuable tool in computer science.

2.3.2 Real World applications of metaheuristics

There are countless applications of metaheuristics, thanks to the aforementioned reasons.
There are various summaries of their application, such as [230, 28], with a small selection
being presented here.

• Medicine [105]
– Radiotherapy planning, hyperparameter optimisation of clinical models [28]
– Clinical scheduling of lab personnel [105]
– Diagnostics of diabetic episodes [105]

• Logistics
– Vaccine logistics during COVID-19 [222]
– Vehicle routing, supply chain network optimisation, stocking [281]
– Beverage logistics [110]

• Biology and chemistry
– DNA/RNA alignment [103]
– protein ligand docking and pose prediction (Autodock) [292]
– Simulation of cancer treatments [223]

• Finance and economics
– finding optimal investment plans and economic models [56]
– portfolio management [240]

• Machine learning
– hyperparameter tuning [6]
– image analysis [158]
– software engineering to improve efficiency of tasks [119]
– reinforcement learning [201]
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2.3.3 Terminology and classifications

Firstly, a solver is a method to find a high-fitness combination of values in an optimisation
problem.

The solver will evaluate the fitness value of many possible combinations of values.
Each combination of values is called a solution.

The terms “solving” and “solution” are deceptive, because a “solution” is not necessarily
the global optima [261].

Another term commonly used is a search method, because there might be a strategy
in how these combinations are found.

A metaheuristic is a search method which uses stochastic behaviour to find good
solutions without making many assumptions about the problem, as opposed to heuristics
where the procedure makes use of problem-specific properties (such as Dijkstra’s algorithm
which can find optimal paths between nodes).

As a term, “metaheuristics is a rather unfortunate name” (to quote Sean Luke from
[185]), since it would suggest that it is a heuristic to choose heuristics, but they are not.
An overview of the different definitions is found in [261], one of which is particularly
suitable for this thesis and taken from [27]:

A metaheuristic is a set of concepts that can be used to define heuristic
methods that can be applied to a wide set of different problems. In other
words, a metaheuristic can be seen as a general algorithmic framework
which can be applied to different optimisation problems with relatively few
modifications to make them adapted to a specific problem.

This definition is presented here and used for this thesis because it underlines how
metaheuristics are highly diverse and widely applicable but not necessarily monolithic,
which are the main properties that were taken into consideration for this thesis.

Metaheuristics harness the power of randomness, and due to this they are a major
subfield of stochastic optimisation [185]. Stochastic here means that randomness
is used in order to make decisions without a known correct path, which results in
algorithms that produce different results even when given the same input, making them
non-deterministic.

The role played by randomness can be clarified by thinking of metaheuristics as a
combination between two strategies: exploration and exploitation [185].

Exploration consists in generating many diverse solutions, in order to determine
which regions of the search space are more likely to have optimal solutions. This process
could be biased to “succeed” more often, but the random sampling aspect is necessary
in order to obtain unbiased information.

In exploitation, solutions known to have desirable fitness are used as a starting
point to obtain even better solutions. Rather than generating solutions randomly, new
solutions are slightly modified versions of high fitness solutions. This leans on the fact
that similar solutions are expected to have similar fitness; in these cases the fitness
function is termed “well behaved” [261]. By slightly modifying a solution with good
fitness it is expected to eventually obtain a solution with even better fitness than the
original. Due to this, exploitation focuses on similar solutions, and it is complementary
to exploration.

Randomness plays a role in both aspects: it allows for unbiased sampling of solutions
in exploration, and it allows for unbiased modifications in exploitation. Each strategy is
commonly associated with respective algorithms [185]:

• Exploration → Random Search: Generating uniformly random solutions and
evaluating all of them. The solution with the best fitness is returned.

• Exploitation → Hill Climbing: Starting from a given solution, many small
modifications are applied and we check which of the resulting solutions has
improved fitness. These improvement operations are chained until no improvement
is available.

These two methods have their complementary faults and merits, and metaheuristics
can be thought of as different combinations of the two.
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bio-inspired methods Evolutionary Computation (EC) is one of the
main categories within metaheuristics, where the natural process of evolution is simulated.
More specifically, they mimic the natural selection and reproduction of animals within
populations [185].

Another term used for these methods is Genetic Algorithm (GA), to underline
that there is a data structure which represents a solution (a representation) and that
this is altered in ways that are similar to DNA mutations [185]. Both EC and GAs belong
to the larger category of bio-inspired methods, since they borrow ideas from biological
phenomena.

2.3.4 Notation and Definitions

In addition to the terms used in optimisation, we introduce terms which are relevant to
metaheuristics

population : a collection of solutions.

individual : another term for solution, especially within a population.

chromosome / genome / genotype : the data structure which represents a
solution.

breeding : the act of producing new solutions by modifying or combining existing
ones.

generation : an iteration of a population-based method, in which a new population
is generated through breeding.

operator : a term used to refer to a core operation carried out within a heuristic.
Specific operators are discussed in Section 2.3.5.

2.3.5 General Framework

As mentioned before, metaheuristics are a combination of exploration and exploitation.
They can be generally described as a combination of certain operators.

Initialise population
(sampling  operator)

Generate  new solutions

Select  solutions to start from
(selection  operator)

Combine different solutions
(crossover operator)

Modify solutions slightly
(mutation operator)

Combine populations, 
remove some solutions

(selection operator)

Current population

Decide whether to stop
(termination 

criterion )

Return  best of 
population

NO

YE
S

Figure 2.6: A flow chart of a typical population-based metaheuristic. It is an iterative
process, where selection, crossover and mutation are used to generate
new solutions.

The iterative process implemented by a metaheuristic is composed of:
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• sampling / initialisation operator: random generation of solutions.

• breeding operator: to generate new individuals using previous solutions.

– In evolutionary methods, it is the result of mutation operator (small
changes to a solution) and crossover operator (combining solutions).

– In model-based approaches, it is done by building a model that learns
from the objective function, and generating solutions that are expected to
have high fitness.

• perturbation / mutation operator: a method to create a solution which is
slightly different from another solution. The end result is stochastic. This operator
is defined in more detail in Section 2.3.6.2.

• crossover / recombination operator: a method to combine solutions to
produce new ones. This term is derived from chromosomal crossover in nature.
Further discussion is provided in Section 2.3.6.3.

• selection operator: picking solutions based on their fitness. This is relevant in
determining which solutions are the basis for breeding, as well as determining
which solutions should be discarded from a population.

• termination criterion: what makes the iterative process terminate. This may
be based on run time, quantity of generations or count of fitness evaluations.

• fitness evaluation: calculating the value of the fitness function for one specific
solution.

• fitness evaluation budget: the total quantity of fitness evaluations allowed
when the termination criterion specifies that the algorithm terminates when a
certain quantity of fitness evaluations has occurred.

2.3.5.1 Population based approaches

Many metaheuristics are population-based, meaning that they store a collection of
solutions at the same time rather than just one. This brings many benefits [185]:

• Managing multiple individuals at the same time promotes diversity and allows
the implementation of mechanisms which explicitly promote diversity.

• Many individuals being evolved is akin to running a single-individual method
multiple times from different starting points, which improves the probability of
finding good solutions.

• Having many individuals stored at the same time can allow for “genetic information”
to be exchanged between them, similarly to real-world populations. This is done
via the crossover operator typically, although the model in an Estimation of
Distribution Algorithm (EDA) might also correspond to this.

Population-based methods generally work in generations, where in each generation
the population is used to construct a replacement population that is hoped to be better.
How exactly this process takes place depends on the algorithm, but in some methods
the population is changed one individual at a time (steady state methods) and thus
there are no generations [185].

Elitism is a property of some population-based methods, where certain individuals
are protected from not being included in the population if they are sufficiently high
ranking in terms of fitness [74]. Elitism is used to prevent an iterative metaheuristic
from sudden changes in the overall population’s gene pool.

2.3.6 Operators

As mentioned before, metaheuristics are characterised by high modularity of operators.
The content that follows will introduce different kinds of operators, their implementation
and when they might be relevant. There is a large quantity of operators represented in the
literature, and this section will be focused on those used in combinatorial optimisation.
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2.3.6.1 Sampling / Initialisation

This is the first operator used by the algorithm, and it is generally quite simple: it
generates random initial solutions which will be improved by the algorithm. Most of the
time, these are uniformly randomly generated.

In the case of a binary combinatorial problem, each boolean variable can be decided
via a virtual coin flip as shown in Algorithm 1, often called uniform sampling.

Algorithm 1 Uniform sampling for binary solutions
1: function UniformBinarySampling(L)
2: s← array of length L

3: for i = 0 to L− 1 do
4: s[i]← random_boolean()
5: end for
6: return s

7: end function

If it is known that a certain area of the search space is likely to contain the optimum,
then the sampling operator can take advantage of this information to increase the
probability of generated solutions being “near” an optimum.

[...] if you know something about the likely initial “good” regions of the
search space, you could bias the random generation to tend to generate
individuals in those regions. In fact, you could seed the initial population
partly with individuals of your own design. [185]

Therefore, there is an advantage to making use of domain knowledge. At the same time,
metaheuristics are often used in order to avoid any bias in case the domain knowledge is
not certain. The previous quote continues with:

[...] Often though you think you know where the good areas are, there’s
a good chance you don’t. Don’t put all your eggs in one basket: include a
significant degree of uniform randomness in your initialisation.

2.3.6.2 Mutation

A mutation operator is used to generate slightly modified versions of existing solutions
in a stochastic manner. This mimics the natural phenomenon in which DNA is subject
to small changes during asexual reproduction or the inheritance of genes from parents in
sexual reproduction.

The expected change between a solution and its mutated counterpart is typically
small, and is described as the mutation rate. In practical terms, the mutation rate
represents the probability of change of each variable in the genome. The exact value of
this probability depends on the problem and the operators in use. If the mutation rate
used is too low, the metaheuristic is expected to require more mutations (and thus more
iterations) to transition between different regions of the search space. If the mutation
rate is too high, it might take fewer mutations but also there is an increased chance of
“overshooting” desirable regions of the search space [120].

Therefore, there is a trade-off in choosing the value of the mutation rate, although
adaptive mutation rates can decide this automatically. A literature review on the
topic can be found in [120].

In the case of a binary combinatorial problem, the most common operator is uniform
mutation, where each bit in the solution has a chance of being flipped (that chance
being the mutation rate), as seen in Algorithm 2.

Although the ideal mutation value will depend on the situation, the literature generally
suggests 1

L
to be a suitable choice [185, 15].

2.3.6.3 Crossover / Recombination

Crossover exists as a means to mitigate some of the limitations of metaheuristics that
rely solely on mutation.
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Algorithm 2 Uniform Mutation (binary)
1: function UniformMutation(s, mutation_rate)
2: s′ ← copy of s

3: for i = 1 to L do
4: if random() < mutation_rate then
5: s′[i]← NOT s′[i]
6: end if
7: end for
8: return s′

9: end function

Consider a situation where the optimum is composed of multiple complex traits: many
variables must take on the correct values before any positive change in fitness can be
observed. If solutions evolve “asexually” (only via mutation and selection), the optimum
must be discovered within a single “bloodline”, through many individually insignificant
mutations that eventually result in the correct trait combination. The probability of these
mutations occurring, surviving selection, and being recombined in the same solution is
quite low (especially when they are not beneficial to fitness on their own).

This issue is resolved in nature and in silico by combining multiple individuals to
construct new solutions, which is often termed sexual reproduction. Small, individually
insignificant mutations can occur in separate individuals and then be combined into a
single individual by crossover [185].

A standard crossover operator for binary problems is uniform crossover. Two new
solutions are generated: initially clones of their parents, but with each variable having
a small probability of being swapped with the corresponding variable from the other
parent. This probability is called the crossover rate.

Algorithm 3 Uniform Crossover (binary)
1: function UniformCrossover(a, b, crossover_rate)
2: c1 ← copy of a

3: c2 ← copy of b

4: for i = 1 to L do
5: if random() < crossover_rate then
6: swap c1[i] and c2[i]
7: end if
8: end for
9: return (c1, c2)

10: end function

Not every new solution needs to be produced via crossover; many metaheuristics use
a mixture of sexual and asexual reproduction. This is typically controlled by applying
crossover only with a given probability, the crossover probability [120].

The terms crossover rate and crossover probability are often used
interchangeably in the literature, but they are different concepts.

Other crossover operators are also popular, such as one-point crossover and two-point
crossover, which more closely resemble the natural phenomenon of chromosomal crossover
[185]. These exploit the list-based representation of solutions by swapping contiguous
sub-segments of the parents.

linkage and crossover Crossover relates strongly to the concept of linkage,
where the effect of a variable depends on the values of other variables (also called
epistasis [286]). Ideally, beneficial combinations of linked variables should be inherited
together, but this is not guaranteed by uniform crossover. One-point and two-point
crossovers are more effective when linked variables are likely to be adjacent in the solution
representation.

27



While uniform crossover might appear suboptimal due to its tendency to disrupt
groups of linked variables, it is also less biased than other crossover operators. One-point
and two-point crossover exploit a structural assumption (that linked variables are close
in the representation), but this assumption does not necessarily hold for real-world
problems.

Every crossover operator is subject to some representational bias, but uniform crossover
suffers the least [150].

2.3.6.4 Selection

Selection is used to select a subset of a population of solutions, with a bias towards
solutions with better fitness. This mirrors the natural effect in which “unfit” individuals
are removed from the gene pool by dying or not being able to mate.

How the bias for high quality solutions is implemented can vary greatly, but is generally
one of tournament selection, fitness proportionate selection and truncation
selection, which are defined later in this section.

These different methods also correspond to different degrees of trade-off between
exploration and exploitation [185]. Truncation selection is the more exploitative of the
methods, because less fit solutions are immediately discarded, whereas the other two
methods are based on probabilities which give a lower but non-zero chance for unfit
solutions to remain within the gene pool.

Similarly to biological contexts, the term “selective pressure” in metaheuristics is used
to indicate how strongly the fitness of an individual influences their participation to the
gene pool [133].

Selection is mainly used in two ways within a bio-inspired metaheuristic:

• finding individuals that will be used as the basis for breeding

• deciding which individuals will be kept in the population and which will be
discarded.

How and which selection operators are used depend on the algorithm, and the same
algorithm may use multiple. For example, an algorithm may employ tournament selection
when deciding the “parents” of a new individual, and then use truncation selection when
deciding which individuals are kept in the gene pool.

truncation selection This method is the most exploitative, because the
worst solutions in the population are guaranteed to be excluded from selection. This
method selects a collection of individuals deterministically: first it sorts the population
by fitness, and then selects the n best [185].

Algorithm 4 Truncation Selection
1: function TruncationSelection(P , n)
2: Psorted ← sort(P , key = fitness, order = descending)
3: P ′ ← first n solutions of Psorted
4: return P ′

5: end function

fitness proportionate selection The previous method selected indi-
vidual solutions with a probability of either 100% or 0%. To introduce more randomness
in the system (giving more chances to less-fit individuals), in fitness-proportionate
selection the probability of selection is proportional to fitness [132].

There are some technicalities on how this is achieved, since the probability could
be based on the fitness or the ranking. In Algorithm 5 the fitness is used directly for
simplicity.

tournament selection The previous approach can be cumbersome, since
constructing a list of probabilities and sampling from it with weights is not always efficient.
A much simpler approach (producing mathematically similar results) is tournament
selection.

This method is parametrised by the tournament size, which is commonly set to 2 or
3 but without solid justifications [172]. Larger tournaments lead to more exploitative
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Algorithm 5 Fitness Proportionate Selection (single solution)
1: function FitnessProportionateSelection(P , f)
2: fnorm ← f/sum(f(P ))
3: i← random.choice(P , weights = fnorm)
4: s← P [i]
5: return s

6: end function

selection pressure, while smaller tournaments increase exploration. Most literature uses
small values, but again these are given without empirical evidence; existing literature
suggests using self-adaptive parameters instead [172].

Algorithm 6 Tournament Selection (single solution)
1: function TournamentSelection(P , k)
2: C ← random.sample(P , k)
3: s← argmax(C, key = fitness)
4: return s

5: end function

Mathematically, the probability of a solution being selected increases monotonically
for higher-ranking solutions in the population, so this method is often mathematically
equivalent to fitness-proportionate selection [108].

2.3.6.5 Constraint

There are many tasks in which some of the solutions are not acceptable as a result, they
are unfeasible. Constraints can significantly increase the complexity of a metaheuristic,
because every time a new solution is generated (through breeding, mutation and crossover)
it has a chance of it being unfeasible.

There are two kinds of constraints: hard and soft, but their definitions are not
necessarily consistent in the literature.

In some works, a hard constraint is one that is either satisfied or not, whereas a soft
constraint is a quality measure that needs to meet a threshold. In other words, a soft
constraint is one where some solutions are “closer” to being feasible [61].

In other works, the terminology defines how they are dealt with: hard constraints are
those where unfeasible solutions are immediately discarded, whereas soft constraints
are those where unfeasible solutions can still be kept if their fitness is promising or if
they are closer to being feasible than other solutions (which relies on the aforementioned
“closeness” to feasibility). In other cases, a soft constraint is a preference but not a
requirement [20]. There are many techniques to represent and enforce constraints in a
metaheuristic, with [167] providing a comprehensive overview.

2.3.6.6 Niching / Quality diversity / Crowding / Diversification / Survival /
Fitness Sharing

Niching is a less common operator which aims at improving the diversity of the
population, and is generally associated with multi-objective problems [185]. This simple
idea has some subtleties and can be implemented in a variety of ways, which has led to
the many names, as seen above.

The differences between the terms for niching are beyond the scope of
this thesis. An overview of the meaning of each term is found in [106].

Diversity of population is a desirable quality, because it indicates that the algorithm
is exploring different parts of the search space (the main purpose of having a population),
and niching operators aim to incentivise the population to be more diverse by penalising
“redundant” individuals [176].
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Niching can be seen as a highly specialised truncation selection method, although
it is also used as a tie-breaker in situations where solutions are equally good (more
specifically, neither Pareto-dominates the other in multi-objective problems) [72].

There are 2 main ways to categorise niching methods: spatial and temporal.

• spatial niching methods: solutions are compared against the rest of the pop-
ulation they are in. These include island models, certain kinds of co-evolution,
fitness sharing and even mating restriction rules to prevent “inbreeding” [106].

• temporal niching methods: solutions are compared to solutions that were
generated in the past (previous iterations or runs). The simplest approach is
sequential niching, where in a run (or generation) the solutions are stored and
any future solutions resembling them receive a fitness penalty or are removed
immediately [106].

Moreover, one needs to define what it means for solutions to be similar, which could
be done in different ways [106]:

• in solution space: based on genotype,

• in objective space: based on objective values,

• in phenotype space: based on how similar the solutions are in another repres-
entation.

2.3.7 Single Objective methods

This section will discuss and define a range of single-objective metaheuristics which are
relevant to this thesis. The most relevant are Genetic Algorithms (GAs) and Simulated
Annealings (SAs), with others appearing in [45].

2.3.7.1 Random Search

This is the simplest of all approaches, as it consists simply of generating random
solutions and keeping the best one. This approach performs surprisingly well considering
its simplicity, and it is a good test case as a method which can never converge onto
solutions [185].

A similar approach is random walk, in which a chain of solutions is generated
by starting from a random individual and progressively applying mutations without
restriction [185].

2.3.7.2 Hill climbing

This approach, in its simplest form, is a heavily exploitative approach which performs
best in fitness landscapes where almost all local optima are global optima. The algorithm
stores a solution to be the current best, and its initial value is either randomly generated
or picked manually. The algorithm then repeats these simple operations [185]:

1. check if termination criteria is met; if so, then terminate.

2. generate a new solutions s′ by applying perturbation on the current best solution.

3. evaluate s′

4. if the fitness of s′ is better than that of the current best, then set the current best
to be s′

There are countless variants and improvements to this approach (and one may say
that the entirety of metaheuristics is), most motivated by a major fault of Hill Climbing:
once a local optimum is found, it is unable to escape its neighbourhood [185].
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2.3.7.3 Simulated Annealing

Random walk is a method that randomly transitions between solutions, whereas Hill
Climbing only transitions to a new solution if it is an improvement from the current
solution (in terms of fitness). Simulated Annealing (SA) represents an intermediary
between the two: it usually only accepts improvements but occasionally accepts counter-
productive mutations [185]. The probability of this event is based on a parameter t, the
temperature. For higher values of t, this probability is higher. Considering a solution R,
and its mutated form S, the accepted solution is determined by Algorithm 7.

Algorithm 7 Acceptance Criterion in Simulated Annealing
1: function AcceptanceCriterion(R, S, t)
2: if F (S) < F (R) then
3: return S

4: else
5: p← exp

(︂
F(R)−F(S)

t

)︂
6: if random() < p then
7: return S

8: else
9: return R

10: end if
11: end if
12: end function

This method is relevant to this work since it is used by BT to solve their SR problem
(using iRoster), specifically because it is designed to remain within a small search space
region in its final stages rather than producing a less predictable trajectory [81].

2.3.7.4 Population Based methods

As mentioned before, many if not most metaheuristics are population-based. There are 4
main categories of population methods, described via the parameters µ and λ [185].

• µ represents the quantity of individuals in the population,

• λ indicates the quantity of new individuals generated per iteration.

The first category of methods is (µ,λ), where the entire parent population is replaced
by a new set of children: λ children are generated, and the µ best are kept via selection.
The issue with this method is that good solutions can be permanently removed if no
good offspring are generated from them [185].

To avoid this, (µ + λ) methods consider both the previous generation and their
offspring when creating the new generation, although only the top µ individuals are kept
(again via selection). This introduces “competition” between parents and offspring, and
allows for a good solution to remain in the population for multiple generations, which is
called elitism.

The (µ+ λ) GA is the most commonly used metaheuristic within this thesis. The full
procedure is shown in Algorithm 8.

These methods have the potential to completely replace the population at every gen-
eration, which can be undesirable. As a solution, steady-state methods only introduce
and remove individuals from the population one at a time [185].

(1,λ) indicates a method where a solution will be replaced by one of its offspring,
whereas (1 + λ) indicates a method where a parent competes against its children [185].

2.3.7.5 Tabu Search

A common challenge in metaheuristics is balancing the preservation of good solutions
with the need to explore new regions of the search space. Retaining strong individuals
helps maintain quality, but it can also cause the search to stagnate around a local
optimum.
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Algorithm 8 (µ + λ) Genetic Algorithm
1: function MuPlusLambdaGA(µ, λ)
2: pop← random_solutions(µ)
3: function make_child
4: return mutation(crossover(select(), select()))
5: end function
6: while not budget_exceeded() do
7: offsprings← [make_child() for i = 1 . . . λ]
8: pop← top_n(pop∪ offsprings, µ, key = F )
9: end while

10: return max(pop, key = F )
11: end function

In Tabu Search this issue is addressed by incorporating a short-term memory
structure known as the tabu list. Recently visited solutions are recorded, and the
algorithm is prohibited from revisiting them for a fixed number of iterations. This
restriction encourages exploration and reduces the likelihood of “cycling”.

In practice, many implementations store not entire solutions but rather the moves
(e.g., specific mutation or modification steps) that led to them [185].

2.3.8 Estimation of Distribution Algorithms

Earlier in this chapter, metaheuristics were described as a “sophisticated form of trial
and error” due to how they derive good solutions by applying random changes and
applying selection, but the algorithm could have more control over how new solutions are
generated. By analysing previously generated solutions, it is possible to build a statistical
model in such a way that it can be used to generate solutions which are likely to be
optimal.

This is the core idea of Estimation of Distribution Algorithms (EDAs), although the
name probabilistic model building genetic algorithms might be better suited.
The name Estimation of Distribution Algorithm comes from how the techniques used in
these algorithms were originally used to sample data from a given distribution where
only the probability density function was available [215].

EDAs are not a central topic to this thesis, but they are relevant for their explainab-
ility potential, as discussed in [14]: by building a model which understands what makes
a solution desirable, we obtain information that can be presented to the user for new
insights.

The minimal requirements for an EDA are [123]:

• an internal model

• a method to build or update the model by using evaluated solutions

• a method to generate solutions from the model

The first significant paper to implement an EDA for optimisation was “Removing the
Genetics from the Standard Genetic Algorithm” [17], which introduced the relatively
simple Population Based Incremental Learning (PBIL) procedure. The current state of
the art of EDAs lies in Bayesian Sampling (hBOA and variants) [123, 170].

2.3.8.1 Linkage Learning EDAs

A feature that might be of interest for explainability is linkage, which is discussed
in detail in Chapter 7. In short, it indicates which variables should be considered in
conjunction when trying to understand the problem. Linkage information is also useful
in a metaheuristic because it allows the refinement of search operators, and thus many
EDAs are the main source of linkage learning research [295].

gomea Gene pool Optimal Mixing Evolutionary Algorithm (GOMEA) and
the concept of Optimal Mixing are highly relevant to this thesis, since they were the
inspiration behind the conception of PSs. The idea of Optimal Mixing was first introduced
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in [266] where “mixing” is a more general term for crossover, and the algorithms discussed
in the paper aim to understand which sets of variables are linked so that they can be
inherited” in conjunction during crossover.

GOMEA determines what is the best way to partition the variables of the problem
in disjoint sets, which are called families of subsets (FOS). For a problem with 5
variables, a Family of Subsets (FOS) might be {{2, 3}, {1, 4, 5}} [265].

Using FOS information, the Optimal Mixing crossover operator is implemented. These
ideas are used later in the thesis, but there are two aspects that should be kept in mind
for future reference:

• there is a metric to evaluate how strongly a set of variables is linked, but
here it is a slow approach that is done once per generation,

• linkage strength is measured by analysing the frequency of each combination of
values in the decision variables, and does not take into consideration fitness
values.

dsmga / dsmga-i i Dependency Structure Matrix Genetic Algorithm
(DSMGA) is similar to GOMEA in that it uses linkage information to improve search
performance [136]. In short, DSMGA calculates how strongly a set of variables is linked
by using pairwise mutual information.

The following aspects will be relevant to later discussions:

• the strength of linkage of a subset is based on pairwise linkage, which is much
faster than GOMEA’s approach

• Linkage is measured using mutual information, but it still ignores fitness and
values like GOMEA

2.3.9 Multi-Objective methods

In order to solve a multi-objective problem, a Multi-objective (MO) algorithm must be
used.

The main challenge is implementing methods that do not prioritise one objective
over another (although that is sometimes the aim), whilst also finding a comprehensive
Pareto front [58].

It is important to remember the meaning of dominance and Pareto optimality,
discussed in Section 2.1.4.3.

2.3.9.1 Weighted sum of objectives

Considering the complications brought forward by dominance, there are various ap-
proaches to determine if a solution is better than another (scalarisation methods
[58]), generally by getting a weighted sum of the individual objectives.

This method is rather simple because it allows a multi-objective problem to be solved
as if it were single-objective, but suffers from significant limitations [187]:

1. defeats the purpose of multi-objective search: using a single objective will
inevitably introduce biases towards certain objectives.

2. depends on a priori knowledge of the weights to be applied.

2.3.9.2 NSGA-II

The Non-Dominated Sorting Genetic Algorithm (NSGA) family of MO metaheuristics is
composed of three main members: NSGA, NSGA-II and NSGA-III, with NSGA-II being
the most widely used and most relevant to this thesis.

The family of NSGA algorithms started from a (µ,λ) strategy, used a slow non-
dominated sorting algorithm and implemented a more cumbersome niching method
based on fitness sharing [299]. This method and the following in the family work by
partitioning a collection of solutions (the population) into “Pareto front layers“, which
are effectively a ranking. The top layer is the true Pareto front, and takes precedence
over the rest of the collection; the solutions within the front are considered equally as
desirable. Although the solutions in the population do not follow a total order, the
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Pareto fronts they form can be ordered from best to worst (i.e. a total order), and thus
membership to them can be treated as a fitness value.

When generating a new population, a set of solutions (generally parents + offspring)
is first partitioned into Pareto fronts and then these are added from best to worst to
this new population until the desired quantity is obtained. The fronts might not fit the
required population size exactly, which is where niching is implemented. Niching is a
technique that serves as a tie-breaker to decide which non-dominated solutions should
be kept in the population.

NSGA-II introduced the current Fast-non-dominated-sorting algorithm which allows
for part partitioning of the population in the Pareto fronts. This second iteration also
introduces a (µ+ λ) inspired strategy making it elitist [299].

Finally, NSGA-III was developed to better handle many-objective problems (between
4 and 12) by using a more sophisticated crowding measure based on reference points,
which is better suited for continuous problems [76]. Due to this specialisation, there is
evidence to show that its performance on combinatorial problems is implementation
dependent and often worse than NSGA-II [111, 141].

There are many other variants of NSGA (especially since official source code was rarely
distributed for any of them [111]), but the popularity of NSGA-II is undisputed due to
its relative simplicity and flexibility.

niching NSGA implements a form of niching. When there is a set of mutually
non-dominating solutions, and not all of them can be kept, there needs to be a way to
select which solutions are worth keeping. This is determined by which solutions are more
“crowded”. Each solution will have a set of solutions it is closest to (in fitness), and the
crowding is just the distance between their fitnesses. More information about crowding
can be found in Section 2.3.6.6.

Is it felt by the author that there are many cases in which the niching
method implemented by NSGA-II is not as significant as originally
intended. This is because it is a tie-breaker for a set of solutions, and
it has been shown to be often as good as a coin toss [299]. Moreover,
crowding is sensible for mathematically smooth fitness functions but is
ill-suited for rugged fitness landscapes.

2.3.9.3 SPEA2

Strength Pareto Evolutionary Algorithm 2 (SPEA2), introduced in [301], is an enhanced
version of the original SPEA algorithm, which will not be discussed here. Like NSGA-II,
it employs a population-based approach and maintains a set of non-dominated solutions
across generations. However, SPEA2 introduces an external archive to store elite
individuals and uses a strength value to evaluate fitness. Each individual’s strength
reflects the number of solutions it dominates, and a density metric based on k-nearest
neighbours is used to implement niching [301].

The algorithm is more complex in implementation than NSGA-II and generally
runs slower due to the use of kNN and the upkeep of the archive, but finds use in
spatial-oriented tasks.

2.3.9.4 MOEA/D

While it is not suitable to replace a multi-objective task using a weighted fitness function,
it is possible to use many differently weighted fitness functions.

The Multi-Objective Evolutionary Algorithm based on Decomposition (MOEA/D,
introduced in [297]) decomposes a multi-objective problem into a set of scalar sub-
problems, where each problem is a weighted sum with different weights. Additionally,
niching is implemented via a neighbourhood-based selection algorithm.

This approach allows for more control over the “density” of the Pareto front, but does
so by using more domain-specific information (knowing what the best and worst fitness
values should be).
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2.3.10 Source of mistrust

Within the field of computer science, metaheuristics occupy the difficult position of
not having guaranteed results (unlike traditional algorithms and heuristics) and also
converging slowly (unlike Machine Learning approaches).

This chapter aimed to provide evidence for their utility and to give an appreciation of
their diversity. On the other hand, it is worth discussing why there is some mistrust in
these methods from some audiences.

The following quote from “The Algorithm’s Design manual” [248] provides the point
of view of someone who sides more with heuristics:

The idea behind Genetic Algorithms is extremely appealing. However, they
just don’t seem to work as well on practical combinatorial optimisation
problems as Simulated Annealing does. There are two primary reasons for
this. First, it is quite unnatural to model applications in terms of genetic
operators like mutation and crossover on bit strings. The pseudo-biology
adds another level of complexity between you and your problem.
Second, Genetic Algorithms take a very long time on non-trivial
problems. The crossover and mutation operations typically make no use of
problem-specific structure, so most transitions lead to inferior solutions, and
convergence is slow. Indeed, the analogy with evolution- where significant
progress requires millions of years-can be quite appropriate. I will not discuss
genetic algorithms further, except to discourage you from considering them
for your applications.

This quote presents many valid criticisms, which are presented mainly for Genetic
Algorithms but apply to the wider concept of metaheuristics:

• the biological metaphors add a layer of indirection which causes both reduced
performance and lack of understanding,

• slow convergence, caused by the lack of specialisation of the methods,

These issues also interfere with the understandability of the resolution process [124]:
The interpretability of Evolutionary Algorithms is hindered by the inherent randomness,
dynamics, and population-based mechanisms they employ.

Because these methods are not exact or easily understandable, the comparison with
ML is inevitable. Due to the popularity of ML (“The development of EC in real-world
scenarios is far from satisfactory compared with Deep Learning” [124]), it is sometimes
assumed that ML always outperforms metaheuristic methods, and this assumption has
the negative consequence of reducing the adoption of metaheuristics in contexts where
they were the most suitable choice of method.

One example is a paper from Google regarding automated design of chips [197], where
Reinforcement Learning is used for the task despite the task being more suited for
metaheuristic methods. A rebuttal ([52]) shows how Simulated Annealing is able to
outperform the Reinforcement Learning approach while using fewer resources.

Another example is an article from MIT [88] (which is a discussion of [287]), where
the fact that a metaheuristic is able to beat Deep Learning is met with surprise. The
following quotes can be found in the article:

• “With all the excitement over neural networks and deep-learning techniques, it’s
easy to imagine that the world of computer science consists of little else”

• “But in the last few years, this area of computer science [Evolutionary Compu-
tation] has had to play second fiddle to deep-learning machines and their huge
success”.

The public’s opinion on metaheuristics is not presented here to be rebuked, but rather
to document what causes mistrust and lack of adoption from users. Knowing these
reasons, explanations can be developed to make users trust these methods, but also to
promote their adoption in the contexts where they are most suitable.

The following provides a summary of the elements of metaheuristics which will be
taken into consideration that are relevant to trust, understandability and adoption:

• Although they are simple in concept, using them effectively requires knowledge
on how to choose the right algorithm, operators and parameters. It
is unlikely for a general metaheuristic user to have sufficiently comprehensive
knowledge, and therefore the user will be unsure of their setup.
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• There is a trade-off between the simplicity of the metaheuristic and its
ability to solve the problem effectively, due to the No-Free-Lunch theorem.
The user is forced to pick a trade-off, but by doing so they disregard more elegant
or more efficient methods, thus the user does not trust their own choice.

• Metaheuristics are perceived as computationally slower than heuristic
solvers and with worse quality of results, but arguably that is an unfair comparison.
On a large class of problems, heuristic solvers are inapplicable or do not run within
human timescales, whereas metaheuristics are still able to find satisfactory results
(even if these are not optimal).

• Stochastic behaviour, which causes the quality of the results to be partially
determined by aspects which cannot be controlled. If the results change on every
run, the user is unlikely to trust that the final result is the global optimum.

• Excess of information. A metaheuristic works by generating many solutions,
through a mix of logic and chaos. Even by looking at this information, it is both
large and mostly unstructured, preventing any human from understanding it.

2.3.11 Schema theory

Schema theory was introduced in 1975 by John Holland, as a theoretical foundation to
explain the performance of GAs [286].

The theory revolves around the concept of schemata, which are also called building
blocks. These are patterns present in solutions, and they are similar to PSs in this sense.
The general idea behind the theory is that a GA is a procedure which, as it evaluates
solutions, also evaluates building blocks and combines them to form new solutions. This
framework provides a possible approach to studying the convergence properties of a GA,
and was influential in some theoretical results in the field (such as uniform crossover
being preferred over 2-point crossover) [286].

The topic of schema theory is controversial, due to some papers which stated that
the entire theory is contradictory and not relevant in explaining GAs. Although there
has been extensive work in rebutting these accusations, the topic of schema theory is
now generally met with distrust. A useful quote by Goldberg from [254] is:

There is no real question that problems contain “building blocks”. The
only point of contention is whether GAs functions by working with building
blocks, or possibly fails to function because it does not work with building
blocks.

This small section will give a quick overview of schema theory, due to its resemblance
to Partial Solutions (PSs). In summary, there are significant differences between PS and
schemata, and schema theory as a whole is a useful topic.

2.3.11.1 Theorems and Definitions

Considering a binary optimisation problem, where the solutions are of length L, we have
the following terms:

• A schema is a string of length L from the alphabet 0, 1, *, where the * is the
“wildcard”.

• variables in the schema that are not * are called fixed. The quantity of fixed
positions is called the order.

• A solution matches a schema when it contains it.

Schema have also been adapted for other contexts, chiefly in Genetic Programming
where a schema represents a subtree of a program.

A building block is a high-quality schema, meaning that it is small and with above
average fitness. For a building block, the average fitness is the average of the fitness
values observed in the solutions which match the building block.

There are then two important hypotheses, which are often misinterpreted [286]:
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• Building block hypothesis: in a GA, crossover combines building blocks of
high average fitness. It does so hierarchically, by first building smaller ones and
progressively combining them into bigger patterns.

• Static Building Block Hypothesis: A GA is expected to converge to the
schema with the best average fitness.

2.3.11.2 Controversies and resolution

The paper “The Building Block Fallacy” [268] states that the Building Block Hypothesis
is contradictory due to the phenomenon of epistasis (feature interactions).

The summary of these criticisms is that there is a contradiction within the Building
Block Hypothesis:

1. It is assumed that epistasis has a negligible effect, so low-order building blocks
(small beneficial patterns) are found by the GA in its initial stages.

2. It is assumed that there is sufficient epistasis, so that the combination of low-order
patterns yields high-fitness high-order patterns, and the GA will then find them.

Additionally, the Static Building Block Hypothesis is far too strong, and it has been
shown empirically to be unlikely [286]. Other issues that were raised in [268] were the
inapplicability of schema theory, especially since the results consist of probabilities that
are only relevant “one generation ahead” rather than for the lifetime of the GA [286].

The two hypotheses were also used to show that crossover is an essential component
of GAs, but [199] showed how crossover can have negative effects on search performance.

In particular, they showed how building blocks are found by the algorithm, but
they are also lost through random events, or they are associated with underperforming
schemata through hitchhiking [199].

This is the phenomenon where a genetic trait spreads throughout a population due to
chance rather than because it contributes positively to fitness. This is caused especially
by its coincidental co-occurrence with a positive trait [199].

After the fall from grace of schemata, few researchers continued to work on them,
some with the aim of redeeming the value of schemata. The work of these people showed
that the criticisms were ill-posed or overly specific. Riccardo Poli is to thank for many
developments on schemata in this time period, especially in the context of Genetic
Programming. The rebuttal papers are long and dense, whereas the initial criticisms
were small and easy to spread, and therefore the general reputation of schemata has
never recovered [286].
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3 B A C K G R O U N D O N E X P L A I N A B I L I T Y

In computer science, explainability refers to a set of features and ideals in response to
issues related to black box methods.

The Merriam-Webster dictionary gives four definitions for “explaining” [191]:

• to make known

• to make plain or understandable

• to give a reason for or cause of

• to show the logical development or relationship of

These definitions have an intuitive meaning for humans, but when trying to apply
them in the context of computing, they can be hard to define precisely or implement.

the black box problem When a human solves a task, their approach can
be understood by asking the human to provide an explanation behind their thought
process. When these tasks are solved by a computer using an automated process, it
is sometimes impossible to obtain an explanation. The term black box refers to the
inability to understand a process, due to it being hidden or practically impossible to
understand [121].

raison d’être of explanations Although using a black box algorithm
can solve the original task at hand, it also introduces many issues. These include ethical
concerns, legal issues, and matters of practicality. The field of explainability was born
as an answer to these issues and it is inherently multi-disciplinary.

The study of explanations - XAI - is the composition of many different ideas (as shown
in Figure 3.1), with this quote summarising it well [40]:

XAI is an umbrella term for any research trying to solve the black-box
problem for AI. Since there are a lot of different approaches for solving this
problem, each with its own individual needs and goals, there is no single
common definition of the term XAI.

Black Box 
methods

Tru
st

Test

Provability

Ethics

Accurac
y

Interactivity

Subjectivity

Understandability

Figure 3.1: This figure represents explainability as many plasters attempting to
resolve the issues caused by black box methods. These many aims often
overlap.
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structure of this chapter This chapter will first give a history of
explainability in Section 3.1, especially since many of the motivations and terminology
are retrospective. We then present essential definitions, terminology and nuance in
Section 3.2. The motivations for XAI are then discussed and compared in Section 3.3.
This is followed by various definitions and characterisations of explainability in Section 3.4.
A state-of-the-art review of XAI is given in Section 3.5, supplemented by a discussion of
the intersection between XAI and metaheuristics in Section 3.6. Finally, the chapter
ends with a discussion of the issues and challenges within the field in Section 3.7.

3.1 history of explanations

before xai was a term Explainability as a feature can trace its roots to
early AI systems, since their simpler structure (based on symbolic logic) meant that
their internals were inherently human-understandable, with relevant papers appearing
as early as the 1970s and 1980s [114]. A term that was coined at the time was expert
system: an automated computer system which can make decisions based on known
rules [260, 294].

These kinds of models have stood the test of time: decision trees, linear regression
and Learning Classifier Systems are all products of this time period.

trading understandability for accuracy Transparent models
have over time been overshadowed by black box models in ML, namely Deep Neural
Networks and their derivatives such as Transformer Architectures. These methods are
generally thought to have increased predictive performance at the cost of understandab-
ility, which would suggest a trade-off between quality of results and understandability
[130]. This trade-off was assumed to be factual in early explainability research, but more
recent research has shown it not to be universally true [232]. Research into how ML
methods can become understandable again became known as Interpretable Machine
Learning (IML), which was a short-lived name due to the rise of the term XAI [284].

xai, and darpa The topic of IML was conceived as a subset of ML, but the concept
of explainability quickly outgrew ML and became what is now known as XAI around
2015 [284]. Originally, XAI covered a larger topic than IML, including metaheuristics,
interpretable agents, AI planning and Human-In-The-Loop methods [3, 42].

The Defence Advanced Research Projects Agency (DARPA) crystallised many
of the concepts of explainability with its XAI program “DARPA-BAA-16-53”, which ran
from 2017 to 2021. This program delineated three research interests [84, 114]:

1. development of new XAI for ML

2. application of psychology to produce theories of explanation

3. evaluation of XAI techniques in data analytics and autonomy

The research directions produced as part of the DARPA project were strongly skewed
towards ML, which led to the term XAI having a strong association with ML despite its
intended generality [284]. This issue is likely exacerbated by the ever-shifting meaning of
Artificial Intelligence (AI) [143].

3.2 essential terminology

There will be many terms used throughout this chapter, but there are some that are
particularly common and often misused. Some terms to be careful about are explanation,
explainability, XAI, interpretable, understandable and transparency. The misuse
of these terms is well known within the field of XAI [182, 34]. Other definitions and
discussions of the terms can be found in [12, 182, 221, 276].

explanation Firstly, it is necessary to define the term “explanation”.

For an algorithm or computational process, an explanation is the
result of offering information or content to a person.
This interaction promotes human-centred properties (such as un-
derstanding, increased autonomy, or trust) rather than contributing
directly to computational efficiency or quality of results.
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The above statement is crafted carefully to provide the lowest common denominator
across explainability literature. Surveys on the topic often focus on specific aims such
as trust and subjectivity, with their common trait being the human element [231].
Defining an explanation as “the result of giving information to a user” is adapted from
[284], where it is argued that other definitions exclude aspects such as subjectivity and
non-ML methods.

explainability and xai

The terms explainability and XAI will be used to refer to the research
topic of producing explanations for computer systems, including me-
taheuristics.

The term “explainability” has been used to describe models that can be made clear
through explanations, but this definition has been used inconsistently and has been
criticised for not aligning with scientific rigour [212]. To avoid confusion and mutually
recursive definitions, this meaning of the term is avoided here; the term is only used to
refer to the research field of explanations. As mentioned in Section 3.1, the term XAI is
also used inconsistently and is also used to describe the same topic, which for this thesis
will include explanations for metaheuristics.

interpretable, understandable and transparent

A piece of information is understandable if its meaning is understood
by the relevant audience with little effort. For an explanation to be
successful, the understandability of information is generally required.

The literature uses the term interpretable to mean that an explanation can be un-
derstood by a human [82]. However, this term has also been defined to mean a system
which can be inspected [94, 276]. To avoid confusion, the term understandable is used
instead, since it is less ambiguous [212]. The use of this term is paired with the notion
that different humans understand things differently.

The term “transparent” is often confused with the previous two terms. In [19] it is
stated that “a model is considered to be transparent if by itself it is understandable”,
but in [276] it is used to mean “the capacity of a method to explain how the system
works even when it behaves unexpectedly”. These are two sides of the same coin, and
the following definition is used.

A model or piece of information is transparent if it requires no
additional information in order to be understood and to result in
explanations.

3.3 motivations

Intuitively, explanations are desirable because they are “value added” to an automated
procedure. This value comes directly from how humans intend to use the system, and
can take many forms.

There are many desiderata for explanations, and this section will attempt to give a
representative sample of what is presented in the literature. Each of the motivations
shown has been used as a definition of explanation in the literature.

Many different uses for black boxes lead to different issues, different needs and different
methods of satisfying them, resulting in a collection that does not lend itself well to
classification [34, 40].

causability, answering “why?” Generally an explanation needs to
convey useful and accurate information; an explanation should give reasoning or, more
simply, answer the “why” questions and present the “reason-for or cause-of”, which has
been termed causability [276, 85].

What the cause-effect relationships look like as explanations can vary greatly: in old
logic-based systems (such as Prolog) there is a sequence of logical statements that is
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essentially a proof, whereas in a Neural Network for image classification it might be a
heatmap of which pixels most contribute to the prediction [294]. For some, the latter
does not count as causability since they do not provide a full answer to how certain
information was used [94].

The question of correlation vs causation is also relevant here, as information for
explanation might propose correlations in order to suggest plausible causations rather
than provable reasons [232].

learnability For an automated method which solves a task better than humans,
there might be interest in having the machine teach humans the process that it learned.
This aspect has been called learnability in the literature [276]. In this sense, explanations
can be thought of as a method for information extraction and compression: a compact
ruleset for a complex system is automatically found by the computer [14]. Often this
ruleset is a “lossy” compression, where some information is lost for the benefit of
understandability.

understandability The internal structure of a Neural Network might be open
for study, but it is often not humanly comprehensible, whereas a small set of simple
rules might make sense to a human. The property of understandability is of interest
because it is lacking in black box systems.

Understandability is the subject of endless redefinitions, due to its context-dependent
nature; the ability of a user to understand an explanation is influenced by the back-
ground of the human, time available, complexity of the subject, quantity of
data, etc [12]. The question of what makes information understandable is inevitably
rooted in cognitive psychology: the cognitive load required to process a piece of in-
formation affects the user’s ability to process it, their user experience and their overall
performance at a relevant task [129]. An explanation may be seen as a tool to lower the
cognitive load involved in understanding information [19].

ethics The aims described above are themselves caused by more abstract aims,
many of which stem from ethics. The nature of ethics is broad, but [206] gives 3 relevant
frameworks:

• Duty: explanations can help respect moral duties, such as truthfulness and
assisting autonomy

• Societal impact: the impact which a black box system has on society might
be unclear, such as when there are biases in decisions that affect people [232].
Explanations can help in avoiding negative societal consequences.

• Virtue ethics: explanations may assist in the development of good characteristics
in humans, such as honesty, benevolence and wisdom.

legality Legality is the manifestation of the ethical considerations brought by
the use of algorithms and especially black box models.

The European Union was the first to underline the importance of certain rights as part
of the “automated decision-making” section of the General Data Protection Regulation.
Many smaller rights are clustered under the name “right to explanation” [21]:

• the right to obtain meaningful information about a decision,

• the right to contest a decision,

• the right to human intervention.

These concepts are mainly derived from the ethical aims of honesty and autonomy.
These were then formalised further in the Artificial Intelligence Act, which relates to
high-risk systems such as banking and healthcare. The Act describes how the materials
provided by explanations must be sufficient to allow contestability: the challenging
of automated decisions [205].

Similar rights are granted by China’s “Personal Information Protection Law” [193]. In
Brazil the “Lei Geral de Proteção de Dados” is similar but leans more towards fairness:
an automated system needs to be transparent enough that any discrimination or bias is
known and avoided [193].

Similar purposes are pursued at a smaller scale by private companies, where explana-
tions are used to ensure legal compliance, traceability and auditing [14].
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trust DARPA’s XAI program states three main aims of explanations: to understand
models, to trust them and to better manage them [84]. In sociological terms, a
human trusts an automated method when: (1) the user is vulnerable to the actions of the
computation, and (2) the human is able to anticipate the outcome of the computation
[145]. Trust is generally conceptualised in four ways [221]:

• quantifying confidence and knowledge limits: the results of the systems are
accompanied by confidence intervals, proofs of correctness, and other materials
that quantify how much the automated method should be trusted,

• showing that the process follows a sensible “thought process” that
aligns with human intuition: humans see that the computer follows a sensible
procedure which they can understand and therefore trust as they would trust
themselves,

• the system has no unknown biases or loopholes: the system can be deployed
without worry for unintended biases or possibility for adversarial attacks,

• showing that the process has satisfactory results: accuracy, reliability,
security, privacy etc.

Another aim is to promote wider adoption of automated methods, where this is
hindered by a lack of trust [290, 14].

This interest in trust is born out of the aforementioned sociological requirements: black
box models are used for critical applications (users are vulnerable), and their internal
workings are hard to mentally simulate (so that they cannot be anticipated) [145].

Considering trust as the sole objective leads to various issues; a user can be tricked
into trusting a biased system [94]. Moreover, user trust is not necessarily a result of
user understanding - the user might think that they understand a topic, but in reality
they do not. This effect, termed the illusion of explanatory depth, is a naturally
occurring phenomenon in humans [55]. For some, explanations are a tool to investigate
the possibility of adversarial attacks, both to avoid them and to produce them [18].

subjectivity How information is processed depends on the user and their context.
Different users have different needs, and different mental models [192]. In the same
vein, it cannot be assumed that an automated process can be understood universally, and
many researchers view explanations as a tool to tailor information to match the needs of
a user. This tuning could take many factors into consideration (including feedback and
new information), with the final aim of improving the system’s effectiveness and keeping
it relevant [290].

practicality and decision support Beyond the many aims discussed
above, explanations may also be sought due to practical advantages. The presence of
explanations might assist a decision-making process dependent on automated methods.
Practical advantages include [14]:

1. debugging: the system might be achieving high performance by exploiting a
loophole. Explanations can help in isolating these scenarios by making certain
aspects of the system more transparent

2. malleability: there are many scenarios where last-minute manual changes need
to be applied to automatically derive results. Such modifications can be informed
by explanations.

The latter point is relevant to the right to explanation in law: judicial decisions based
on automated decision making might need to be adjusted manually when disputed [232].

There are various scenarios where the automated system is part of a trial-and-
error process, such as a metaheuristic, hyper-parameter tuning, or even CRISP-DM
(Cross-industry standard process for data mining).

An interesting perspective is given in [39] where XAI is discussed for the arts: an
artistic process is similar to developing and using an automated system in how it is rarely
done correctly on the first try and it is inherently a trial-and-error process. Explanations
can help users in their iterative process by:

• identifying and formalising the objective (which might be subjective)
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• making the process of finding a solution more interactive

• identifying issues in current results

The second point is particularly interesting because it is unexpectedly relevant to
this thesis: consider how trial-and-error is involved in optimisation (1) when solving the
optimisation problem and then (2) when modifying solutions to implement them in the
real world. The points raised by [39] are highly relevant:

From an XAI perspective, the question here is not how to better explain
the AI content creation process, but rather how to use XAI to reduce
barriers to trial and error given that it is inherent in many artistic
practices. Supporting trial and error also asks how to use XAI to help
identify differences between an artist’s expectation and an AI’s output to
help iteratively bring the two closer together.

Compare this against a paper discussing explanations for metaheuristics [14]:

When we define a problem, it is often hard to fully codify all the real-world
goals of the system. [...] This also relates to one of the motivating factors
behind interactive evolutionary computing - we want something that is
mathematically optimised, but also something that corresponds to the
problem owner’s hard to codify intuition. By incorporating XAI into
interactive evolutionary computing we could make it easier for the problem
owner to interact with the optimiser.

Having explanations which help produce better results might appear to contrast with
the definition of “explanation” given in Section 3.2 anything which improves human-
dependent aspects. The practical aspects described here are still dependent on human
users, and explanations are guidance tools to help humans work on these practicalities.

3.3.1 Motivations specific to BT

It is useful to see how the aforementioned motivations can apply to a real scenario, such
as the Staff Rostering problem encountered by BT. Firstly, the motivations relate to the
following stakeholders:

• workers: Need to detect and prevent bias in allocation

• rota manager: Need to detect and reduce issues which negatively affect efficiency

• HR manager: Prove that the metaheuristic used is trustworthy enough to be
implemented

• optimisation researcher: Debug and verify if the metaheuristic is working as
intended, and if the objective is formulated correctly

Then the following motivations are relevant:

• Causability, Ethics and Law: workers have the “right to explanation” on why
they received certain allocations, especially in comparison to similar workers. The
need for explanations is exacerbated by the presence of a societal impact on
the workers, and the possibility of the algorithm being unfair towards certain
workers.

• Learnability: the task of deciding rota patterns is hard to teach to new managers.
Our industrial collaborator has suggested that explanations might be useful as a
teaching aid for the metaheuristic-based tool.

• Understandability: The solutions to the optimisation problem are complex due
to the quantity of variables and the complexity of the fitness function. The main
complexity lies in understanding what makes a solution near-optimal. Understand-
ability is a requirement for many of the other motivations, such as trust.

• Trust: the algorithm needs to be approved by all parties, which requires trust.
According to our industrial collaborator, many metaheuristic-based methods are
not permitted by HR due to lack of trust, and there are instances of rota managers
ignoring the results produced by the algorithm. The workers themselves need to
trust the system which allocates them, for ethical reasons.

43



• Subjectivity: Although there is a fixed fitness function, it is unclear if this
encapsulates all of the properties required by the rota manager. There might be
implicit objectives coming from the rota manager and the workers themselves. The
fitness function contains various magic numbers, which might be an approximation
of subjective preferences.

• Practicality: For the optimisation researcher, debugging is relevant - it is
necessary to determine if the fitness function is implemented correctly, especially
since there are edge cases that are not well defined. For the rota manager, mal-
leability is more important since they often have to modify solutions due to
last-minute changes (such as workers being sick).
Both parties participate in an iterative process towards making the automated
program fit in with many hard and soft constraints deriving from human availability,
workers’ rights, financial interest, convenience and reliability.

3.4 definitions and characterisation of explanations

Explanations are often described with respect to a “model”. A model is a simplified
representation of a relationship. This definition is discussed in [192], where the model
is not always a ML model. It could represent why a solution has good fitness, for example.

An explanation is usually a simplification of a model, which makes the explanation
itself a model. By describing this latter model, we can categorise explanations.

3.4.1 A priori and A posteriori

A useful category to start from is the research directions which the DARPA program
described for explainability [114]:

• A priori = transparent methods: the method which automates a task is
transparent: the prediction model and the explanation are one and the same. In
this sense, the explanation is the cause of the observed behaviour. This includes
linear and regression models, decision trees and other rule-based systems. More
generally, it also includes simple heuristics.

• A posteriori = post-hoc = probing of black boxes: explanations are
generally descriptions of observed behaviours, or they are plausible causations.
Variable importance methods such as SHAP are generally in this category.

• model induction techniques: make simpler methods that mimic the behaviour
of a black box model. This can apply to many models, and could include LIME.

The last of these three could be considered both an a priori and a posteriori method.
Therefore, the two labels are not mutually exclusive.

From these short definitions, it would appear that a priori explanations are always
preferable, and some argue that this is the only kind of explanation [232]. This point of
view aligns with the motivation of causability, but explanations have many more aims.
From the point of view of practicality and decision support, post-hoc explanations
are sufficient in assisting users for various purposes without the need to be perfectly
accurate [34].

3.4.2 Explanandum and Explanans

An explanation is composed of an explanandum and an explanans [221]:

• Explanandum / Object of explanation: model / process to be explained
• Explanans: what aspect of the explanandum is being explained?

These are clear-cut terms for ML, but in other fields they are not as clear. In the case
of explanations for metaheuristics, the explanandum can be:

• individual solutions (our work)
• a population at a specific generation (work of Fyvie et al, [96])
• the entire population over the entire run (fitness landscapes, [267])
• the search space (local optima networks, [209])
• a surrogate model that predicts fitness ([36, 247, 278])
• search operators (mutation, crossover, selection etc) (IOHXplainer [273])
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3.4.3 Format of explanations

Another aspect of explanations that cannot be ignored is format, which describes how
the information is conveyed to the human.

Traditional XAI relates to static explanations, which are generated once and are the
same for every user. The information presented can be numeric, visual, or even textual
[221].

In contrast, other XAI methods have a higher degree of interactivity and are thus
termed dynamic: the user has some control over the explanations being produced.

These can be further split into [221]:

• declarative: There is only one question being answered, which cannot be changed

• one-way: The user can decide what question is being answered by the explanation

• two-way: The user can decide what question is being answered, and the computer
can request information from the user

3.4.4 Local and Global explanations

Another important categorisation is the scope of the explanations [11], which is based
on the explanandum:

• global explains the behaviour of the automated process overall

• local explains the behaviour of the process with a specific input

These labels align well with the datapoint-dataset dichotomy in ML, but they are not
universally applicable terms.

This thesis will mainly relate to the Staff Rostering problem, where the difference
between local and global explanations is significant:

• A local explanation will generally refer to explanations for the best solution found
by a metaheuristic, such as “the most important part of the best solution is...”;

• A global explanation will generally refer to explanations that apply to all solutions,
such as “this group of workers is strongly linked”.

3.4.5 Model-agnostic and model-specific

Regarding their implementations, some explanations are specific to certain models, while
others are developed to be more generally applicable. In the case of black box ML models,
the following terms are often used [12]:

• model-agnostic: applicable to any method, and only assumes that predictions
can be obtained for a variety of inputs.

• model-specific: the explanation information is obtained by aspects which are
specific to the structure of the model.

This classification is used in most XAI taxonomies, such as the one shown in Figure 3.2.
This thesis does not focus on ML models, but readapts this terminology for metaheurist-

ics and therefore uses the terms metaheuristic-specific and metaheuristic-agnostic.

3.5 state of the art of explanation methods

Within the many approaches existing within XAI, there are some that stand out in
popularity and in results, which will be shown here.
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XAI in ML

Transparent Models

Logistic/Linear Regression

Decision Trees

k-Nearest Neighbours

Learning Classifier Systems

Post-hoc methods
Model-Agnostic

Model-specific

Explanation by simplification

Variable importance

Genetic Programming

Linkage Learning

Figure 3.2: Summary of the taxonomy provided in [12], only including the sections
which are relevant to this thesis.

3.5.1 Transparent models

As defined in Section 3.2, a model is transparent if it can be used to produce explanations
without the need for additional material. This abstract definition is often associated with
the idea that certain models are “always transparent”, which is a fallacy [94]. Although
the format of a model’s internal mechanism is “easy” to understand for a human, the
quantity of information present might prevent true understanding of the entire model [45].
Furthermore, the idea of universal understandability clashes with the aim of subjectivity
in explanations (presented in Section 3.3).

Therefore, transparency in itself is a nuanced topic. Still, it is still clear that some
models are generally better than others in being understandable by humans. It is easier
to think of understandability as a constraint: certain models are guaranteed to
break it (black box models) whereas others can satisfy it if the right conditions are met.

linear regression and logistic regression Linear regression has
the advantage of plainly indicating the effect that each input decision variable has on
the output [234].

With an input x which is a vector of n parameters, a linear model will consist of
parameters β0,β1, . . . ,βn (also called coefficients). The parameters and the input vector
are combined as follows [148]:

f (x) = β0 +

n∑︂
i=1

xiβi (3.1)

The sign and magnitude of the coefficients can be used to determine what effect each
individual input has on the output [234]. Obtaining these parameters is the complex part,
but it is achieved through least squares regression [148]. This process is successful
if the data satisfies certain assumptions, and may be tuned to represent the human
preference for smaller coefficients (regularisation) [148].

generalised additive models Linear models can be improved by intro-
ducing additional steps between the true input and what is passed to the linear models.
The original input goes through an additional “non-linear transformation” step before
being passed as the input of a linear model. This allows the overall system to infer
non-linear relationships while still maintaining additive decomposability [122].

decision trees Decision trees provide hierarchical rule-based explanations which
take the shape of an inverted tree, as shown in Figure 3.3.

In order to make a prediction about an input, the tree structure is navigated based on
whether the input satisfies the condition at each decision node. Obtaining the optimal
decision tree from training data is a complex problem, although algorithms such as C4.5,
ID3 and CART are generally thought to be sufficient for most applications [45].

The main appeal of decision trees lies in their understandability: the if-then rules are
simple. Additionally, the complexity of these trees is tunable: by removing any branches
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Figure 3.3: Example of a decision tree, as shown in [225]

below a certain depth we obtain a model that is simplified while still retaining most of
its predictive accuracy [23].

genetic programming The tree-like structure used by decision trees is shared
by the format of the results produced by Genetic Programming. These are evolutionary
algorithms which evolve mathematical formulas or more generally programs [190]. These
results are more general than decision trees, since they can express richer operations
than if-else rules, and they retain their relatively understandable structure [277].

At the same time, the increase in degrees of freedom also leads to a much more
complex (often multi-objective) optimisation problem where predictive power and model
size are at odds [277]. The optimisation task is complicated by the tendency for bloat to
arise: it appears to be evolutionarily advantageous for trees to include large unnecessary
subtrees. The emergence of bloat is a considerable obstacle to understandability, as
their prevent trees from being human-understandable [190]. Defining how the size of the
trees impacts their understandability is possible via empirical measurements, and such
formulas have been used in many works [277].

k-nearest-neighbours The models discussed above are inferred from some
training data, but that data is discarded once model training is done. A k-Nearest-
Neighbour model takes a different approach, where the data is the model.

Given an input data-point, the model will determine the k-nearest data-points to it
(based on a distance function) and aggregate them to produce an output. At the same
time, these data-points serve as the explanation for the prediction [64].

3.5.1.1 Learning Classifier Systems

Learning Classifier Systems are a model consisting of a set of rules, and the process
which derives these rules is the progenitor to Genetic Algorithms [272].

The model is composed of a set of rules, each in the form of a rule associated with a
prediction. Given an input, the model will first check which rules it matches, and will
then aggregate their predictions.

The rules themselves are selected to be simple, and they are similar in format to
schemata and PSs. These rules are learned through a stochastic iterative process based
on training data [272].
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3.5.2 Variable importance methods

The coefficients used in a linear model are praised for their direct understandability,
so much so that many post-hoc methods were designed to produce similar results for
scenarios where a linear model is not used. These form as an introduction to post-hoc
methods, and are the most commonly used tool in XAI [294].

lime Locally Interpretable Model-Agnostic Explanations (LIME) pioneered the idea
of local explanations [227]. Considering an input, small changes to its parameters lead
to small changes in a model’s prediction. LIME finds a linear model that represents this
relationship, and presents it to the user.

Additionally, LIME was also one of the first approaches to be explicitly model-
agnostic, meaning that it is designed to be applicable as a post-hoc method for many
kinds of black box models. Although LIME was one of the pillars of XAI at its start,
it is now being heavily scrutinised due to its instability [235, 298] and potential for
adversarial attacks [249, 168].

shapley values Consider a scenario where there is a set of items, and each
subset of them is associated with a certain reward. The inclusion of a certain element
might lead to an increase in expected reward, and this determines the overall contribution
of that element to the overall collection.

Shapley values (which are different from SHAP) (first introduced in [242]) are a math-
ematical approach to quantify such contributions, and find their application in explaining
models because each input variable can be treated as an element that contributes to
model performance [289].

In the case of ML, a set of input variables can be used to train models of differing
accuracy. The Shapley value of a feature is the (weighted) average improvement in
predictive performance when the feature is included vs when it is not included, for any
subset of features [289].

Although Shapley values possess many desirable mathematical properties, obtaining
them is inconvenient or computationally unfeasible for most ML models. Firstly, it
requires a way to evaluate the model with only a subset of the features, which can be
done by rebuilding a model every time and applying it. If this route is taken, then every
possible set of features needs to be evaluated, meaning that there are 2#variables models
to be built and evaluated.

Therefore, Shapley values in their pure form are generally not applicable without
making assumptions on the model, which is how SHAP is defined.

shap SHAP is a special form of Shapley values, obtained by assuming that the model
in question is additively separable, which avoids the need for model re-training [186].

SHAP fits within a framework where a black box model is being mimicked by an
additively separable model. The model in use varies significantly between different
implementations of SHAP, with KernelSHAP and TreeSHAP being based on linear
regression and decision trees respectively [196].

The method makes significant assumptions on the true underlying function, such as
the lack of interaction effects and that each variable has a linear effect [186]. Although
these assumptions make it theoretically inapplicable to most tasks, these have been
ignored and have led to SHAP being the most well-known XAI method. Similarly to
LIME, there is a growing body of literature noting various faults with the method [249].

At the same time, it serves as a good example of what people want from explanations:
something widely applicable and easy to use. It satisfies the needs of many users (trust,
debugging) but it might not be yet sufficient in the aims of causability [94, 34].

SHAP and LIME are considered to be almost equivalent methods (by design of the
paper that proposed SHAP [186]), but it has been found empirically that the two are
not equivalent and often times in disagreement [164].

permutation feature importance If an input variable is important,
then changing its value should have a strong influence on the output. If one wants to
quantify how strongly a model relies on a variable for its predictive accuracy, an easy
option is to permute the values of that feature over a dataset and measure the decrease
in performance.
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This method, called permutation feature importance, has the advantages of being
model agnostic and not requiring any model retraining [10].

3.5.2.1 Sensitivity analysis / Perturbation

Another class of methods which produces variable importance scores is sensitivity
analysis. This measures how sensitive the output is to small changes to each individual
feature (one at a time). In the case of the output being a single scalar value, then it can
be defined as the absolute value of the change in fitness when one variable is changed at
a time [275].

To note is that this technique does not assume that a machine learning model is present,
and it can be applied directly to any function. In these cases, the name perturbation
is more common (especially if it is related to adversarial examples [16]).

This method is also highly model-agnostic and avoids retraining, which makes it
applicable to metaheuristics [173].

3.5.2.2 For Neural Networks

Neural Networks have been a focus of XAI, and thus they benefit from many variable
importance methods. A summary list is as follows:

• Saliency maps: Computes the gradient of the output with respect to the input,
and that is used as the importance [246].

• SmoothGrad: A technique that reduces noise in gradient-based attributions by
adding visual noise to the input image multiple times, computing the gradient for
each, and averaging the results [251].

• Integrated gradients: calculates the integral of gradients along a straight path
from a baseline (e.g., an all-zero image) to the input [259].

• DeepLift finds the contribution of each input relative to a reference point [174]

• Layer-Wise Relevance Propagation: Back-propagates neuron weights from
output to input [200].

3.5.3 Linkage Learning methods

When attempting to understand a function or a model with multiple inputs, human
intuition tends to assume that each input has an independent effect on the output [71].

Unfortunately, real-world problems tend to present interaction effects between
variables: the effect of one variable on the output is dependent on other variables, and
thus its overall behaviour is hard to describe [71]. Linkage learning aims to find these
relationships, and to present them to the user so that they will be aware of a potential
underlying structure in the function or model that is being examined [14].

This topic is arguably understudied in the literature, but it is highly relevant to this
thesis and it is explored in much more detail in Chapter 7.

3.6 explanations and metaheuristics

Due to the themes of this thesis, it is useful to describe the interplay between metaheur-
istics and XAI. As described in [14], the relationship goes in two ways:

1. XAI “within” metaheuristics: the black box being explained is the metaheur-
istic,

2. Metaheuristics “for” XAI: how search methods can be used to generate ex-
planations

This thesis belongs to both categories: a metaheuristic is to be explained, and the
explanations are generated using a metaheuristic.
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3.6.1 XAI within metaheuristics

Explainability methods for metaheuristics are diverse, due to the many elements that
are involved in a metaheuristic task.

The methods shown here are based on the review proposed in [14] and the more recent
review from [1].

landscape analysis The main method seen for metaheuristics is landscape
analysis, which studies the landscape of the fitness function [267]. Within this, there
are two research streams: search trajectory networks and local optima networks.
Search trajectory networks summarise how the metaheuristic “moves” between regions
of the search space, in terms of transition probabilities [210]. Local optima networks are
similar, but they focus on local optima and how the search transitions within them [209].
A similar idea is taken by barrier trees in [116], although the resulting graphs focus more
on the fitness values rather than connections between objective space regions. A further
discussion of these methods is provided in Chapter 4.

human in the loop methods If an algorithm is a black box because the
human is not part of the process, Human-In-The-Loop methods put the humans in
the box so that its internals are not as obscure. In more practical terms, part of the
algorithm is implemented by having the user provide information interactively.

These are often a forgotten branch of XAI, since it does not fit within the labelling of
a-priori or a-posteriori. A review of these methods can be found in [166].

Human-In-The-Loop methods can tackle a problem in optimisation that is often
ignored: the true fitness function is hard to encode (due to aesthetic preferences, multi-
objective trade-offs, subjectivity etc), and thus it’s much more transparent to use a
human directly as the fitness function or as a search operator (such as selection). This
topic usually takes the name of Inverse Reinforcement Learning [4].

methods relating to metaheuristic operators and hyper-
-parameters Although a researcher of metaheuristics has a good intuition for
which operators and which hyper-parameters to use, their effect can be quantified by
the use of explanations.

One such method is IOH-Xplainer [273], where explainability methods (SHAP
mainly) are used together to give an indication of metaheuristic performance, as well as
SHAP importance scores for various operators and hyper-parameters such as population
size and mutation rate.

Another method, EvoMapX [1], produces various plots which quantify the effect of
each operator, but at different stages of execution [1]. Flacco [156] is another notable
mention, as it allows the user to quickly obtain many metrics relating to the fitness
landscape. A survey of similar methods is provided in [1].

trajectory analysis Trajectory mining focuses on the sequential nature of
metaheuristics. Metaheuristic performance is often discussed in terms of exploration
and exploitation, which ideally should be at the start and end of the search process
respectively. In order to quantify whether this is taking place, it is possible to analyse
the temporal information of population-based methods. This research is described in
[96], where for example the “convergence” of the population is plotted over time. An
in-depth discussion is provided in Chapter 4, since much of it is applied to the same
Staff Rostering problem as this thesis.

Similar methods focus more on the visualisation aspect:

• Evo-Panel [54]: shows the behaviour of the search method by plotting the fitness
function as a heat-map and the solutions as dots.

• Performance2Vec [86]: representing algorithm performance as embedded vectors,
which can be processed for example through clustering.

• PopDP [279]: plots population trajectories in multi-objective problems

3.6.2 Metaheuristics for XAI

The task of finding explanations often resembles an optimisation problem; as discussed
in Section 3.3, users and researchers often have an aim of what the explanation should
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do, but do not exactly know how to achieve it. This challenge can be solved by stating
the aim as a function, and solving it through a metaheuristic. Multi-objective search
problems are particularly relevant, as there may be multiple conflicting objectives [14].

One example is the evolution of white box models: a complex model might be
replaced by a simpler Genetic Programming (GP)-tree. In these cases, the objectives are
both predictive accuracy but also the complexity of the tree [190], but in other cases
even fairness can be used as an objective [14].

Another example is the generation of counterfactual explanations: for a given
input and its output according to a model, one can find the smallest modification to the
input which leads to a different output [243]. A review of the methods can be found in
[274].

3.7 challenges and issues within the field

Explainability as a field has a set of complex challenges that are still being researched,
stemming from the plurality of human desiderata.

The relatively young age of XAI (and its discontinuity over time), also plays a part in
this: some inconvenient truths are still under-researched.

3.7.1 Are explanations useful?

A significant concern in XAI is that explanations are not actually practically useful to
users, due to irrelevance, non-understandability or inaccuracy. This problem is exacer-
bated by the lack of empirical human validation: there is rarely concrete proof that
these XAI methods have a practical benefit [257]. Lack of evaluation is its own issue,
which is discussed in Section 3.8.

Some researchers argue that many explanation methods are presented as mathematical
constructs that lack a practical justification [94]. Without a scenario or a problem being
solved, these explanations have no use cases and no evaluation [252].

3.7.2 Plausible but not accurate, is that deceptive?

A major pitfall of XAI is that explanations can be misleading by presenting information
that appears plausible without being accurate or actually reflecting what is being
explained.

Rudin et al discusses XAI methods for black box ML models, and claims that explana-
tions for these are never true because they are inexact approximations [232]. Due to this,
they hold the position that (at least for critical applications) the only honest method of
obtaining explanations is by using a transparent model from the start. This paper is
not entirely dismissive of XAI for black boxes, and proposes the replacement of the term
“explanation” with “summary statistics”, and “trends”.

A serious issue is the possibility of intentionally constructing deceptive explana-
tions via adversarial attacks, to which LIME and SHAP are vulnerable. For example, it is
possible to build a classifier that contains a discriminatory bias and have it undetectable
by LIME and SHAP, in more than one way [249, 80, 87]. Variable importance methods
can be deceptive due to three main reasons:

• They are meant to be applicable to additive models without interactions [186],
but these restrictions are clearly ignored, leading to an illusory understanding of
how variables behave [112].

• There is no scientific evidence of their utility, and there is only anecdotal evidence.

• As discussed in [94] heat-maps and variable importance methods can say that “a
variable was important in a prediction” but cannot say how exactly the hot spots
are used by the model, which is an important factor [5].

In general, it is possible to manipulate explanations until they are palatable to users
(but now inaccurate, perhaps intentionally), refered to as “explanation hacking” [258].

An issue which arises in most explanation methods is the “idealisation failure”, where
a task is simplified in such a way to give digestible explanations, to the point of discarding
the parts that are actually important [258].
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3.7.3 Transparent is not necessarily understandable

While the structure of a model can be transparent in the sense that the individual parts
are easy to understand, it might be the case that their composition leads to a system
which cannot be understood [178].

This applies for example to overly deep decision trees: if a tree needs to be very
deep in order to accurately capture the original function, its complete form cannot be
understood, and its “simplified” form is likely omitting important details [23].

3.7.4 Illusion of Understanding

As discussed in [55], users are vulnerable to the illusion of understanding, which
is a cognitive bias in which users (wrongly) believe they understand a system. Their
self-reported confidence is initially high and then quickly falls when they have to put
their understanding into practice.

This phenomenon contributes to an “easiness effect” where users uncritically accept
simple justifications without deeper engagement [55]. To mitigate these issues, the authors
of [55] propose the design of XAI methods that foster reflection rather than just passive
acceptance of explanations. Therefore, interactive counterfactual explanations can be
used to provoke deliberative thinking.

3.8 evaluation of explainability

Evaluation is a non-trivial aspect of explainability that is often overlooked.
Only 0.7% of XAI papers contain empirical evidence of XAI usefulness

through humans [257]. If we count evaluation where humans are not used, the
percentage is still just 20% (as of 2020) [207].

The final aim of explanations is to serve a purpose for humans, but unfortunately
human-based evaluation studies are time-consuming and expensive. Studies without
human participants are more feasible, but unstandardised [182]. Therefore, explainability
research is often accepted based on anecdotal evidence [207].

This contrasts with many of the principles of XAI - how explanations need to be at
least accurate in order to be acceptable, and also understandable in order to be
useful [192].

One of the main issues reported in the literature is the lack of standardised evaluation
methods, especially due to the many desiderata of XAI [183]. In fact, it is not even clear
if explainability should be evaluated qualitatively and/or quantitatively [83]. There are
advantages and disadvantages for both:

• Quantitatively: proxy metrics such as explanation size (such as the depth of
a tree) are sometimes used, but these are rather opaque and do not accurately
capture human understanding.

• Qualitatively: interviews and observation studies can be used, but these can
conceal undesired effects such as the illusion of understanding.

Some research argues that explanations should be measured in both objective and
subjective metrics [62]. Objective metrics include accurate interpretation (the user
can predict the consequences of their actions), and accurate actionability (the user
can decide actions which lead to better results). Subjective metrics measure the user’s
trust in their own choices, in the model (or metaheuristic in this case) and in the
explanation

Based on how close the evaluation is to the real use cases, [83] suggests a taxonomy:

• functionally grounded: a proxy metric is used, and no humans are involved

• application grounded: the real users are used to evaluate the system, on the
relevant use cases

• human grounded: these are scaled down version of application-grounded studies,
where the original task has been simplified so that any lay-user can participate.
Additionally, this reduces experiment time.

Although a true-scale study (with the real users and the real scenarios) would be the
ideal evaluation method, real-world constraints force researchers to use proxy-evaluation
methods.
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For reviews on evaluation methods in XAI, we direct the reader to the work of Vilone
and Longo [276, 275] for a detailed review of possible characterisations of explainability
and evaluations, and to [207] for a more critical review of the literature for evaluation.

3.8.0.1 Quality metrics of explanations

Within XAI literature there are many possible characterisations of what a “good” ex-
planation looks like, with different works providing contradicting metrics [94]. The most
commonly mentioned are trust [62] and quantifications of uncertainty [276], whereas for
others the aim is improved user performance [252].

The latter is the most relevant to this thesis: the presence of explanations should
result in statistically provable improved user performance, which can be quant-
itatively analysed. [62].

3.8.1 What makes evaluation so challenging?

Evaluation is arguably one of the most challenging aspects of XAI, which can be attributed
to the resources required to carry out human-based studies and the lack of commonly
agreed-upon methods [182]. The ideal evaluation would involve many human domain
experts interacting in real-world scenarios (an application-grounded study). These
are unfeasible in terms of resources such as the availability of domain experts, especially
for preliminary testing [83]. These participants may be hard to obtain, but their time is
valuable and their quantity is scarce, both of which are not compatible with preliminary
testing.

As a solution to this, the literature suggests human-grounded studies, where the
original task is simplified to assess just human-usability of the explanations themselves
[83]. The purpose of simplifying the task is to broaden the possible audience - to “lay-
users”. These studies focus on whether the explanations are compatible with humans, so
that a preliminary study can conclude whether they are worth exploring further. Because
these studies use simplified problems, and they are tested on participants which differ
from the final intended audience, these evaluations do not actually evaluate the original
scenarios, and thus it can be hard to justify them (especially since they still require
significant resources) [284].

3.8.2 Evaluation for methods similar to metaheuristics

Despite the existence of various XAI for metaheuristics methods, there are few
studies which evaluate their explainability aspects, and to the best knowledge of
the authors they all relate to Human-In-The-Loop (HITL) approaches.

This could be caused by explanations for metaheuristics (excluding HITL) generally
targeting researchers that are already familiar with metaheuristics rather than a general
audience, such as Fitness Landscapes [267] and Local Optima Networks [209]. Due to
the focus on researchers, there is less reason to conduct a wider user study.

HITL methods are notable also for having the most comprehensive user studies which
evaluate the usability of their systems. The theses [177, 180] contain multiple user
studies, but from the point of view of user interface design. A more relevant study is
[280], where MAP-Elites is evaluated as a HITL tool to explore the search space. There
are multiple works where the user is essentially an operator in the search process, such
as [165, 204, 53, 47]. These works are of limited relevance due to the fact that while
they are more transparent, they do not result in explanations and thus their evaluation
methods are more aligned with User Experience rather than XAI. Nonetheless, these
studies are worth noting due to the use of both objective and subjective metrics when
evaluating the usability of the proposed tools.
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4 S TAT E O F T H E A RT

This chapter will present the state of the art of methods which are relevant to our work,
and discuss how our methods are novel.

The concept of PSs is both similar to existing methods, but also significantly different.
PSs also share a superficial resemblance with schemata (discussed in Section 4.1) and

backbones (Section 4.2), but the underlying aim is different. PSs differ because they
are instantiated and can be used for explainability. PSs can be seen as evolved indicators
of quality, and in this sense they are similar to innovization principles, but they have
completely different structures (discussed in Section 4.3).

PSs occupy the niche of XAI for metaheuristics, where many different and unrelated
methods are present, such as Search Trajectory Networks (Section 4.4), Surrogate Model
Mining (Section 4.6) and Search Trajectory Mining (Section 4.10). To our knowledge,
similar methods do not exist for explaining optimisation problems. PS mining is available
as an easily applicable addition to the tools available.

Within the wider field of XAI there are methods which are superficially similar,
such as Learning Classifier Systems (Section 4.8) but with different aims. In terms of
similarity in methodology, PSs are an example of explanations which are obtained via
metaheuristics, and the most relevant work in XAI is anchors (Section 4.7).

As a summary of this chapter, PSs have different aims, different implementations
and different results from the rest of the literature. It can be concluded that PSs are a
complementary addition to XAI for metaheuristics.

4.1 schemata

Schemata (discussed in Section 2.3.11 of Chapter 2) share structural similarities with PSs.
In particular, PSs can be seen as an extension of schemata because both are patterns for
combinatorial optimisation problems and are associated with sets of solutions. Moreover,
the quality of both can be assessed using measures such as pattern size and mean fitness.

Despite these similarities, there are important distinctions which prevent direct
comparisons. Schemata are used for theoretical results: they are derived analytically
(i.e. by hand) for the analysis of algorithm convergence; PSs are mined and instantiated
from empirical data. There are some studies which do generate patterns, but these are
found for the purposes of improving algorithmic performance. For example, previous
studies such as [91, 109, 254, 147] focus on algorithmic applications rather than human
understandability.

Finally, schemata do not explicitly account for linkage between variables,
which is why PSs incorporate the concept of atomicity to capture these interactions.
While it would be misleading to claim that schemata and PSs are entirely separate, as
PSs were strongly influenced by schemata, the differences in purpose, instantiation, and
explainability justify treating them as distinct concepts.

4.2 backbones

In the context of satisfiability decision problems, satisfactory solutions often share a
common pattern that is critical to ensuring their satisfiability. This pattern is referred
to as the backbone, and its structure closely resembles that of schemata and PSs [250].
For a set of boolean logic statements where the satisfactory combinations of values are
be [T F T T F], [F F T T F] and [T T F T F], the backbone is [* * * T F].

Despite the structural resemblance, there are important distinctions in how backbones
and PSs are used. Backbones are specific to satisfiability problems, and their formal
definition focuses on the subset of variable assignments that guarantee satisfiability, rather
than patterns associated with high fitness. Additionally, backbone research typically
assumes the existence of a single backbone per problem, whereas PSs are designed to be
multiple and potentially overlapping.
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While some studies have extended backbone concepts to combinatorial optimisation
problems (such as [175]), these works focus on specific metaheuristics and remain
relatively limited compared to the broader research on PSs, which are applied to general
metaheuristics.

4.3 innovization by deb

In the context of multi-objective optimisation, it has been observed that solutions on
the Pareto front may share common patterns that are informative for understanding
the underlying problem structure. Kalyanmoy Deb and collaborators introduced the
concept of innovization, which seeks to identify such recurring patterns [77]. The central
idea is that, by analysing the population of high-quality solutions, one can extract
design principles or solution components that are consistently associated with superior
performance.

Importantly, the various existing innovization papers (summarised in [104]) all ac-
knowledge that there is no established method to systematically extract these
patterns; instead their approach relies on metrics similar to simplicity to guide the
search for relevant rules. The method implemented in [104] is the most relevant here
– it finds mathematical invariants (equations which remain true) within the Pareto
front. These rules are mathematical operations between continuous variables, such as
x2x3 = 0.5, and they tend to follow strict formats [104].

The methodology developed in this thesis can be seen as an implementation of
innovization, albeit much more general and applied to single-objective problems rather
than multi-objective settings. The various papers relating to innovization apply ad-hoc
methods for finding the rules for continuous problems, whereas we aim for a method which
is generally applicable to combinatorial problems. Both approaches evolve their rules
using a Multi-objective (MO) process, with the biggest difference being the objectives
themselves - our objectives are defined over a PRef and include the concept of atomicity.

4.4 search trajectory networks and local optima networks

Search Trajectory Networks and Local Optima Networks are a popular way of
analysing metaheuristic behaviour, and they differ from our methodology in what they
explain.

Search trajectory networks represent how a metaheuristic “moves” between different
regions of the search space, as a network graph [210]. Local Optima networks focus on
local optima, and show how the metaheuristic can “transition” between them [267, 209].

These graphs reveal important characteristics of the search process. Basins of at-
traction are typically visible, as surrounding regions exhibit strong edges pointing
toward them. If no outgoing edges are seen, it means that the metaheuristic may become
trapped in local optima.

These methods explain the metaheuristic, and make assumptions about how the
metaheuristic is implemented (for example Search Trajectory Networks require Iterated
Local Search). The explanandum is the search process, whereas in our methodology it is
the solutions themselves (either one at a time, or a collection of them).

4.5 human in the loop approaches

Human-In-The-Loop (HITL) methods integrate a human user into an algorithmic pro-
cedure. In the context of metaheuristics, this usually involves a user manually selecting
preferred solutions at various stages of the search [166]. The human is directly involved
in the search process, which inherently builds trust and understanding. A particularly
noteworthy subset of HITL is Interactive Evolutionary Computation (IEC), in which
the human acts as the fitness function [29]. This is especially useful in situations where
the objective function is difficult or impossible to formalise, such as when subjective
preferences are involved. By allowing explanations and outcomes to be tailored to the
human evaluator, IEC addresses the the personalisation of explanations, and the
tuning of the objective function through Inverse Reinforcement Learning [4].

HITL metaheuristics can be implemented in numerous ways, since any search operator
can potentially be replaced by a human-in-the-loop decision. This makes these methods
highly interdisciplinary, drawing on psychology, user interface design, and even art [166].
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Despite their versatility and potential, HITL methods are often underrepresented in the
literature of explainability.

When compared to our methodology, HITL approaches are essentially the inverse.
In HITL, the user understands the algorithm because they actively participate in its
execution, whereas our work focuses on conveying the end results of a metaheuristic to
the user. Similarly, HITL relies on knowledge gained through experience in interacting
with the algorithm, while our approach aggregates post-hoc information and presents it in
a digestible format. Furthermore, HITL operates on a live, actively running algorithm and
typically requires substantial modifications to its implementation, unlike our post-hoc
analysis. These differences suggest that combining HITL approaches with our methodology
could be highly fruitful.

4.6 surrogate model mining

Surrogate models are an approach used to approximate the behaviour of a fitness function
for an optimisation problem. They can be constructed either during the execution of a
metaheuristic as part of an Estimation of Distribution Algorithm (EDA), or from a static
dataset. In all cases, the surrogate model can provide information that is insightful and
useful [278, 247].

For example, [278] uses a Markov model to predict solution fitness, where the model
contains coefficients that quantify both variable importance and the linkage strength
between variables. Similarly, other research has trained surrogate models during a Genetic
Algorithm run and calculated variable importance by perturbing individual variables and
observing the change in predicted fitness [173]. In this manner, one can estimate which
variables and interactions are most relevant. In [247] Support Vector Machines (SVMs)
were employed, whereas [278] explored linear regression, decision trees, and random
forests. The main results of these works are variable importance metrics, which strongly
differ from the aims of this thesis (discussed in in Section 4.9).

4.7 anchors

Anchors represent an interesting and under-represented tool in explainability research.
Conceptually, anchors can be thought of as backbones for classification models: they
identify the subset of the input that guarantees the predicted class remains unchanged
[228]. An example is shown Figure 4.1. The general definition of anchors is intentionally
broad, and they have been applied across tabular, continuous, combinatorial, image, and
natural language data [283].

IF Country = United-States AND Capital Loss = Low 
AND Race = White AND Relationship = Husband 
AND Married AND 28 < Age ≤ 37 
AND Sex = Male AND High School grad 
AND Occupation = Blue-Collar 
THEN  PREDICT  Salary > $50K

Figure 4.1: An example of an anchor, provided in [228]. A model was trained to
determine whether a person would earn more or less than $50’000 a year,
and the rule shown guarantees a certain prediction.

The motivation behind anchors arises from a limitation in local explainability methods:
lack of generality. Anchors aim to find rules that explain outputs for more general
categories of inputs: their primary quality metric is coverage, which measures the extent
to which an anchor reliably explains multiple inputs. These anchors are found via a
heuristic, a self-assembly process[228].

There are several conceptual similarities between anchors and PSs, but they differ
in how anchors do not appear to consider the trade-off between multiple
objectives (of understandability against coverage for example). This leads to
different implementations: anchors are inferred from a stochastic self-assembly process,
which differs from the multi-objective approach used for PS mining.
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Both approaches are model- and problem-agnostic and can operate on a static dataset,
but anchors are designed for classification tasks, whereas PSs are closer to regression
since they relate to solutions associated with a scalar (the fitness value).

In summary, while anchors and PSs share a few high-level characteristics their similar-
ities are limited. Anchors may be relevant in future work where PS mining is implemented
differently.

4.8 learning classifier systems

Learning Classifier Systems (LCSs), in their classical formulation, are highly relevant to the
study of explainable metaheuristics. They are systems designed to produce transparent
models for classification and regression, where the underlying rules are essentially
schemata [272]. During training, these rules are evolved in an on-line learning process:
new rules are proposed and evaluated on incoming training instances, and their survival
and reproduction depend on a fitness measure. This differs from standard evolutionary
computation where the fitness of an individual is found immediately [272].

Learning Classifier System (LCS) are PSs are similar due to convergent evolution
in research: both involve patterns defined for combinatorial problems, and these patterns
are associated with measures of quality. Moreover, LCSs function as predictive models,
analogous to the way PSs are used in decision trees. For example, XCSF is a popular
LCS method where rules predict the mean value of the training instances they match,
which aligns closely with the methodology used in our decision tree models for fitness
estimation [288].

However, there are also significant differences. LCSs are primarily applied to classifica-
tion and regression problems, so the quality metrics used to evaluate rules are typically
accuracy and coverage of training samples. This does resemble our work on PS4XRS
(discussed in [43] and Section 8.2), but not the general framework.

Additionally, LCSs implement heuristics to determine when one rule should replace
another, rather than explicitly optimising a multi-objective search. Interpretability
in LCSs is achieved indirectly, as simpler rules tend to dominate more complex ones,
producing a transparent overall model. In contrast, PSs rely on explicitly defined quality
metrics such as simplicity and atomicity to guide pattern selection and ranking, resulting
in a more controlled and measurable explainability outcome.

Overall, LCSs provide a completely different approach to evolving rules for explanation,
which could be combined with our methodology in future work.

4.9 variable importance methods

Variable importance methods, such as LIME and SHAP, are intended to explain
the contribution of each input variable to a ML model’s prediction. However, these
approaches implicitly assume that variables contribute independently and additively to
the outcome [112]. This assumption is often broken, especially where strong interaction
effects between decision variables are common such as optimisation [59].

Consequently, their applicability to metaheuristics is limited: it is more useful as a
measurement of certain properties relating to fitness (such as [139, 140]).

In contrast, the methodology presented in this thesis is designed to capture and repres-
ent these interactions through the use of patterns and linkage learning, offering insights
that are more relevant for combinatorial optimisation problems. This is implemented by
using the atomicity objective, as described.

4.10 search trajectory mining

Fyvie et al’s work also aims to improve the interpretability of metaheuristics, with
a particular focus on the Staff Rostering problem. Central to his approach is the
concept of trajectory mining, which was first introduced in [98]. The main idea is that
the behaviour of a population-based metaheuristic can be understood by analysing
the differences in genomes across generations. In this framework, each generation is
summarised using descriptive statistics, allowing a “history” of the algorithm’s execution
to be presented for explanatory purposes.

A key distinction from our work is that trajectory mining focuses primarily on the
behaviour of the algorithm and its execution, rather than on the solutions themselves.
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Another notable difference from our methodology is that Fyvie’s approach is applicable
to population-based methods with ordered generations [99], whereas our work operates
on unordered sets of solutions. Nonetheless, both approaches share the post-hoc nature
and applicability to static datasets.

measuring population dynamics The trajectory mining methodology
was implemented in [102], where entropy and Principal Component Analysis (PCA) were
used to characterise the generations of the algorithm. This allows researchers to compare
different generations within a single run, compare different runs of the same algorithm,
and even compare runs across different algorithms. Additionally, this approach enables
the detection of phase shifts in the search process, distinguishing between exploration
and exploitation phases.

variable importance The trajectory mining methodology was applied to
the Staff Rostering problem in [100], producing generation-specific variable importance
measures and introducing an novel trajectory mining method based on sensitivity analysis
using linear models. The results of these novel methods were compared against existing
approaches, showing consistency in the identified variable importance. It is worth noting
that the Staff Rostering instance used in this work closely resembles the one discussed
in [46], although it does not account for worker skills.

Later refinements of this work involved replacing PCA with multiple correspondence
analysis, producing updated variable importance values that were compared against
ANOVA. These analyses revealed, for instance, that workers with more rotas tended to
have higher importance values. Fyvie et al’s methods were also applied to continuous
optimisation problems in [102] and consolidated in [96].

final comparison When comparing Fyvie’s methodology to ours, it is evident
that both approaches provide forms of summary statistics, though their goals differ. His
work primarily aims to offer actionable insights on the behaviour of algorithms, whereas
our approach focuses on actionable insights regarding solutions themselves. Furthermore,
our method extends to non-population-based metaheuristics, while trajectory mining
techniques are more restrictive. Despite these differences, it is sensible to consider the
two methodologies as complementary, as both leverage static datasets to provide distinct
and valuable explainability features.

4.11 contributions and novelty in context

Having discussed relevant works in the literature, a summary of the contributions and
novelty of our research work is provided.

Firstly, the concept of PSs is built on the idea that explanations are the result of
a multi-objective optimisation problem. This is discussed in the literature ([14])
and implemented indirectly by anchors (Section 4.7) and LCSs (Section 4.8, whereas we
actually implement it in full. This is implemented for innovization, but its use is limited
by the objectives not being explored beyond mean-fitness. PSs are a concrete and explicit
resolution of an optimisation task, unlike schemata which are a theoretical construct.

Secondly, the explanation methods proposed in this thesis are designed for
optimisation tasks as the main use-case scenario, rather than as an afterthought.
As discussed in Section 3.1, XAI is dominated by tools for ML, and explanations for
optimisation tend to be an afterthought. Methods such as anchors, Learning Classifier
Systems and variable importance methods (discussed in Section 4.9 can be applied to
optimisation, but by doing so many assumptions and domain-specific requirements are
ignored. For example, variable importance methods tend to ignore interaction effects,
which we argue are a core characteristic of complex optimisation problems, and our
linkage learning research is designed to detect such effects.

Beyond these major contributions, there are smaller but essential contributions which
differ from the literature:

• The concept of atomicity as an objective does exist in the literature of EDAs but
is never used for explainability purposes and acts as a proxy for other purposes.
In our work it is developed and expanded upon (for example via Independence,
Section 6.8).
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• The other objectives and the attached discussions (Section 6.7, Section 6.9, Sec-
tion 6.8 and Section 6.10) illustrate the novel idea that there is no universally
satisfactory set of objectives for explanations, and rather that the responsibility
of the system is to allow the user to choose the objectives which best suit their
motivations.

• The production of a Pareto Front of explanations, rather than forcing the user
into a specific trade-off between explanatory objectives. This is discussed in the
theory of XAI but it is not practically seen in the literature.

• The use of descriptors (Section 6.12) as a tool to present to the user possibly
useful associations between values.

• The creation of decision trees based on PSs, as discussed in Section 8.3.2. These
can introduce linkage information into their decision nodes, as to better reflect
the real structure of the optimisation problem.

• The explanations produced in the PS4XRS project are novel, since no similar
explanations are present in the literature of Recommender Systems.

• The user study discussed in Chapter 9 is novel in how it is an evaluation of
explanations for optimisation scenarios (not seen in the literature) that is also
practically and quantitatively based (rarely seen in XAI, with the closest example
being [184]).
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Part III

M E T H O D O L O G Y : PA RT I A L S O L U T I O N S



5 I N T R O D U C T I O N T O PA RT I A L S O L U T I O N S

5.1 brief introduction

For a combinatorial search space of L variables, solutions are vectors of symbolic values
(although these symbols are often numbers for convenience). An example of a solution
would be (5 1 2 0 4).

Consider a combinatorial search space of L variables, where each
variable (indexed by i) can take one value from a finite set Di.
In this search space, a solution can be written as:

s = (s1, s2, . . . , sL), where si ∈ Di (5.1)

A Partial Solution has the same structure as a solution, but any variable can also
take on the “*” wildcard value.

An example PS would be (* * 2 0 *). For convenience, a PS will be indicated with
lowercase letter with apex ψ, such as sψ.

For the search space of L variables where each variable can have values
Di, a Partial Solution can be written as:

sψ = (sψ1 , sψ2 , . . . , sψL) where sψi ∈ [Di ∪ {∗}] (5.2)

These Partial Solutions describe sub-configurations of values observed in desirable
solutions, which usually means that they have high fitness.

PSs are patterns intended for explainability, and they are generated explicitly - they
are found by using a search process in which the objectives are based on how easy these
patterns are to understand, or how often they are associated with high fitness. The
combination of objectives chosen controls the nature of the patterns generated. This
process, PS mining, is implemented as a Multi-objective (MO) search and is described in
Chapter 6. The current chapter will instead focus on the core definitions and theoretical
aspects of PS.

The core ideas as shown in Figure 5.1: given a dataset of evaluated solution, there
are many possible PSs, but are interested in finding the ones which will serve best as
explanations.

This chapter concludes with an example of how PSs may be applied on an optimisation
problem, in Section 5.7.

F(x)

3    
3   
6    
5    
4    
2    
4    
0 

(111***)
(***00*)
(*****1)

Reference Population 

Partial Solutions
(110001)
(111100)
(111001)
(111000)
(111111)
(001000)
(111011)
(101100)

Solutions
Used for fitness functions in 

multi-objective search:

Simplicity

Mean Fitness

Atomicity

The solution (111000) contains 
(111***) and (***00*) 

Figure 5.1: Given a population of solution, we find PS that can describe it well
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5.2 summary of papers

The papers produced as part of this research are summarised here. PSs were first
introduced in [44], and then applied in [46] and in [43]. Having defined the method which
finds useful PSs, the patterns can be used in multiple ways beyond just explanations. In
[44] they are used to construct solutions, and in [45] they are used to predict solution
fitness. Finally, a user study was designed to test the effectiveness of PSs in [42](specifically
the models produced in [45]). Chronologically, the publications produced were:

• [44]: An introduction to PSs. (Attached in Chapter A). This paper introduced
the concept of PSs, and the main objectives used throughout this thesis: *-count
simplicity, mean-fitness and atomicity. The method used to find them is closer
to a single-objective Iterated Local Search.

• [46]: Application of PSs to the SR problem. Here PSs are found via a
multi-objective metaheuristic, which will remain the method in use hereafter.
The methodology is applied on the Staff Rostering problem, demonstrating the
explanations obtained.

• [45]: Making decision trees based on PSs. PSs are used to create transparent
models which can predict the fitness of solutions. The models are competitive
with traditional decision trees.

• [42]: Design of a user study for explanations. This paper revolves around
the design and deployment of a user study in order to determine if and how much
our explanations are beneficial to BT’s use case scenarios.

• [43]: PSs are used to explain the performance of a machine learning
model in a Recommender system. PSs are adapted to work on a dataset
which is not derived from a metaheuristic. The core methodology is maintained,
and it is shown how explanations produced are usable on unseen data.

5.3 origin

The name Partial Solution originates from the Optimal Mixing literature, in particular
from the abstract of “Optimal Mixing Evolutionary Algorithms” by Thierens et al
([266]):

A key property of GAs and EDAs is their ability to juxtapose Partial
Solutions or substructures from different solutions to form new good
solutions.

Optimal Mixing, as well as DSGMA-II [266, 136] were the inspiration for a system
that would explicitly search patterns that are common in high-fitness solutions.

5.4 formal definition

Here we formally define PSs, so that the operations described later are unambiguous.

5.4.1 Properties of Partial Solutions

When a variable has a non-* value, it is called a fixed variable. fixed_count(xψ)
indicates how many variables have a non-* value within xψ.

fixed_count(xψ) = |{i ∈ [1..L− 1] s.t. xψi ̸= ∗}| (5.3)

This attribute is not controlled directly, and instead it is intentionally left to the PS
mining process to find patterns with different quantities of fixed variables.

The most important part about PSs is that they are contained within solutions - we
say a xψ matches a solution s if the pattern is present in the solution (defined in 5.4.

A pattern may be applied on a solution, so that a new solution is obtained (defined
in 5.5).
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match(xψ, s) = ∀i ∈ [1..L], xψi = si ∨ xψi = ∗ (5.4)

apply(xψ, s) = t, ti =

{︃
si xψi = ∗
xψi otherwise

(5.5)

The process which finds useful patterns uses as input a collection of evaluated solutions,
the Reference population PRef. This is an unordered set of solutions, which have been
evaluated as part of a metaheuristic process. In practical terms, this data is a byproduct
of a search process, which is then used to apply our methodology.

The PRef can be partitioned into solutions which contain a certain PS, and solutions
which do not. These are called Pmatch and Pnotmatch respectively.

Pmatch = {s ∈ PRef | match(xψ, s)} (5.6)
Pnotmatch = PRef \ Pmatch (5.7)

5.5 search spaces for partial solutions

Although normal solutions have a certain search space, PSs have their own extended
search space. This is particularly relevant when implementing PS mining, as there is a
choice of what search space to consider:

• Subset-of-Solution: the aim is to find the patterns which explain a specific
solution, and we only consider patterns which are contained within it. If the
solution to explain is (1 2 3 4), then possible results are (1 2 * *), (* * 3 4),
or (1 2 3 *).

• Any-Pattern: there is no restriction to what pattern we can accept, as long as it
has the right format and all fixed values are valid.

These two search spaces correspond to the two major kinds of explanations: global
and local. The Subset-of-Solution is suited for those who want to understand a specific
solution, whereas Any-Pattern is used to understand the PRef and find any “loopholes”
in the fitness function.

5.6 post-processing of partial solutions

PSs by themselves can be hard to understand, so this thesis will also propose post-
processing steps to make them more palatable as explanations.

The PS mining process produces many PSs, and post-processing can filter them and
provide likely causes for their existence.

The post-processing steps can be summarised as:

1. Optionally cluster all the PSs, based on the methodology described in Sec-
tion 6.13. For real problems, the patterns produced have a tendency to come
in “families” with only minor variations between their members. By clustering,
the user is shown a representative example from each family. The patterns (1 2
* 0 1 1), (1 2 * 0 * 1), and (1 2 * 0 * *) would be clustered together and
represented by (1 2 * 0 * 1).

2. For each pattern to be shown, give information relating to its effect on fitness.
This includes descriptive statistics based on the fitness values of the solutions
matched by the pattern, such as average, standard deviation etc. A non-parametric
test (as defined in Section 6.7) can be applied to verify if the fitness of matched
solutions is greater (or different, depending on the task) from the fitness values of
non-matching solutions, and the p-value can be presented to the user.

3. The fitness function may be decomposed into smaller functions, which we call
proxy-fitness functions. If these are provided, our system will automatically
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check if a PS is associated with high or low values for these proxy fitness functions.
If the patterns associated with high fitness are also associated with relatively
high or low values for certain proxy fitness functions, this information can help
guide the user in determining how that proxy-fitness affects overall solution fitness.
Proxy-fitness functions which take relatively high or low values are given the name
of descriptors, and the algorithm which finds them is shown in Section 5.6.

5.7 a practical example

This section aims to give a more practical understanding of what the typical process of
using our methodology looks like. For this section, we introduce an optimisation problem
which is an instance of a (0,n) Knapsack problem.

5.7.1 The problem

It might seem counter-productive to introduce a new problem just for this example.
Although the Staff Rostering problem could have been used, it is too complex as a
starting example. Explanations for the Staff Rostering problem are presented in [46].

Moreover, benchmark problems such as RoyalRoad are not suitable due to their
abstract nature: there is no meaning to their variables, and thus these problems lack a
layer of realism. Therefore, we focus on a well known problem: Knapsack.

Knapsack problems relate to a variety of other optimisation problems, which have
been shown to be complex for both computers and humans, and are encountered in
many daily scenarios [203].

We present here a fairly mundane task: buying grocery items with the aim of maxim-
ising the quantity of calories. The scenario is the following:

You have a list of 30 possible food items (Table 5.1), and for each you can
decide to buy 0, 1 or 2 items. The aim is to maximise the quantity of
calories. The constraints are price, volume and weight: you are allowed
to spend £50, the items have to fit into two bags-for-life, and together the
bags should not weigh more than 15kg.

This problem is not the typical 0-1 Knapsack problem, which is to underline the fact
that our methodology works for any cardinality of variables rather than just binary.

Table 5.1 was obtained via cursory research of UK stores. The exact
figures are not too important: what matters is that the reader will have
some intuition and expectation for how to solve the problem, and we
intend to show how the proposed methodology works alongside human
intuition.

The fitness function for such a problem is the sum of calories of the items purchased,
but it is 0 if any of the constraints are violated, as defined in Equation (5.12).

Let:

• calories(i) be the calories of the ith item,

• cost(i) be the cost of the ith item (in pence),

• weight(i) be the weight of the ith item (in grams),

• volume(i) be the space occupied by the ith item, as a percentage of a bag-for-life,

• cost_budget represents the £50 budget, which will be set to 5000,

• weight_budget represents the 15kg budget, which will be set to 15000,

• volume_budget represents the 2 bag budget, and it is set to 200

From these, the fitness function F is defined:
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total_calories(x) =
L∑︂
i=0

calories(i) · xi (5.8)

total_cost(x) =
L∑︂
i=0

cost(i) · xi (5.9)

total_weight(x) =
L∑︂
i=0

weight(i) · xi (5.10)

total_volume(x) =
L∑︂
i=0

volume(i) · xi (5.11)

F (x) =

⎧⎪⎪⎨⎪⎪⎩
0 if total_cost(x) > cost_budget
0 if total_weight(x) > weight_budget
0 if total_volume(x) > volume_budget
total_calories(x) otherwise

(5.12)

This formulation of a constraint, where it is directly part of the fitness
function is termed a “penalty function”. This allows a simpler formula-
tion (hence it was used here to keep the example shorter) but it also
negatively affects the search process [57]. The specific approach used
here is termed “death penalty”, and should not be used in real-word
cases, and instead the constraints should be encoded separately [57].
It was used here since solving the original problem is not the topic of
discussion, and allows a much more concise problem formulation.

As well as a fitness function, there are several proxy-fitness functions are relevant to
F :

• total_calories, total_cost, total_weight, total_volume: as defined above

• calorie/cost ratio, calorie/weight ratio, cost/volume ratio etc...: various
ratios between the totals obtained. The concept of value “density” (defined in
[152]) arises quickly when reasoning about this problem.

• cost_constraint, weight_constraint, volume_constraint: binary values repres-
enting whether a solution satisfied each constraint.

5.7.2 Solving the problem and generating the dataset

For this example, a typical Genetic Algorithm with µ + λ strategy is used to solve the
optimisation problem. The metaheuristic algorithm is not relevant to this example, what
is important is how it needs to be modified in order to apply our methodology.

Whenever a solution is evaluated, it also needs to be added to a data structure alongside
its fitness (and any relevant proxy-fitness values). At the end of the metaheuristic process,
the solutions are stored as a .csv file, which will be our PRef. These modifications are
minimal, and it is likely that the changes in code are not within the implementation of
the metaheuristic itself.

5.7.3 Methodology: loading the dataset

This example is produced by using our methodology. Outputs produced
by the current implementation are presented in the yellow boxes.

The user first needs to select the PRef data, and the system can show how many
unique solutions were found, and the optima.
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Table 5.1: Table showing the name, calories, cost, weight and volume of each pur-
chasable item in the example optimisation problem. The volume refers to
the percentage of space which an item would occupy in a bag-for-life.

name calories cost weight volume

Apples (Pack of 6) 312 220 900 15%
Banana (Single) 105 18 120 3%
Sourdough Loaf 1850 180 800 22%

Semi-Skimmed Milk (2 Pints) 568 125 1136 15%
Cheddar Cheese (400g) 1664 350 400 4%

Free Range Eggs (Box of 6) 408 195 420 9%
Chicken Breast Fillets (300g) 318 420 300 6%
Minced Beef 12% Fat (500g) 1125 349 500 6%

Bacon (Pack of 10) 980 275 300 6%
Vegan Sausages (Pack of 6) 790 250 300 7%

Carrots (1kg Bag) 410 65 1000 9%
Broccoli Head 125 75 350 10%

Baby Spinach (250g) 58 150 250 5%
Red Potatoes (2.5kg) 1925 199 2500 20%

Avocado (Ripe) 240 95 200 4%
Orange Juice Smooth (1L) 430 185 1000 12%

Porridge Oats(1kg) 3710 140 1000 15%
Heinz Baked Beans (415g Tin) 324 140 415 5%

Basmati Rice (1kg) 3500 180 1000 7%
Pasta Fusilli (500g) 1785 75 500 6%
Pasta Sauce (500g) 220 160 500 6%

Milk Chocolate Bar (100g) 53 135 100 2%
Digestive Biscuits (400g) 1940 85 400 6%

Crisps (150g) 765 199 150 25%
Greek Yogurt (500g) 480 110 500 7%

Frozen Garden Peas (1kg) 690 145 1000 8%
Frozen Pizza (Pepperoni) 840 300 450 25%

Diet Coke (2L) 8 210 2000 15%
Instant Coffee (100g Jar) 10 350 100 5%

Tea Bags (Pack of 50) 0 220 100 5%
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Loaded “pref.csv”, which contains 8703 solutions. The optima was [...],
with fitness [...].

Then, a linkage table is generated. Linkage as a concept will be explained in Chapter 7,
but in summary it indicates how much one variable’s effect on fitness is influenced by
other variables. Presence of linkage is important in order to know if our methodology
will be useful or not.

In this case, the user will be using dominance-based linkage by Cramer’s V, shown in
Figure 5.2).
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Figure 5.2: Plot showing the detected linkage strength through “Domination-based”
linkage learning. The cell at [row]-[column] has a high value (lighter colour)
if the item <row> has an effect on fitness dependent on <column>.

From this table, we see that carb-heavy items (Pasta, Oats, Rice, Potatoes) interact
with some non-caloric items (apples, Diet coke, Instant coffee, etc..). These relationships
can be attributed to constraint satisfaction (e.g. potatoes are good because of their
calories, but since they are big then they might break the volume constraint if bought
with apples as well).

The presence of such linkage is also a sign that variable importance is not “the full
story”, and that PSs will be a useful explanation method.

5.7.4 Finding Partial Solutions

Here, the user can experiment with various possible search metrics in order to find useful
patterns. For brevity, here we use *-count simplicity, mean-fitness and atomicity.

This produces a Pareto front consisting of many similar patterns. To reduce the
quantity of information to the user, only a representative subset of the Pareto front is
shown. This is implemented by first clustering all the patterns within the Pareto Front,
and then extracting the centroid of each cluster, as described in Section 6.13.
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The PSs which will be shown as a demonstration of what the outputs
of our methodology are. They are not to be taken as an evaluation,
and thus an investigation of whether these explanations are “correct”
is beyond the scope of this demonstration. They are presented here as
they would be to a would-be user.

5.7.4.1 Local Explanations

The single-objective optimisation Knapsack problem was formulated and then passed to
the GA. The highest fitness solution found is the following:

ITEMS

0 Apples (Pack of 6) 0 Orange Juice Smooth (1L)
0 Banana (Single) 2 Porridge Oats(1kg)

2 Sourdough Loaf 2 Heinz Baked Beans (415g Tin)

0 Semi-Skimmed Milk (2 Pints) 2 Basmati Rice (1kg)
2 Cheddar Cheese (400g) 2 Pasta Fusilli (500g)
0 Free Range Eggs (Box of 6) 0 Pasta Sauce (500g)

0 Chicken Breast Fillets (300g) 0 Milk Chocolate Bar (100g)
2 Minced Beef 12% Fat (500g) 2 Digestive Biscuits (400g)

2 Bacon (Pack of 10) 0 Crisps (150g)

2 Vegan Sausages (Pack of 6) 1 Greek Yogurt (500g)
0 Carrots (1kg Bag) 2 Frozen Garden Peas (1kg)
0 Broccoli Head 0 Frozen Pizza (Pepperoni)
0 Baby Spinach (250g) 0 Diet Coke (2L)
0 Red Potatoes (2.5kg) 0 Instant Coffee (100g Jar)
2 Avocado (Ripe) 0 Tea Bags (Pack of 50)

A search of the PSs that explain this solution results in 100 patterns. After clustering,
3 are presented.

first local partial solution

PATTERN

0 Semi-Skimmed Milk (2 Pints) 0 Chicken Breast Fillets (300g)

0 Frozen Pizza (Pepperoni)

Mean fitness is in the top 44%, p-value for test: < 0.001

DESCRIPTORS

Descriptor Avg Position

cal/volume 180.68 (HIGHER than normal, top 2%)
cal/cost 7.815 (HIGHER than normal, top 2%)

cal/weight 2.575 (HIGHER than normal, top 4%)

The pattern above is in the negative, it represents cases where Milk, Pizza and Chicken
Breasts are not purchased. In the trade-off between simplicity and effect on fitness, this
pattern leans more towards simplicity: the mean fitness of its solutions is in the top 44%,
which is not very high. Nonetheless, its positive effect is attested by the p-value of a
statistical test. There are 3 descriptors provided for this pattern, which suggest that the
ratio of calories is high relative to volume, weight and cost. This is slightly confusing
for a “negative” pattern, but it means that by avoiding certain items we can keep the
calorie-density high.
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second local partial solution

PATTERN

0 Apples (Pack of 6) 0 Semi-Skimmed Milk (2 Pints)

0 Chicken Breast Fillets (300g) 0 Red Potatoes (2.5kg)
0 Orange Juice Smooth (1L) 2 Porridge Oats(1kg)

0 Frozen Pizza (Pepperoni) 0 Diet Coke (2L)

Mean fitness is in the top 43%, p-value for test: < 0.001

DESCRIPTORS

Descriptor Avg Position

cal/volume 184.15 (HIGHER than normal, top 6%)

This pattern is from a different cluster, and it is more complex. Again, it is mostly in
the negative but it also includes the purchase of 1Kg of oats. There is only one descriptor
in this case, so this pattern is not as easy to understand as the first. It appears that the
pattern is associated with higher caloric density with respect to volume.

third local partial solution

PATTERN

0 Apples (Pack of 6) 0 Semi-Skimmed Milk (2 Pints)

0 Free Range Eggs (Box of 6) 0 Chicken Breast Fillets (300g)

0 Carrots (1kg Bag) 0 Broccoli Head
0 Red Potatoes (2.5kg) 0 Orange Juice Smooth (1L)
2 Porridge Oats(1kg) 2 Basmati Rice (1kg)
0 Sea Salt Crisps 0 Frozen Pizza (Pepperoni)
0 Diet Coke (2L) 0 Instant Coffee (100g Jar)
0 Tea Bags (Pack of 50)

Mean fitness is in the top 37%, p-value for test: < 0.001

DESCRIPTORS

Descriptor Avg Position

cost_constraint 0.979 (HIGHER than normal, top 1%)
weight_constraint 0.990 (HIGHER than normal, top 1%)

volume_constraint 0.819 (HIGHER than normal, top 1%)
calories 35876 (HIGHER than normal, top 1%)
cal/cost 8.114 (HIGHER than normal, top 1%)

cal/weight 2.700 (HIGHER than normal, top 1%)
cal/volume 190.14 (HIGHER than normal, top 1%)
cost/weight 0.333 (HIGHER than normal, top 1%)

cost/volume 23.482 (HIGHER than normal, top 1%)

This pattern is from another cluster, and it is yet again mostly in the negative. It
is a rather complex pattern, but many descriptors are provided. The most interesting
descriptors are the first three, indicating that the pattern is associated with solutions
that satisfy the three constraints, which is necessary in order to have high fitness.

As well as this, calories are high, and various ratios relating to calories are also high,
which indicates that this pattern is highly exploitative of fitness.

Additionally, it also notes that the ratios of cost/weight and cost/volume are high,
which is unlikely to be helpful. In this case, the descriptors might not actually be useful,
and in general it shows that descriptors show correlation but not necessarily causation.
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5.7.4.2 Global Explanations

Here we search for any useful patterns for this task, based on the given reference
population. The search uses the same objectives as the previous section, but a different
search space (Any-Pattern) and different operators (as described in Section 6.5.2). The
result is 54 patterns, which are divided into 4 groups after clustering. For each cluster,
we present the centroid.

first global partial solution

PATTERN

0 Sourdough Loaf 0 Semi-Skimmed Milk (2 Pints)

0 Chicken Breast Fillets (300g) 0 Frozen Pizza (Pepperoni)

Mean fitness is in the top 34%, p-value for test: < 0.001

DESCRIPTORS

Descriptor Avg Position

cal/volume 204.50 (HIGHER than normal, top 1%)
cost/volume 27.003 (HIGHER than normal, top 2%)

volume 159.88 (LOWER than normal, bottom 2%)
weight/volume 78.390 (HIGHER than normal, top 3%)

volume_constraint 0.964 (HIGHER than normal, top 3%)
cal/weight 2.603 (HIGHER than normal, top 3%)

weight 12481 (LOWER than normal, bottom 6%)

This pattern is yet again in the negative. It appears that for this problem, the main
priority in order to have good fitness lies in NOT bringing items that are likely to break
constraints. This specific pattern appears to have high density over volume, and indeed
the volume is lower than normal. Looking at the items, this makes sense: we avoid a loaf
of bread, chicken breast fillets, milk and pizza. Note that this pattern is almost identical
to what was found in the local explanations, with the difference being the loaf of bread.
This pattern does not match the solution found before.

second global partial solution

PATTERN

0 Vegan Sausages (Pack of 6) 0 Broccoli Head

Mean fitness is in the top 41%, p-value for test: < 0.001

DESCRIPTORS

Descriptor Avg Position

volume_constraint 0.785 (HIGHER than normal, top 2%)
cost_constraint 0.919 (HIGHER than normal, top 3%)

volume 192.46 (LOWER than normal, bottom 3%)
cost 4330.9 (LOWER than normal, bottom 3%)

weight_constraint 0.861 (HIGHER than normal, top 5%)

This pattern is simple, with only two items, and yet it appears to have a detectable
effect on fitness. This seems to be achieved by constraint satisfaction, based on the
descriptors provided. In particular, avoiding vegan sausages and broccoli helps keep the
volume and cost down.

third global partial solution
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PATTERN

2 Sourdough Loaf 0 Vegan Sausages (Pack of 6)

Mean fitness is in the top 41%, p-value for test: < 0.001

DESCRIPTORS

Descriptor Avg Position

cal/cost 7.763 (HIGHER than normal, top 2%)
cost_constraint 0.919 (HIGHER than normal, top 3%)

volume_constraint 0.730 (HIGHER than normal, top 3%)
cost 4328.4 (LOWER than normal, bottom 3%)

This pattern is also simple, but has a less strong effect on fitness. The pattern
suggests that by buying two loaves of bread and avoiding sausages, one can improve the
calorie/cost density by lowering the cost. Moreover, solutions containing this pattern
are more likely to satisfy cost and volume constraints. This pattern resembles the one
previously.

fourth global partial solution

PATTERN

2 Minced Beef 12% Fat (500g) 0 Vegan Sausages (Pack of 6)

1 Carrots (1kg Bag) 0 Broccoli Head

Mean fitness is in the top 16%, p-value for test: < 0.001

DESCRIPTORS

Descriptor Avg Position

cal/cost 8.649 (HIGHER than normal, top 2%)
cal/volume 190.13 (HIGHER than normal, top 2%)

volume_constraint 1.000 (HIGHER than normal, top 2%)
weight_constraint 1.000 (HIGHER than normal, top 4%)

cost 4085.0 (LOWER than normal, bottom 4%)
volume 185.44 (LOWER than normal, bottom 5%)

cost_constraint 1.000 (HIGHER than normal, top 5%)
weight/volume 74.822 (HIGHER than normal, top 5%)

This pattern is a more specialised version of the previous explanation. This pattern has
a very strong effect on fitness (top 16% mean fitness), which appears to be by having low
cost and low volume. In turn, this causes high calorie density and means that solutions
containing this pattern are more likely to satisfy constraints.
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6M I N I N G O F E X P L A N AT I O N S A S PA RT I A L S O L U T I O N S

6.1 introduction

Desirable PSs are inferred from a set of solutions, and this chapter will describe how this
task can be achieved by formulating it as a multi-objective search problem.

After deciding the PS search space, and the objectives (typically simplicity, mean
fitness and atomicity), the Multi-objective (MO) problem is solved by a metaheuristic
and a Pareto front of PSs is obtained.

This approach allows for the objectives to be easily changed and customised, as well
as allowing the user to select which trade-off between the objectives they prefer.

This procedure, PS mining, is defined in detail in this chapter, with search operators
and the metaheuristic itself. Additionally, there are additional non-trivial post-processing
steps which aid the use of PSs as explanations.

6.2 summary of methodology

The key steps of PS mining are as follows:

1. A metaheuristic is executed to solve the original optimisation problem, and the
solutions it evaluated are stored as a reference population, denoted as PRef.

2. The possible types of PSs are decided, by selecting their search space. For local
explanations (i.e. for a specific solution), the Subset-of-Solution space is to be
used. For global explanations, the Any-Pattern space is used instead.

3. The objectives to be optimised are decided. In particular, the user can choose
what they consider as “an indication of good fitness”.

4. Having set the search space and objectives, the PS mining task can be solved by a
MO: NSGA-II.

5. The final Pareto front of PSs produced by the MO optimisation algorithm is kept
as the set of optimal PSs. Multiple MO runs may be executed, and the results are
aggregated.

After these steps, the PSs are post-processed:

1. The quantity of items in the Pareto Front might be excessive for the user, so it
can be reduced by using clustering

2. Each item is analysed to determine its effect on fitness. This is done via
descriptive statistics and statistical tests

3. Considering the proxy-functions decided by the user (which are likely to relate
to the fitness function), the system finds the average value for each pattern and
determines if they are relatively extreme. The proxy-functions which are sufficiently
extreme are called descriptors, and are presented to the user.

The structure of this chapter is as follows:

• Section 6.3 describes the motivation behind the process described above, and
why a heuristic method is unlikely to produce satisfactory results.

• Section 6.4 discusses the acquisition of the reference population (PRef), and
why this approach was used.

• Section 6.5 defines the search operators used within the metaheuristic that
will find the optimal PSs. For the different search spaces, different operators are
implemented.
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• Section 6.6 discusses the multi-objective search method, and the implications
of its usage. This section also contains discussions on Pareto-fronts and how the
system has changed over the course of the research process. A summary of how
this process was tuned (in terms of parameters) is also presented.

• The PS objectives are described, organised in 3 main sections and with additional
discussions

– Section 6.7 contains the definitions of PS objectives which are indicators
of high fitness, such as mean-fitness.

– Section 6.8 defines objectives that measure how simple a pattern is,
so that it is easily understood, such as *-count simplicity

– Section 6.9 defines atomicity by building on top of linkage learning.
– Section 6.10 discusses and defines other search metrics which may be

used to describe what makes a PS desirable.
– Section 6.11 shows the outcomes of picking certain combinations of

objectives, on various benchmark problems. This section is to further show
that there is no “one-size-fits-all” combination of search metrics.

• Section 6.12 describes the main post-processing step: descriptors.

• Section 6.13 briefly discusses the optional step of PS clustering.

• Section 6.14 shows empirical results of the runtime of PS mining.

6.3 motivation behind the overarching methodology

The procedures described above, based on a metaheuristic to find PSs, is not the only
possible way to obtain patterns. The following paragraphs will discuss why other methods
are not expected to be satisfactory.

The reasons presented here were used as a guidance in the research
process which eventually resulted in our final metaheuristic-based
methodology. They are not formal guarantees, and instead they were
used as indicators for what methods were worth investigating.
The ideas presented revolve around one idea: since we are interested
in optimisation problems which can only be solved by a metaheuristic,
and because the PS mining task is as hard that that original problem,
only another metaheuristic process can successfully find desirable PSs.

why not a heuristic? Another possible approach would be to use a heuristic
which constructs patterns, perhaps using a greedy approach where smaller patterns are
gradually assembled into bigger patterns.

It is expected that this method will not be able to produce patterns that are satisfactory,
and that only another search method would be able to find them. This can be shown
informally via reductio ad absurdum:

1. Assume that the optimisation problem being investigated cannot be solved well
by a heuristic, which is why it is being solved by a metaheuristic.

2. Assume (by absurd) that there is a heuristic which finds satisfactory PS.

3. One can construct another heuristic to combine the various PSs that have just
been found, with the aim of finding good solutions.

4. If Step 2 produced optimal patterns, the second step should result in the optima.
Overall, the combination of heuristic procedures was able to solve the original
optimisation problem.

5. Contradiction: the original problem was solved heuristically, contradicting the
first assumption.

This is an informal proof, and the first assumption is especially import-
ant: our methods are well justified for scenarios where a metaheuristic
is already necessary.
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why not a model? Another possible approach would be to train an ML model
to predict the fitness of solutions. The model is then mined to obtain the patterns, with
a heuristic. Similar approaches were investigated in [278, 247], where a surrogate model
is used to obtain variable importance values.

This approach roughly falls again in the category of heuristics, although one could
argue that the process of building a model could be stochastic enough as to avoid the
assumption on point 2 of the previous proof. An example of such a process is a Learning
Classifier System, where rules which resemble PSs are evolved gradually to make a model.

Such an approach would work, but the steps involved would essentially re-create our
methodology but indirectly and with less flexibility.

Instead, we choose to evolve the explanations directly and avoid introducing unneces-
sary modelling steps.

why use a metaheuristic to find partial solutions? Follow-
ing from the discussion on heuristics and models, a metaheuristic is the method used in
this research as a tool to find useful PSs.

This has a practical advantage: it only requires for the objectives to be defined, and
there there is no assumption of what objectives the explanations will need to satisfy.
Thus the same methodology can work for many users with different aims, with little
modification.

As an example, in the Recommender Systems research (which will be discussed in
Section 8.2, different metrics were used in order to produce explanations more aligned
with stakeholder intentions. These were not envisioned at the start of our research, but
were integrated without even needing to know what the objectives were measuring.

Moreover, a multi-objective metaheuristic is able to approximate the Pareto front,
rather than enforcing an arbitrary trade-ff. Trade-off between understandability and
accuracy is an inevitable reality of our explanations, and a search method can find a
comprehensive set of choices which can later be selected from.

Our methodology could have been implemented as a problem-specific and metaheuristic-
specific algorithm (for example, it is known that BT is solving the Staff Rostering (SR)
problem using SA). This was not pursued as it was seen more fruitful and conceptually
simpler to focus on problem-agnostic and metaheuristic-agnostic approaches.

This is why our procedure makes use of something which is easily generated in every
metaheuristic: a collection of evaluated solutions (the reference population, stored in
a file). This “static” approach forces our explanations to be post-hoc, but also makes
it much more widely applicable and proved to be essential in broadening the scope to
include Recommender Systems (Section 8.2).

why not evolve a set patterns? The aim of this research is to generate
a set of patterns, rather than just one, to account for cases where there is more than
one trait contributing to desirable solutions. In our case, for each PS we obtain an
explanation, but we could have attempted to create a system where there is one multi-PS
explanation which describes the problem (or the optima) as a whole.

While this is likely achievable, it was not considered because the level of complexity
required to evolve these PS-sets would have been too high for the resulting reward:

• The results would be confusing: a MO search over PS-sets would have produced
a Pareto front of sets of solutions. The additional effort required by the user to
process this information is unlikely to be acceptable.

• Evolving a set of PSs is complex: the operators required and the objectives used
would need to be much more complex than what we propose. Moreover, the task
would be more challenging for the multi-objective solver, and so the system would
likely converge much more slowly.

• The same results are achieved using our methods already: the prediction
model shown in Section 8.3 are essentially a collection of PSs which predict solution
fitness. In this sense, they are already a concise description of the overall problem.

6.4 acquisition of the reference population

A reference population (PRef ) is a collection of solutions with pre-computed fitness
values. Their order is not relevant, so there is no concept of generations or convergence.
In fact, the source of the solutions is not really relevant: while for this thesis the source
is almost always a metaheuristic, this is not a requirement because there are very few
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assumptions on the distribution of solutions. If a PRef can be obtained, the PS mining
methodology can be applied. This “static dataset” has many advantages:

• Allows for PS-based explanations to be applicable to many metaheur-
istics, such as Simulated Annealing (which has no population) and Random
Search (which does not converge). In fact, any optimiser that generates multiple
solutions would also be eligible. This is in contrast to the work of Fyvie et al
where generations are the basic unit [96].

• The reference population can be stored statically, even as a .csv file (as shown in
Section 5.7). This allows for our system to be applicable with minimal modifications
to the optimisation system at hand.

• In situations where optimisation is a very slow process (for example if a
simulation is involved, or perhaps it relies on real humans), the static dataset only
needs to be generated once and can be analysed later in multiple ways. This was
particularly relevant for PS4XRS [43] (further discussed in Chapter 8).

• Since the distribution of solutions contained is not too relevant, these solutions
can be from different sources at the same time. One may solve an optimisation
problem using different metaheuristics, and obtain multiple reference populations
that are concatenated into one. In fact, the set of solutions may even be manually
constructed. This can be useful for global explanations, where a suitable set of
samples is required.

6.5 search operators for partial solutions

The PS mining task will use its own search operators, separate from the operators used
to solve the original problem. The same operators cannot be used in both cases, since
the * value is not present in the original search task.

This section will discuss the following search operators, used for PS mining:

• An initialisation operator, which creates patterns that are mostly wildcards.

• A mutation operator, which has a chance of turning a wildcard into a fixed
variable, and vice-versa (uniform mutation)

• A crossover operator, based on uniform crossover

• A niching operator, based on sequential niching (many runs, each run avoids
results from the previous runs)

These operators are implemented differently between local and global search for
patterns, but their algorithmic structure is essentially the same.

PSs can be treated as standard vectors of discrete variables, so general-
use operators can be applied in order to allow wide applicability. Spe-
cialised operators lead to issues related to the No Free Lunch Theorem
[291].
In the case of PS4XRS, the context presented strong constraints that
required the development of new operators in order to get significant
results, which are discussed in more detail in [43] and Chapter 8.

6.5.1 Preliminaries: Operators used in the early stages of research

The preliminary research shown in [44] (attached in Chapter A) discusses different
approaches for PS mining:

• start from patterns that are almost entirely wildcards, then gradually introduce
fixed variables.

• start from patterns that are almost fully fixed (generally, these are based on the
optimal solutions) and gradually introduce wildcards to make them more general.
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• start from randomly generated patterns, and allow them to mutate freely (wildcards
into fixed variables, and vice-versa).

The evaluation shown in [44] showed how the first approach is able to recover the
correct PS from benchmark problems more frequently. These results are not included
in the main body of the thesis, since they contain a methodology which was replaced
with the approach shown in this chapter. Despite this, the results were essential for
developing the operators which will be described in the rest of this chapter.

6.5.2 Operators for Any-Pattern (global) search of Partial Solutions

The operators described here are the basis of all the other operators used for PSs in this
research.

6.5.2.1 Initialisation operator

This operator was developed to produce patterns which are mostly wildcards, but some
thought was put into how to define this exactly. Every possible initialisation operator
would have presented a bias in how the patterns are generated, for example in how
many fixed variables are present on average.

Consider for example the naive approach where every variable has a 50% chance
of being *, and a 50% of being a fixed value (and each possible value has the same
probability). If there are L variables, it is expected that the patterns will have L

2 fixed
variables on average, which is higher than desirable (e.g. if L = 100, then patterns will
be initialised with 50 fixed variables in general).

Instead, the operator was designed in order to better align with human understanding,
by making an initialisation operator that produces patterns with 7 fixed variables on
average. This is informed by Miller’s Law, where information a human can store 7 ± 2
units of information in their short-term memory [194].

Patterns with fewer fixed variables should be more common, since the aim is simplicity.
Therefore, the final algorithm is constructed to follow a geometric distribution in the
quantity of fixed variables observed, starting from 1 (so that the “empty” pattern is not
produced). Algorithm 9 shows how we implemented an operator with the aforementioned
properties.

Algorithm 9 Generate Random Pattern
1: function Sample_RANDOM_PS_AP
2: probability_of_fixed_variable← 0.83
3: xψ ← (* ... * * *)
4: keep_going← true
5: while keep_going do
6: variable← random.randrange(L)
7: value← random.choice(options(variable))
8: xψ [variable]← value
9: keep_going← random() < probability_of_fixed_variable

10: end while
11: return xψ

12: end function

A geometric distribution is achieved by using a simple while loop in Algorithm 9. The
quantity of “successful events” (a variable is set to a fixed value) in consecutive trials
(where each trial has a probability p of succeeding) follows a geometric distribution, and
the average quantity of successes is 1

1−p .[256] This formula can be reversed to find the
value of p that yields an average of 7 successes (accounting for the forced initial success),
which is p = 0.83 (hence why the magic number in this operator). This constant is
independent of the total quantity of variables.
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Algorithm 10 Get Mutated Pattern

1: function Mutate_PS_AP(xψ)
2: mutation_probability← 1/L

3: yψ ← xψ.copy()
4: for index, value ∈ enumerate(yψ) do
5: if random() < mutation_probability then
6: if value == ∗ then
7: yψ [index]← random.choice(Dindex)
8: else
9: yψ [index]← ∗

10: end if
11: end if
12: end for
13: return yψ

14: end function

6.5.2.2 Mutation operator

The mutation operator shown in Algorithm 10 is essentially uniform mutation, where
the mutation probability is 1

L
as is commonly recommended [208]. This could be called

a bit-flip operator, but instead of flipping between true and false it flips between * and
non-* values (which themselves are picked at random uniformly).

This kind of mutation is chosen for its generality, as it makes the least assumptions
about interaction effects between variables [269].

This operator also has a bias: if there was no selective pressure and the patterns were
to mutate freely for generations, they will have L

2 fixed variables on average over time.
Although this is not ideal, it is an effect that would only be observed in an unrealistic
scenario. Moreover, this is again a case where bias is inevitable.

6.5.2.3 Crossover operator

Our crossover operator is based on uniform crossover (again to avoid biases), and is
defined in Algorithm 11.

Algorithm 11 Get Crossed Patterns

1: function Crossover_PS_AP(aψ, bψ)
2: cψ, dψ ← aψ.copy(), bψ.copy()
3: for index ∈ range(L) do
4: if random() < crossover_probability then
5: cψ [index], dψ [index]← dψ [index], cψ [index]
6: end if
7: end for
8: return cψ, dψ

9: end function

This operator could be improved for domain specific applications by introducing
linkage information (which was the case for Partial Solutions For Recommender Systems
(PS4XRS)), but our implementation in Algorithm 11 aims to avoid assumptions of
relationships between variables.

6.5.2.4 Niching / Constraint

Maintaining diversity is often required in multi-objective search in order to obtain a
comprehensive set of results. Niching is a way to achieve this, where individuals which
are too similar are removed from the metaheuristic’s population.
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This approach was adopted for PS mining, to account for situations where multiple
different patterns are sought, and was first implemented in [46] as “sequential decision
space niching”. The meaning of these terms is:

• sequential: there are multiple metaheuristic runs, and each run is given the
patterns found in previous runs. The niching operator will negatively affect the
survival rate of patterns that are too similar to the previously found ones.

• decision space: in traditional multi-objective search methods, niching is typically
implemented over objective space: the result should have a wide range of objective
values. In our case, it is more important to have patterns that are different in
their variables (this being decision space). This is the niching approached used by
Omni-Optimizer [78].

Niching, specifically in NSGA-II, is a mechanism that is used as a tie-breaker during
selection. We opted for an approach which is essentially a constraint: solutions which
break the constraint - needing to be different enough from previous runs - are forcefully
removed from the population.

The operator we developed, shown in Algorithm 12, can be summarised as:

• Run multiple PS mining runs, each with a different “niching constraint” based on
the results of the previous runs. In the first run, the constraint is turned off.

• A distance metric is defined over PSs, as shown in Algorithm 12. Patterns are “too
similar” when their distance is below a threshold. This threshold is chosen to be
0.5, so that PSs are too similar if more than half of their fixed variables are the
same.

• Define a constraint operator for PS runs. A pattern is allowed if its distance from
all of the previously found patterns (Pareto fronts of the previous PS mining runs)
is above the aforementioned threshold.

6.5.3 Operators on Subset-of-Solution (local explanations) for Partial Solutions

The operators implemented for local search are essentially the same as in Section 6.5.2,
and their implementation is summarised as follows:

• Sampler (Algorithm 13): a generated pattern’s fixed values are taken from a given
solution rather than being randomly generated.

• Mutation (Algorithm 14): when a variable is turned from a wildcard into a fixed
variable, the fixed variable is chosen from the original solution.

• Crossover and Niching: no difference

Their exact implementation is reported here for completeness.
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Algorithm 12 Distance and Allowed Pattern Check

1: function Distance(xψ, old_pattern)
2: ▷ Returns the ratio of shared fixed variables
3: shared_fixed← 0
4: qty_fixed_in_old← 0
5: for i ∈ range(L) do
6: if xψ [i] ̸= −1 and old_pattern[i] == xψ [i] then
7: shared_fixed← shared_fixed + 1
8: end if
9: if old_pattern[i] ̸= −1 then

10: qty_fixed_in_old← qty_fixed_in_old + 1
11: end if
12: end for
13: if qty_fixed_in_old == 0 then
14: return 0
15: else
16: return shared_fixed/qty_fixed_in_old
17: end if
18: end function

19: function Pattern_Is_Allowed(xψ, old_patterns, min_distance = 0.5)
20: for old_pattern ∈ old_patterns do
21: if Distance(xψ, old_pattern) < min_distance then
22: return False
23: end if
24: end for
25: return True
26: end function

Algorithm 13 Generate Random Pattern on Subset-of-Solution
1: function Sample_RANDOM_PS_SOS
2: s← the solution to be explained
3: probability_of_fixed_variable← 0.86
4: xψ ← (* ... * * *)
5: continue← true
6: while continue do
7: variable← random.randrange(L)
8: value← s[variable]
9: xψ [variable]← value

10: continue← random() < probability_of_fixed_variable
11: end while
12: return xψ

13: end function
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Algorithm 14 Get Mutated Pattern on Subset-of-Solution

1: function Mutate_PS_SOS(xψ)
2: s← the solution to be explained
3: mutation_probability← 1/len(xψ)
4: yψ ← xψ.copy()
5: for index, value ∈ enumerate(yψ) do
6: if random() < mutation_probability then
7: if value == ∗ then
8: yψ [index]← s[index]
9: else

10: yψ [index]← ∗
11: end if
12: end if
13: end for
14: return yψ

15: end function
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6.6 multi-objective problem and search method

As defined in Chapter 5, the PSs of interest are the ones which satisfy multiple objectives,
such as having few fixed variables while being associated with high fitness solutions. The
objectives themselves are not fixed, and rather they may change between users.

Therefore, the PS mining task is a multi-objective problem, which will be solved using
a MO search method. Determining which one is the most appropriate required a problem
with ground-truth patterns, and determining which metaheuristic finds them most often
when given a fixed evaluation budget.

6.6.1 Experiments to determine the most suitable Multi-objective method

This evaluation was carried out in [46], where synthetic instances of the Staff Rostering
problem were used so that ground truth PSs could be used to score the outcome of a
PS search run. These benchmark problems are constructed to be mathematically
equivalent to RoyalRoad (certain employees must have the same rota) and Graph
Colouring problems (certain employees must have different rotas).

Here, equivalence means that there is a one-to-one monotonic mapping between the
fitness values of the original problems and their SR counterpart. The problems are called
SR-RR and SR-GC respectively. A complete definition is found in Chapter E. The
“target” or “ground truth” PSs for these problems is the same as what would be seen in
their original counterpart:

• SR-RR is composed of 5 groups of workers, each having 4 employees. Since
RoyalRoad is a binary problem, each employee has 2 possible rotas. A group
of workers contributes positively to fitness only if they are all assigned to their
second rota. The target PSs are 5, each being a group of workers being all being
set to their second rota.

• SR-GC has 5 independent groups of workers, each having 3 employees. Like a
Graph Colouring problem with 3 colours available, each employee has 3 possible
rotas. A group of workers contributes positively to fitness when all its employees
are assigned to different rotas from each other. There are 30 target PSs, 6 for each
group (because there are 5 possible ways in which the workers can have different
rotas from each other).

The use of SR equivalents of existing benchmark problems is due
to how at this stage in the research process, the SR problem was
our main concern. Additionally, this was to show that there are SR
problem instances which do display interaction effects. Thanks to the
mathematical equivalence of the problems, the results are expected to
be identical on the original benchmark problems.

The evaluation considered 4 possible multi-objective methods: MOEAD [297], NSGA-
II [72], NSGA-III [76] and SMS-EMOA [24]. To structure the objective space, both
MOEA/D and NSGA-III utilized reference directions generated via Das-Dennis method
with 12 partitions [69]. Additionally, the neighbourhood size in MOEA/D was dynamically
assigned to equal the total number of decision parameters in the search space. Across
all four algorithms, the operators used were as defined in Section 6.5, with crossover
probability being set to 0.5.

Moreover, the evaluation also aimed at determining whether it is beneficial to have
few runs with a large evaluation budget, or to carry out many smaller ones, which relates
to the sequential niching operator. A PS mining run is considered successful if all the
“ground truth” PSs are found in the union of the Pareto fronts of the runs. These ground
truth patterns are built into the problems, as specified in Chapter E. In our evaluation,
runs were repeated 100 times, and we counted how many of those were successful.

All runs had the same overall evaluation budget of 10000, but the population size and
budget-per-run were varied between (100, 1000) (10 small runs), (200, 5000) (2 runs),
(500, 10000) (a single large run).

A run was considered successful if all the target PSs were present in the Pareto front
produced by the PS process. Even one missing target PS is considered a failed run.
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Problem Pop.
Size

Evaluation
Budget

MOEAD NSGA-II NSGA-
III

SMS-
EMOA

SR-RR 50 1000 42% 93% 25% 87%
100 5000 26% 86% 41% 61%
200 10000 21% 77% 29% 48%

SR-GC 50 1000 23% 68% 32% 67%
100 5000 10% 27% 26% 20%
200 10000 7% 18% 14% 12%

Table 6.1: Table showing the results of the comparison between different Multi-
Objective evaluation methods. The percentage shows how often the pro-
cedure was able to find all of the expected PSs. Figures in bold show the
best performing MO method for every row.
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The results (shown in Table 6.1) indicate that NSGA-II (of the Non-Dominated Sorting
Genetic Algorithm family) performs better than the other methods on benchmark
problems, with the best results being observed with many smaller runs. This result is not
entirely surprising, since most multi-objective search methods are made for continuous
problems and contain specialisations [73]. NSGA-II makes the least assumptions and thus
it works best on our combinatorial PS search task.

NSGA-II exhibits a tendency to be biased towards “simpler” results when applied
in Genetic programming [179], and similar results are expected in our implementation.
Although this does introduce bias, it is not in a direction which clashes against our
intentions, and thus we opted to use a traditional formulation of NSGA-II.

not pymoo Throughout most of the research, the implementation of NSGA-II
was taken from Pymoo [26], but this was later found to be bloated and inconsistent with
the original definition of NSGA-II. We implemented a version which is more aligned
with the methodology discussed in the original NSGA-II paper [72]. This change is not
expected to have significant effects on the performance of the algorithms themselves, but
rather it reduced attrition when working on the implementation of the PS mining task.
PyMOO’s implementation involves many additional steps which cancel each other out
and were removed without consequences.

6.6.2 Budget and Other Parameters

The search process requires specifying parameters such as the evaluation budget and
population size.

The evaluation shown in Table 6.1 does provide some insight, but it is likely that
there is no universally sufficient set of parameters due to how the complexity of the PS
search task is determined by the complexity of the original optimisation problem.

A simple rule was used throughout this research: use the same hyper-parameters
that were used for solving the original task.

6.6.3 Resulting Pareto Front

The result of the multi-objective search process is an approximation of the Pareto front: a
set of non-dominated PSs. Although having a range of patterns might seem inconvenient,
it provides insight into the trade-off between understandability and effect on fitness.

selecting a single solution In many cases, it is necessary to select a
single PS, or at least to provide an ordering for them (e.g., when making a model and
only one PS can be picked). For such instances, the approach suggested is to order the
results “from least to most extreme”.

Informally, each candidate has a ranking for each objective (e.g., [* * 1 1] might
be 1st in mean fitness, 3rd in simplicity, and 7th in atomicity). The “worst rank” of a
pattern is the “worst” of its rankings, and in the previous example it would be “7th”. A
pattern which is generally good in all metrics will have a lower “worst”, whereas pattern
which ranks poorly in at least one metric has a greater “worst rank”. This mechanism is
widespread in decision-making theory, under the name “minimax regret” [236].

A procedure which sorts the PSs using this criterion is shown in Algorithm 15. When
one pattern is requested, we sort the given set of patterns from best to worst and return
the single best.
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Algorithm 15 Sort Population by Max-Min Tradeoff
1: function Get_Worst_Rank(sol_objs, pop_objs)
2: num_objs← length(sol_objs)
3: ranks← zeros(num_objs) ▷ Initialize rank array
4: for i← 1 to num_objs do
5: for each other_objs in pop_objs do
6: if sol_objs[i] < other_objs[i] then
7: ranks[i]← ranks[i] + 1
8: end if
9: end for

10: end for
11: return max(ranks)
12: end function

13: function Sort_By_Worst_Rank(pop, pop_objs)
14: worst_ranks← []
15: for each row in pop_objs do
16: wr← Get_Worst_Rank(row, pop_objs)
17: Append wr to worst_ranks
18: end for
19: ▷ Sort individuals ascending by their worst rank
20: sorted_indices← argsort(worst_ranks, ascending=True)
21: sorted_pop← [pop[i] for i in sorted_indices]
22: return sorted_pop
23: end function

24: function Get_Best_Tradeoff(pop, pop_objs)
25: sorted_pop← Sort_By_Worst_Rank(pop, pop_objs)
26: return sorted_pop[0]
27: end function
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6.7 search metrics for partial solutions: fitness quality metrics

This section will be the first to discuss the objectives that can be used to search for PS.
This section focuses on quantifying the effect that a pattern has on the fitness of the
solutions that contain it. The effect on fitness could be measured in two ways:

1. A “directional measurement”, where we measure whether the fitness of solutions
containing the pattern is better than those that do not.

2. A “non-directional measurement”, where we measure how much the fitness is
affected by a pattern, which could be both a positive or negative effect.

This is similar to statistical testing, in which a test that compares the mean of two
averages can measure if one is greater than another (single-tailed test) or if the two
averages are different (two-tailed test). For both situations, there are two approaches to
detecting this effect:

1. an “independent samples” measurement, where we partition the PRef’s solutions
based on whether the pattern is present or not. Then, we compare the fitness
values of these groups.

2. a “paired samples” measurement, where we compare the fitness of a solution
before and after the pattern was applied onto it.

Note that the terminology was borrowed from statistics for convenience,
and the quality metrics don’t necessarily need to be based on statistical
tests.

Finally, there are two kinds of scalar values which quantify an effect on fitness:

• effect size: how strongly the pattern influences fitness, the magnitude of the
change.

• a probability: the likelihood of the pattern having an effect. Usually, this is a
p-value, which also quantifies if there is sufficient evidence of the effect on fitness.

Therefore, a pattern might have a large estimated effect size, but low probability of
being provably beneficial. A user should be aware of this difference.

considerations When picking the quality metric, there are some practical
considerations, which are listed below.

1. The PRef is rarely an enumeration of the search space so it will generally not
contain all possible solutions which match a pattern. This can be a problem
for paired samples tests, and forces either to evaluate new solutions, or to use
only paired samples already present in the data. Both approaches are rather
computationally slow (since the entire PRef needs to be processed for every PS),
and might not be usable for the purposes of an interactive tool, therefore a paired
sample fitness quality test would be too slow in practice.

2. Because the PRef is rarely uniformly distributed, and due to its origin (from a
metaheuristic) it is often biased. A lot of solutions will be similar to the optimum
(due to convergence), or there might be popular genes due to hitch-hiking (discussed
in Section 2.3.11.2).

3. When using a non-directional measurement, a pattern which negatively influences
fitness can also score high. In these cases, the lack of the pattern is beneficial,
and might thus be insightful to the user, but in other cases it is not very intuitive.

4. The bias in the PRef might be used as a proxy for fitness quality (or as a
way to investigate metaheuristic behaviour). In these cases, quality of a pattern is
not based on its fitness, but in how common it is within the PRef.

Due to these considerations, many metrics to measure “effect on fitness” were developed
and are reported in this chapter.
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As a shorthand in these formulas, we often use the notation Pmatch and
Pnotmatch to mean “solutions which match the pattern” and “solutions
which do not match the pattern”. Whenever these are used, the reader
can assume that the objective is influenced by the PRef.

mean-fitness This metric serves as a straight-forward and computationally
lightweight approach to measuring fitness quality. More sophisticated approaches are
presented in this section, but mean-fitness is the most generally applicable.

Definition: the mean-fitness of a PS is the average fitness of the solutions which it
matches.

mean_fitness(xψ) =
{︃

avg(F (Pmatch)) when |Pmatch| > 0
−∞ otherwise

(6.1)

Using our previous classifications, it is a directional, independent samples, effect size
measurement. This metric is to be maximised (assuming that the original fitness is to be
maximised). Note how, if there are zero matching solutions, then a low value is produced
- this is rarely encountered throughout a real search for patterns because of other metrics
that promote simpler patterns which will have more samples.

Pros and Cons: This metric can be easily skewed when there are few solution
samples for a pattern. Although a threshold quantity of samples could be manually set
(so that −∞ is returned when |Pmatch| < threshold), a more robust approach is to use a
statistical test, as described next, but these also have their issues.

In the rest of the thesis mean-fitness is the most commonly used metric to measure
fitness quality of a pattern for this research because of how relatively simple it is to
understand at a glance.

mann-whitney-u statistical test A user might require for the PSs
produced to be provably beneficial to fitness, which can be assessed by using statistical
tests. Rather than doing this after PS mining, it is possible to use the p-values from the
tests as an objective to quantify the effect on fitness with the group of solutions in the
PRef containing a given pattern.

Definition: The fitness values of Pmatch and Pnotmatch can be used for an inde-
pendent samples statistical test, with the p-value being an objective to be minimised.

A Mann-Whitney-U test is used, due to it being non-parametric (no assumptions are
made on PRef), and it can be both directional and non-directional. The test determines
if there is a difference in average fitness between solutions with the pattern, and the
solutions without the pattern.

At first, this would seem like an improved version of mean-fitness, since a pattern
will have a low score by when not enough samples exist to prove its effect. Differently
from mean-fitness, it does not reflect how strongly the pattern affects fitness, just how
likely it is to be having an effect.

When defining this metric, the following issues need to be considered:

• Automated p-hacking: the metaheuristic is able to find patterns that “accidentally”
produce a low p-value, without actually having a high effect size.

• Minimising to zero: a p-value of 0.003 is more than sufficient, but the search
will easily find patterns with a p-value smaller than 0.0001. Since one is lower
than the other, the algorithm might discard patterns with satisfactory test results.

To resolve these issues, a threshold is put on the metric: any p-value below 0.05 is set
as zero. This means that any patterns that are “provably beneficial” (below a significance
of 0.05) will score equally.

Using these considerations, we get the following metrics, single_indep_test for a
directional test, and two_indep_test for a non-directional test:
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MWU_p_value(xψ, isSingleTailed) =
MannWhitneyUTest(F (Pmatch),F (Pnotmatch), isSingleTailed) (6.2)

threshold(orig, t) =
{︃

orig when orig > t
t otherwise

(6.3)

single_indep_test(xψ) = threshold(MWU_p_value(xψ, true), 0.05) (6.4)
(6.5)

Pros and Cons: For a user who requires the explanations to be provable, using this
metric aligns with their needs.

Unfortunately, carrying out a statistical test is computationally slower than mean-fitness,
and causes the system to be less usable as an interactive tool. Additionally, the problem
of automated p-hacking is not entirely resolved: a PS might be just below the significance
threshold because it relates to solutions which by chance have high fitness.

paired samples tests If independent samples test provide a metric of how
strongly patterns correlate with high fitness, paired samples approaches measure the
causal relationship between patterns and fitness. Therefore, they are even more robust
than independent sample tests, but they are not feasibly applicable due to how slow
they would be. This section discusses their hypothetical implementation.

Definition: Assume that, for any given PS xψ there is a way of obtaining a set pairs of
solutions “before and after” the pattern was applied - let us call it paired_samplesxψ) =
a collection of pairs (a, b) such that match(a,xψ) == False and b == apply(a,xψ).
(The implementation of this function is what prevents using this metric).

Using the fitness values of these paired solutions, a Wilcoxon Signed Rank test could
be used (because it is a non-parametric paired samples comparison of average). [226].

Similarly to the independent-samples metrics discussed above, the p-value would be
minimised.

Pros and Cons: This approach cannot be used in reality as a search objective. The
reason lies in the need for the paired samples: they are very computationally expensive
to obtain. There are two ways of obtaining these pairs, and both are highly inefficient:

• Evaluate new solutions: Randomly pick a set of solutions, and for each obtain a
before-after pair by applying xψ . This quantity of solutions should be big enough
to give power to the statistical test. These new solutions need to be evaluated
using the fitness function, and therefore each evaluation of xψ involves many
evaluations of the fitness function, making it unfeasible.

• Find pairs within the PRef which happen to be pairs of before-after solutions.
This is slow, and it is highly unlikely to yield enough pairs for the statistical test
to have sufficient power.

Rather than being used as an objective, this statistical test could find use as a
post-processing tool in future work.

weighted variance This metric was developed for the research which uses
PSs within decision trees, and comes directly from CART [33]. The generation of a
decision tree is traditionally greedy and recursive: the dataset is partitioned, and each
partition is picked for being optimal with respect to a metric.

In the case of a decision tree for a regression task, the metric to be maximised is the
reduction in variance: by partitioning a set of data-points, the sum of their variances
should be much lower than the variance of the original collection.

In our case, a pattern is used to partition the PRef into Pmatch and Pnotmatch, each
having a variance in their fitness values. Let var be the function which calculates the
variance of a collection of scalar values. One could calculate the variance of the partitions
as var(F (Pmatch)) + var(F (Pnotmatch)), but this will be biased by skewed partitions
(perhaps Pmatch has low variance because it has one solution!). Therefore, weighted
variance is calculated, where the weights are based on the sizes of the splits:
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weighted_variance(xψ) =
|Pmatch|
|PRef|

var(F (Pmatch)) (6.6)

+
|Pnotmatch|

|PRef|
var(F (Pnotmatch))

From this, one can calculate the variance_reduction:

variance_reduction(xψ) = var(F (PRef)) − weighted_variance(xψ) (6.7)

Compared to weighted_variance, all this last formula does is add the constant value
var(F (PRef) and changes the sign of Equation (6.7). Therefore, it is sufficient to minimise
weighted_variance in order to maximise variance_reduction.
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6.8 simplicity metrics

PSs aim to be simpler to understand than solutions because they contain less information:
a pattern only shows the variables which are important, and the rest is irrelevant for the
pattern being looked at.

For such patterns to be found, it is necessary to define an objective to capture this,
and this section will propose two main approaches. The first is just “having few fixed
variables”, while the second one defines it in terms of linkage.

*-count simplicity This metric was used throughout this research, and it
is the simplest to define. It is the quantity of (*) present in a pattern, which is to be
maximised:

*_count_simplicity(xψ) = |{i ∈ [1...L] s.t. xψi = ∗}| (6.8)

(The empty pattern (***...**) is optimal for this metric.)
This objective has the advantage of being conceptually simple, especially since the

“simplicity” of a pattern can be estimated at a glance even by humans. It is not dependent
on the PRef and it is constant across different optimisation problems.

There are also disadvantages:

1. This concept of simplicity does not necessarily encapsulate what it means for a
pattern to be “easy to understand” to a human. A small but incomplete pattern
might actually be harder to understand - the “simplest” pattern is also the one
that carries the least meaning.

2. The metric does not help the user determine what is the minimum level of
complexity needed to understand the optimisation problem. For a RoyalRoad
problem with cliques of size 4, the smallest useful pattern is (1111****), but there
is always a pattern which is simpler and still associated with high fitness, such as
(11******).

3. Including this metric as an objective in the PS mining task significantly increases
the size of the Pareto front (which might overwhelm the user, discussed in Sec-
tion 6.11). Given any pattern that is optimal in the other objectives, any of
its “sub-patterns” will be in some way optimal or nearly optimal. For example,
(1111****) (with high mean fitness and high atomicity, for example) is mutually
non-dominated by (*111****), (**11****), . . .

The first issue is complex - understandability is a user-specific concept and thus
there cannot be a universal objective in this sense. *-count simplicity serves as a
“close-enough” proxy. The second and third issue lead to a discussion on what makes a
pattern “whole enough to be useful” while being “as small as it can be”. This is resolved
in this work by using linkage information: a pattern is “complete enough” when it
has high independence(defined below), and it is “as small as possible” if it has high
atomicity.

independence This metric is born out of the issues discussed for *-count
simplicity. Rather than defining a pattern as “simple if it is small”, this objective
defines simplicity as “fewest uncontrolled dependencies”.

Linkage learning is defined in Chapter 7, but a surface level un-
derstanding is required in order to understand this section. In the
relationship between solutions and their fitness, every variable has an
“effect” on the fitness value. This effect of this value may also depend
on the value of other variables - we say that they are linked. A linkage
learning method is a way to quantify this relationship, and it imple-
ments a function called linkage.

Here, linkage information is used to determine if there is any “outgoing” linkage in a
pattern between a fixed variable and a non-fixed variable.

Consider a RoyalRoad problem and the pattern (1 * 1 1 * * * *). Between the first
and fourth variable there is strong linkage (since they are within the same clique), but
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there is also strong linkage between the first and the second (unfixed) variable. When
this pattern is present in (or applied on) a solution, its effect on fitness is dependent on
the value of the second variable, which is not controlled by the pattern. Compare this
against (1 1 1 1 * * * *), which will always result in improved fitness in a solution
which did not contain it before. We say that the first pattern is less independent than
the second one.

One can measure how independent a pattern is by measuring the linkage of its fixed
variables against that of its non-fixed variables. These linkage strengths are averaged,
which gives a measure of its outward dependence. Because the other objectives are also
maximised, we flip the sign of dependence and we obtain independence) (Equation (6.9)).

Note that such an average is not defined for patterns that are fully fixed or fully
unfixed, and thus the real definition will return a low number in those cases.

independence(xψ) =

{︄
−∞ if fix_count(xψ) ∈ {0,L}
avg({linkage(i,j)
s.t. xψ

i
̸=*,xψ

j
=*}

otherwise (6.9)

This metric is to be maximised, so that the patterns are as independent as possible.
This objective is recommended over *-count simplicity in some scenarios, because it
more accurately evaluates what is a “useful” pattern.

A disadvantage is that the objective is entirely dependent on linkage information,
which may be slow to calculate or even incorrect. An even more serious fault with this
objective is that it will give high scores to “composite but complete” patterns, where
different complete and atomic patterns are in conjunction.

For example, the pattern (1111 **** 1111 ****) contains two cliques which are fully
fixed, and therefore it is technically independent. Atomicity is therefore strongly advised
to be used as an “antagonist” to this metric.

problem specific simplicity metrics It is possible to define problem-
specific simplicity objectives.

In the case of a Graph Colouring problem, a PS’s complexity may take into considera-
tion how many colours have been used in the pattern, and in a problem where there is a
spatial meaning to the variables we may consider how big their bounding box is.

Although appealing, these problem-specific definitions of simplicity are likely to
introduce a bias into what explanations are produced: the researcher is creating a tool
to create the explanation they expect already.

On the other hand, this bias might be intended - the researcher might intend to use
our system as a tool to fill gaps in explanations they have already.
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6.9 search metrics for partial solutions: atomicity metrics

The concept of atomicity is one of the main contributions of this thesis, since there is
relatively little literature on using linkage information for explainability.

The general aim of this objective is to quantify how much a pattern is “atomic”, which
is the opposite of “composite”. Being “atomic” is a desirable property for a PS, because it
indicates that it cannot be simplified without breaking its linkage structure. Atomicity
encodes the human preference for “minimal” patterns. Without it, PS mining has a
tendency to produce highly composite patterns, as these satisfy the other objectives.

Atomicity is built upon linkage information, which can be obtained in many
ways. Atomicity is only as good as the linkage methods that it is built upon. Inaccurate
linkage information leads to inaccurate atomicity, which leads to undesirable PSs and
eventually low-quality explanations.

A full dive into the topic of linkage is deferred to Chapter 7, so that this chapter can
focus on atomicity itself. This section will show one way in which linkage data is used to
implement an atomicity objective, in the form of average bivariate atomicity.

6.9.1 Average bivariate atomicity

Here we define the approach developed for in this work. This method addresses the main
challenge of linkage learning: the computational cost of analysing multiple variables at
the same time. This is in the interest computational speed - the overall system should
be fast enough to be used interactively.

bivariate precomputed linkage Informally, the computational com-
plexity of calculating linkage information is exponential with respect to the quantity of
variables being examined at once. Measuring how linked 4 variables are is much slower
than measuring the linkage of 2 variables, since there are many more value combinations
to consider.

A much faster approach is to calculate all bivariate linkage (between every pair of
variables) and then approximate higher-order linkage by using those values.

Using this technique we define atomicity as shown in Equation (6.10), where linkage(a, b)
is simply accessing values in a 2d matrix.

atomicity
bivariate

(xψ) =

{︄
avg({linkage[a,b]

| xψa ̸=∗,xψ
b

̸=∗,a̸=b})
if fixed_count(xψ) > 1

−∞ otherwise
(6.10)

In simpler terms, it calculates the average pairwise linkage of the fixed variables in a
pattern. If there are not enough fixed variables, there is no atomicity and thus a very low
value is produced. The average-pairwise-linkage is also used by many works by Thierens
et al, such as [265, 266, 31, 263], because of its stability. Independence is also an average
of pairwise linkages for this reason.

For a pattern which contains only variables that are all strongly linked to each other
(a mathematical clique), then average bivariate atomicity will reflect this. When a
“disconnected” variable is present, there will be more weak pairwise linkages and thus
the overall average is reduced.

This approach is suitable to measure when a pattern is a clique, or the subset of a
clique: (1*11 ****) will likely have similar atomicity to (1111 ****).

This is the main disadvantage of atomicity: it measures “lack of excess” but disregards
“incompleteness”. The metric that follows (atomicity+independence) is an answer to
these issues.

6.9.2 Motivation behind atomicity

When the only search metrics being used are *-count simplicity and mean-fitness,
a Pareto Front is obtained, which spans from “simple but insignificant” to “overly
complex but highly significant” patterns. The issue is that this range of patterns does
not necessarily match what is meaningful to a human, and instead produces patterns
that make sense mathematically but are not insightful.
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Consider for example a RoyalRoad problem instance, with 2 cliques of size 4. Using
simplicity and mean-fitness as metrics, the following Pareto Front is obtained (with
some items removed for clarity):

(1 1 1 1 1 1 1 1) simplicity = 0 mean-fitness = 2.
(1 * 1 1 1 1 1 1) simplicity = 1 mean-fitness = 1.5
(1 * 1 * 1 1 1 1) simplicity = 2 mean-fitness = 1.25

. . . . . . . . .

(1 1 1 1 1 1 * *) simplicity = 2 mean-fitness = 1.25
(* * * 1 1 1 1 1) simplicity = 3 mean-fitness = 1.125
(* * 1 * 1 1 1 1) simplicity = 3 mean-fitness = 1.125
(* * * * 1 1 1 1) simplicity = 4 mean-fitness = 1.0625
(* * * * 1 1 1 *) simplicity = 5 mean-fitness = 0.5625
(* * * * * * 1 1) simplicity = 6 mean-fitness = 0.3125
(* * * * * 1 * *) simplicity = 7 mean-fitness = 0.1875
(* * * * * * * 1) simplicity = 7 mean-fitness = 0.1875
(* * * * * * * *) simplicity = 8 mean-fitness = 0.125

(6.11)

There are two main issues observed in the Pareto front, knowing that the patterns
that matter are (1 1 1 1 * * * *) and (* * * * 1 1 1 1),

• every slight modification and combination of the target patterns is present, because
they represent a non-dominated trade-off.

• of the patterns which we know are a correct explanation, every “subset” of them
(where a fixed variable is replaced with *) because they are simpler and thus they
improve on one objective.

Compounded, these issues prevent the target patterns from being visible to the
user. The missing component is linkage information: the target patterns should be
immediately noticeable because they are composed of variables that depend on each
other.

The issues are resolved through atomicity, where patterns which are composite
(bigger than they need to be) are scored low. This is the complement to independence
defined previously, although atomicity was first introduced in [44] and independence is
introduced in this thesis.

A comprehensive review and implementation of various linkage learning
methods is provided in Chapter 7. In order to maintain continuity in
topic, this section makes no assumptions about what is known relating
to atomicity, and the topic is left for after the current chapter.

6.9.3 Atomicity + Independence

This metric is born out of the practical need to know when a pattern is “structurally
good enough”. It is meant to replace atomicity and independence, and it has the following
advantages:

• It allows the user to determine at a glance if a pattern has satisfactory “linkage
structure”. The score has a negative value for patterns which are “incomplete”
(with respect to independence), “composite” (with respect to atomicity), fully
fixed or completely empty. It can only have a positive value if the pattern has
more “self-linkage” than “outwards linkage”.

• Indicates when a pattern is “as small as it gets whilst retaining structure”. This is
not the case for *-count simplicity, atomicity and independence.

• Replaces two metrics with one, so that the resulting Pareto fronts tend to contain
fewer items, and the resulting algorithm is also faster.
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The metric is defined as follows:

atomicity
plus

independence
(xψ) = atomicity(xψ) + independence(xψ) (6.12)

To note is that independence is negative and atomicity is positive, which is why the
objective has a positive value is both objectives are being maxised at the same time.

6.10 other metrics

Although most applications of PSs will involve the 3 categories of objectives described
above, there are others that were developed within this research.

sample size When applying the concept of PSs to the domain of Recommender
Systems (published in [43]), one aspect arose that was not significant in metaheuristics:
the pattern should be fairly common within the PRef.

For this particular context, the interest falls in understanding a ML recommender
model. It is useful for the stakeholders to understand situations (i.e. patterns) associated
with higher performance. These patterns are desirable to stakeholders if they lead to
increased performance (already captured by mean fitness and similar metrics) and if
they are commonly occurring in the data. This latter objective is defined as:

sample_size(xψ) = |Pmatch| (6.13)

robustness Within an optimal solution, there may be a pattern which “ensures
high fitness”, whereas the rest has smaller but still positive contributions. In cases where
new constraints arise and solutions need to be modified manually (such as the scenarios
discussed in [300]), the user is interested in explanations which help to understand which
part of the pattern is essential.

The term robustness is used to describe a trait within solutions with a relatively
good worst-case fitness [300]. This was first discussed in [138], although this relates to
classification accuracy in models. The same ideas can be adapted into an objective for
PSs:

robustness(xψ) = min(F (Pmatch)) (6.14)

This metric is to be maximised, so that the lowest fitness possible observed for a
pattern is as high as possible.

Consider for example a scenario where each solution represents an investment strategy,
and the fitness function represents return-on-investment. The PS (* * 0 0 * * 1 1 1)
has a high mean-fitness = +140, but this high average is driven by few isolated instances
with very high returns, and it actually results in a loss in much of the PRef. Its robustness
is −20. Consider instead a pattern (* * 1 * * 0 1 2), which has mean-fitness = +30,
and robustness = +20. This latter pattern is “guaranteed” to bring a positive return,
even in its worst case, which makes it more desirable for a scenario where worst-case
performance carries a lot of weight.

6.11 illustrative examples on benchmark problems

The many metrics presented in this chapter are better understood by example, and this
section will provide scenarios where the differences and motivations behind different
objectives are clear. For every problem and combination of objectives, an approximation
of the Pareto front is obtained and described.

The results shown in this section are created algorithmically. Given
an optimisation problem, all of its possible PSs are created and scored
according to a set of objectives. This data is then passed to the Non-
Dominated-Sorting algorithm used by NSGA-II in order to find the
“true” Pareto front. Any values relating to mean fitness and other
objectives are calculated programmatically. The analysis presented
here is therefore separated entirely from the PS mining process, and
instead focuses on just the choice of objectives.
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There are problems where it is known what the ideal PSs are, which will be called
the target patterns. There are also problems where such ground truth patterns are
subjective. The intended learning outcome of this section is to show that there is no
combination of objectives which works well on every optimisation problem.

6.11.1 Motivating mean-fitness, simplicity and atomicity

For a Royal Road problem with 12 bits (3 cliques, each of 4 bits), we know that the
target patterns should be (as defined in [198]):

(1 1 1 1 * * * * * * * *)
(* * * * 1 1 1 1 * * * *)
(* * * * * * * * 1 1 1 1)

only using mean-fitness If PRef is the enumerated search space, the target
patterns have mean fitness of 18

16 . Compare their mean-fitness against other patterns
(with F indicating mean-fitness for brevity)

1 1 * * 1 1 * * * * * * F = 9/16

1 1 1 * * * * * * * * * F = 10/16

1 * * * 1 * * * 1 * * * F = 6/16

1 1 1 1 1 * * * * * * * F = 19/16

1 1 1 * 1 1 * * * * * * F = 13/16

If mean-fitness is used as the only search metric, the optimal PS is a pattern identical
to the optimum of the original problem, which is not a satisfactory explanation.

(1 1 1 1 1 1 1 1 1 1 1 1) F = 3

mean fitness and *-count simplicity *-count simplicity can be
included as an objective to find trade-offs between simplicity and fitness quality:

(* * * * * * * * * * * *) *-count = 12, F = 3/16

(1 * * * * * * * * * * *) *-count = 11, F = 4/16

(1 1 * * * * * * * * * *) *-count = 10, F = 6/16

(1 1 1 1 * * * * * * * *) *-count = 8, F = 18/16

(1 1 1 1 1 * * * * * * *) *-count = 7, F = 19/16

. . . . . . . . .

(1 1 1 1 1 1 1 1 1 1 1 1) *-count = 0, F = 48/16

Note that the 1’s were left-aligned here for clarity, and that the real Pareto Front will
have the 1’s appear in unordered locations since simplicity is not influenced by position.
This combination of objectives leads to a Pareto front of hundreds of patterns, even for
small problems. Although the target patterns are within this set, they are effectively
indistinguishable from the rest.

mean-fitness, atomicity and *-count simplicity We now in-
troduce atomicity, using linkage information obtained using Perturbation (defined in
Section C.4). Which linkage method is being used here is not relevant - the important
part is that atomicity is higher when all the variables in a pattern depend on each other
in their connection to the fitness function.

96



The three metrics used in conjunction lead to a large Pareto front. The patterns can
be sorted (according to the method shown in Section 6.6.3), and the top PSs are:

(1 1 1 1 * * * * * * * *)
(* * * * 1 1 1 1 * * * *)
(* * * * * * * * 1 1 1 1)
(1 1 1 1 1 * * * * * * *) worse atomicity, higher mean fitness
(1 1 1 * * * * * * * * *) worse mean fitness, higher simplicity

. . . . . .

The target patterns come out on top (which does not happen for other combinations of
objectives). Therefore, this combination of objectives is the one recommended for general
use cases.

mean-fitness and [atomicity + independence] This final com-
bination of objectives for RoyalRoad is another combination which produces generally
desirable results.

The Pareto front is easier to interpret, since it is just the trade-off of 2 metrics.
The patterns in the Pareto front with

atomicity
plus

independence
> 0 (here shortened to [A+I]) are

the target PSs:

(1 1 1 1 * * * * * * * *) positive [A+I], F = 18/16

(* * * * 1 1 1 1 * * * *) positive [A+I], F = 18/16

(* * * * * * * * 1 1 1 1) positive [A+I], F = 18/16

And every other PS in the Pareto front will have negative [A+I] or a lower mean-fitness.
Therefore, this specific combination of metrics is the easiest to use, because useful pat-
terns are clearly identifiable. Unfortunately, it is unknown if for every problem there are
patterns with positive [A+I], so general applicability cannot be fully recommended.

6.11.2 Knowing when to mine Partial Solutions: OneMax

For a OneMax problem with 12 bits, the target patterns are:

(1 * * * * * * * * * * *)
(* 1 * * * * * * * * * *)
(* * 1 * * * * * * * * *)

. . .

In this case, each pattern has *-count simplicity = 11 and mean-fitness = 6.5. The
atomicity of these is null, because each pattern has 1 variable.

If a normal 3-objective PS mining run was carried out, the result would not match
the target patterns at all, because those target patterns all score null in atomicity so
they would not appear in the Pareto front. Instead, the user should first check if it is
even worth using atomicity, by looking at the linkage table (such as the one shown
in Section 5.7).

For this problem, the entire linkage table is composed of zeros, as there is no variable
interaction. Knowing this information, the PS mining process is not useful: there is no
need to mine for patterns because the user should just investigate the behaviour of each
variable independently. This can be achieved by applying mean-fitness to each possible
one-variable pattern, and sorting them by mean-fitness.
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6.11.3 Issues with PS mining: Trapk

For a Trap-k problem of 15 bits (3 cliques, each with 5 bits), the target PSs fall in two
categories. The first is similar to what was observed in Royal Road:

(1 1 1 1 1 * * * * * * * * * *) F = 8.375

(* * * * * 1 1 1 1 1 * * * * *) F = 8.375

(* * * * * * * * * * 1 1 1 1 1) F = 8.375

The second kind of target pattern is:

(0 * * * * * * * * * * * * * *) F = 5.375

(* 0 * * * * * * * * * * * * *) F = 5.375

(* * 0 * * * * * * * * * * * *) F = 5.375
. . .

The second group might appear incorrect, but actually each of those patterns is
useful because they are both extremely simple and still beneficial to fitness on average.
Compared to patterns such as (0 0 0 0 0 * * * * * * * * *), they are simpler.

This behaviour makes it particularly challenging for PS mining, for two main reasons:
(1) univariate patterns are an edge case beyond our scope, and (2) the metaheuristic
used for PS mining is not perfect. Trap-k will be used to illustrate these points.

can only find cliques Using *-count simplicity, mean-fitness and atomicity,
the result is a Pareto front which can be easily sorted (as shown for RoyalRoad) which
will put the cliques at the top ((11111 ***** *****) for example).

Those single-0 target patterns will be at the bottom, since these have null atomicity.
The scope of our methodology is to find groups of interacting variables which the user
would not be able to find otherwise. The behaviour of individual variables is easily found
using traditional summary statistics, and therefore it is considered beyond the scope of
our methodology.

faults of the metaheuristic(s)

Here we discuss how the PS mining process itself has faults rooted in
its stochastic implementation.

Consider the atomicity and mean-fitness of the following patterns on a fully enumerated
PRef:

(1 1 1 1 1 * * * * * * * * * *) high atomicity, F = 8.375

(0 0 0 0 0 * * * * * * * * * *) high atomicity, F = 7.375

We see that the patterns composed of cliques of zeros have just as much atomicity as
the true target patterns, and their mean-fitness is only slightly lower. The PS mining
process will sometimes find these 0-cliques instead of their better counterpart, especially
since the “false” cliques are much easier to evolve. Generally, mutating a pattern by
swapping a * for a 0 will increase its mean-fitness, where as turning it into a 1 will
lower it. In other words, the deceptiveness of Trap-k is inherited by its PS mining task.

The PS mining process is not guaranteed to find all the best PSs in
one run, which is why sequential niching (i.e. running the algorithm
multiple times) is recommended.

Another issue derives from the original metaheuristic, the one which solved the original
problem and produced the PRef. Assume that it did not find the global optima, and
instead this was the best solution found:

(1 1 1 1 1 0 0 0 0 0 1 1 1 1 1) F = 14
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Then, the PRef will be biased such that the middle clique has the value (1 1 1 1 1)
very rarely and (0 0 0 0 0) will be overrepresented. Therefore, the pattern (* * * *
0 0 0 0 0 * * * *) might have a mean fitness higher than (* * * * 1 1 1 1 1 *
* * *) because the former is associated with highly optimised solutions and the latter
might have existed in early generations.

The end result of this faulty PRef is:

(1 1 1 1 1 * * * * * * * * * *) high atomicity, F = high

(* * * * * 0 0 0 0 0 * * * * *) high atomicity, F = high

(* * * * * * * * * * 1 1 1 1 1) high atomicity, F = high

The PS mining process can only succeed if the PRef contains a sample
of solutions relevant to the user’s needs. Ensuring that the original
metaheuristic finds desirable solutions is beyond the scope of this thesis,
although our methodology can help detect faults within a sample of
solutions.

6.12 post-processing via descriptors

By themselves, PSs are intended to be understandable because they are simpler than nor-
mal solutions, but their presence does not always explain why their presence is associated
with improved fitness. To resolve this, the concept of descriptors is introduced.

The following terminology is introduced here:

• Proxy-fitness function: a function which is part of - or otherwise related to
- the fitness function. It is a function which maps solutions to a single scalar,
similarly to the fitness function. There may be many proxy-fitness functions.

• Descriptor: When a PS is presented to the user, the system is able to identify if
the pattern appears to be “optimising” any of the proxy fitness functions, either
maximising or minimising. The pattern has an average value for every proxy-fitness
function, and if this appears to be the result of maximisation or minimisation, the
proxy-fitness function and its average are the descriptor.

Descriptors allow the researcher to introduce domain knowledge into the PS explanation
system. The user of an optimisation problem may not be able to understand the full
fitness function, but they may have heuristics and “close-enough” metrics that they know
(or suspect) to be relevant to the full fitness function.

The concept of descriptors is designed to be aligned with the main fundamentals of
this research project:

• it is implemented from a static dataset, and does not require fitness function
or proxy-fitness function evaluations for solutions beyond the original set in the
PRef;

• it allows for flexibility: the researcher can implement any proxy-fitness functions
they see fit, in order to capture the explainability motivations they are interested
in;

• it does not promise to find causal relationship, and provides an insightful
correlation, which tells the user what are the main factors which determine the
fitness function.

Note that the proxy-function is the raw information put into the system,
and the descriptors is the set of proxy-fitness functions which are
relevant because they have extreme values.

It is important to note that descriptors are associations rather than causal relations.
This is the main motivation behind using the term “descriptor”: it is a description of an
observed association.
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6.12.1 Descriptors example

Consider a BT example scenario where our system was applied, and a PS was found.
The pattern appears to have high mean-fitness, but it is not clear why. The system then
reports 2 descriptors: variance of electrical engineers Mondays, and variance of
network engineers on Fridays have very low averages. These are not direct causes as
to why the pattern is beneficial to fitness, but it gives an indication to the human user in
what properties they might want to investigate and verify for themselves. Mathematically
verifying if having low variance in a certain aspect will maximise the objective is a hard
task, but the human user may already have an intuition for this, and thus the descriptor
aligns with their domain knowledge and proves useful.

The researcher involved in this system would have programmed many possible proper-
ties that are likely to relate to the overall fitness, perhaps for every skill and every week.
Each of these is a proxy-fitness function, and when looking at a PS only the “maximised”
or “minimised” ones are shown, at which point they take the name of descriptor.

The definition of descriptors presented here is the same as what is presented in [46],
but in greater detail in order to give a better idea of its design and implementation.

Consider the example shown in Section 5.7 which uses a multi-dimensional Knapsack
problem. In this problem, the fitness function is essentially a sum of values (the calories
for each item), but it has various constraints.

A user trying to understand the outcome of this optimisation problem is likely to use
the “unconstrained” fitness function in their understanding, and therefore there is merit
in using this for explanations.

6.12.2 Formalising the concept of “relatively high / low”

The aim of descriptors is to determine if the average proxy-fitness value for a PS is
“abnormally high” or ”abnormally low” for a certain pattern, which may appear to be a
simple task on the surface. For this example, we will use a reference population as shown
in Table 6.2, with a single proxy-fitness column.

Table 6.2: Example Reference Population table, with proxy-fitness column
Solution Fitness Proxy-fitness
(1 2 1 3) 5.2 3.1
(2 2 0 0) 1.5 3.0
(1 2 3 4) 3.2 3.1
(1 1 3 0) 7.9 2.6
. . . . . . . . .

Consider the pattern (* 2 * *), which matches a set of solutions. The average value
of the proxy-fitness functions for these solutions might be 3.1, and placing it within the
distribution of the proxy-fitness column we may find that it is at the 2.5% percentile.
This can be reported to the user, perhaps based on it being above a certain threshold
percentile.

The above example is a situation where it is easy to determine if the proxy-fitness
value has a relatively extreme value. Now consider a different reference population, with
a different descriptor in Table 6.3.

Table 6.3: Example Reference Population table, with descriptor column
Solution Fitness proxy-fitness
(1 2 1 3) 5.2 11
(2 2 0 0) 1.5 11
(1 2 3 4) 3.2 13
(1 1 3 0) 7.9 15
(3 1 0 3) 7.9 13
. . . . . . . . .
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In this case, the descriptor only takes a small quantity of discrete values, perhaps
where many have the value 11. Perhaps we find that for the pattern (* 1 * *) the
average descriptor value is 11.2. Is this value low, or is it fairly common for a pattern to
have a low average value for the descriptor? In other words, does this pattern have an
unusually low average descriptor value, compared to other patterns?

This question can be taken literally and implemented empirically. A set of randomly
generated patterns can be generated, and for each the average proxy-fitness can be found.
This produces a distribution, which even for a proxy-fitness function that is not “smooth”
will have a smooth distribution, as shown in Figure 6.1.

descriptor value

fr
eq

ue
nc

y

0 1 2 3 4

Distribution of the descriptor, for solutions

average descriptor value

fr
eq

ue
nc

y

0 1 2 3 4

Distribution of the descriptor average, 
for Partial Solutions

Figure 6.1: Distribution for a proxy-fitness function that is discrete, and the corres-
ponding distribution for its average (over the space of Partial Solutions).

This new distribution can now be used to determine if a pattern’s average descriptor
value position within the distribution. Going back to the example, we may say that the
value of 11.2 for the descriptor is high, because of 1000 randomly generated patterns it
ranks in the top 1% for average descriptor value.

Before getting into the formal definition, there is an additional consideration. For
the pattern (* 1 * *) we may find that its descriptor is in the top 50% for its average
descriptor value, but that is when comparing it against any possible randomly generated
pattern. When compared against other patterns with a single fixed value, that average
might actually be extremely high. In other words, the size of a PS is an important
consideration when determining if a proxy-fitness value is unusual or not. Therefore,
when determining if a pattern’s average descriptor value is high or low, it should be
compared against a sample of patterns that have the same quantity of fixed variables.

6.12.3 Mathematical definition

Finally, the formal definition of a descriptor can be defined. Here, it is defined for a
single proxy-fitness function but it could be defined for many at the same time.

In the context of a PRef and a pattern xψ, we can find the average value of a
proxy-fitness function (Equation (6.15)).

avg_proxy(xψ, proxy) = avg({proxy(s) s.t. s ∈ Pmatch}) (6.15)

Then, we generate a set of random patterns, which have the same quantity of fixed
values as xψ . Assume that there is a function called random_PS(size = a) which randomly
generates a pattern with order a. This is used to create a set of patterns which has the
same fixed-variable count as xψ (Equation (6.16)).

sampled_PSs(xψ) ={yψ1 , . . . , yψps_samples } (6.16)

where yψi = random_PS(size = fixed_count(xψ))
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Then, it is time to see where avg_descriptor(xψ) ranks amongst the values of
avg_proxy(sampled_PSs(xψ)). The Empirical Cumulative Distribution Function (ECDF)
will be used, where ECDF(a,B) returns the percentile of the value a within the collection
of values B (so that the result is 0 when it is the lowest, 1 when it is the highest, 0.5
when it is the median).

percentile(xψ, proxy) = ECDF(avg_proxy(xψ, proxy),

avg_proxy(sampled_PSs(xψ))) (6.17)

Finally, there may be many proxy-fitness functions, and only the significantly high or
low values should be shown. A threshold (descriptor_threshold) will determine how
high or low avg_proxy needs to be for it to be shown. When descriptor_threshold = 0.1,
then the percentile needs to be lower than 0.1 (top 10%) or higher than 0.9 (bottom 10%).
The function that determines whether a descriptor should be shown is in Equation (6.18).

should_show(perc) =

⎧⎨⎩
true if perc > descriptor_threshold
true if perc < 1 − descriptor_threshold
false otherwise

(6.18)

In summary, for a given pattern xψ and a proxy-fitness function proxy, the user will be
shown avg_proxy(xψ , proxy), which has percentile =percentile(xψ , proxy), but only if
should_show(percentile) is true.

6.12.4 Design considerations behind descriptors

There are a few possible objections that the reader might have relating to descriptors:

1. Why use this complicated process of generating random patterns and generat-
ing a distribution of averages? Why not use the original distribution of descriptor
values?

2. Why is the ECDF used when a statistical test would be more mathematically
sound? In that case, the resulting significance of a descriptor would be the p-value
of a test.

For the first point, the issue stems from discrete or discontinuous proxy-functions,
which are not uncommon (such as binary constraints). Determining where a value lies
within such distributions is surprisingly arbitrary and leads to numbers with little
meaning to the end-user.

For example, consider a population where 300 solutions have a proxy-fitness equal to
1, and 700 has a proxy-fitness equal to 0. If a pattern matches solutions such that the
average proxy-fitness is 0.6 on average, it is hard to determine how relatively high this
value is. Instead, one could generate many patterns, and see what averages are observed.
This forms a smooth distribution, where 0.6 can be given a percentile.

By comparing against a sample of randomly generated patterns, the resulting percent-
iles are much more stable whilst still being understandable to the user.

As for the second point, the issue is not that we are trying to determine if a descriptor
value is higher or lower than a midpoint or another arbitrary point, but rather we want
to measure how extreme they are. Perhaps the pattern (* * * 1) matches solutions with
proxy-fitness values of values {3, 4, 4, 5, . . .} and we find through a Mann-Whitney-U
test (non parametric two tailed independent samples to compare averages) that the
average of these values is higher than the population average, with a p-value much lower
than 0.05. Unfortunately this does not indicate how extreme these values are, and just
measures if they are in the greater half of the distribution.

6.12.5 Expected usage for descriptors

Descriptors aim to allow the user to understand why a PS might be critical to good fitness
in solutions. The calculations used to determine whether a descriptor is noteworthy (by
being having a sufficiently high or low average proxy-fitness value, based on a user-set
threshold) can be cached and are efficient, therefore they are not a concern in terms of
execution time.
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In general, the user is incentivised to register many proxy-fitness functions, with these
being as specific as desired. Since there is a mechanism to automatically ignore values
which are not noteworthy, adding many descriptors will not overwhelm the user who
is viewing the results (unless there are a lot of relevant descriptors, which might be a
necessary evil).

This method was introduced in [46] for the Staff Rostering problem. The proxy-fitness
functions used there could be as specific as “The total quantity of workers allocated on
Wednesdays which have the skill woodworking”. For the Staff Rostering problem, the
fitness function is a sum of many smaller functions, and each of these was translated
into a proxy-fitness function.

6.13 clustering of patterns

This step is optional and applies to scenarios where there are too many
patterns to be shown to the user. This is often an inevitable issue of
using multi-objective methods.

The examples seen in Section 6.11 showed scenarios in which the Pareto front of PSs
is large, beyond what a user is reasonably willing to sift through. Although the right
combination of objectives can reduce the quantity of patterns found, it might be the
case that having lots of patterns is inevitable.

In these cases, the user might be easily overwhelmed and would rather see “patterns
within the patterns”. This can quickly become confusing, so instead a simpler step is
taken: cluster the patterns by their similarity in decision space, and present the
centroids to the user. Clustering is done in decision space space, as the interest lies in
finding groups of “visually” similar patterns.

There are plenty of heuristics to implement this approach, and traditional clustering
approaches will usually require the user to manually select the quantity of clusters to
find. Since the user cannot know in advance how many PSs they should expect, in this
work we opted for a parameter-less method: HDBSCAN [41]. This was used instead
of traditional DBSCAN due to its ability to detect clusters of differing densities, and
therefore makes fewer assumptions.

In order to apply clustering, a distance metric has to be defined over patterns.
Although one was defined for niching in [101], that metric was developed for algorithmic
search performance rather than “visual similarity". Instead, we propose to use what
is essentially a Hamming distance: the quantity of different variables between two
patterns. Although this would work, it is tuned here slightly so that the “difference”
between values is as follows:

* vs fixed value : difference = 1
fixed vs fixed value : difference = 0.9

In order to understand that 0.9, one should consider the following:

which pattern is more similar to (1 1 * *) : (* * 0 0) or (0 0 * *)?

Visually, the second pattern is more similar, because it has the (*)’s in the same
positions. Using 0.9 instead of 1 is used to encode a slight bias towards [same-position
but different value] differences.

Clustering using HDBSCAN has a feature which is both an advantage and a disad-
vantage: it categorises certain patterns as noise because they are too dissimilar from
the rest of the Pareto front. This might be both an effective way of improving user
experience, but might also prevent useful patterns from being shown to the user.

6.14 execution time

One of the main objectives considered throughout this research is to make the generation
of explanations fast enough in order to reduce barriers to usage and to allow the system
to be used interactively.

103



To determine the execution speed of PS mining, this section will provide an evaluation
which applies PS mining on NK-problems (defined in Section 2.2.6) with differing values
for N (representing the quantity of variables) and K (different levels of epistasis, i.e.,
linkage). The evaluation is also applied on PRef of different sizes, and different PS
objectives. These parameters are modified in order to verify how problem size, problem
linkage, sample size and objectives combination affect the execution time of the PS
mining process. The PS mining budget is kept constant to 10000, so that we can get an
estimation of runtime per 10000 evaluations.

The experimental procedure will test every combination of the following parameters:

• N ∈ {20, 50, 100} is the quantity of variables in the NK-problem.

• K ∈ {2, 5, 10} is the size of each “interaction clique” in the NK problem. Larger
K will lead to larger PSs.

• Pref_size ∈ {5000, 10000, 15000} is the evaluation budget for the metaheuristic
solving the NK-problem. This is equal to the quantity of solutions in the resulting
PRef.

• objectives ∈ {SM, SMA, M(A+I)} represents the possible combinations of objectives
in the PS mining process. The letter S represents *-count simplicity, M repres-
ents mean fitness, A for atomicity, and (A+I) stands for the A+I metric. The
combinations of objectives are chosen as they are intended as the most typical
use cases for our system. The atomicity and independence metrics make use of
linkage information found via dominance-based linkage, since it is the best linkage
method which is feasibly executable for a problem with 100 variables, as seen in
Section 7.5.

For every combination of these parameters, 30 runs are executed and timed. Each run
consists of the following steps:

• An NK-problem instance with parameters N and K is generated randomly.

• The NK problem instance is solved by a standard GA (µ+ λ algorithm, population
size = 100, mutation rate = 1/L, crossover rate = 0.5, uniform mutation and
simulated binary crossover) with an evaluation budget of Pref_size.

• The solutions evaluated by the metaheuristic are stored in a PRef, which will
contain Pref_size solutions.

• A PS mining process is applied on the PRef, with an evaluation budget of 10000
and all the Any-Pattern operators described in Section 6.5.2. The objectives used
are those determined by objectives.

• The PS run is executed and timed. The runtime includes the time required to
obtain the linkage table (if necessary), although this was found to be negligible
(<5% of total runtime).

The results of these runs are presented in Table 6.6, Table 6.5 and Table 6.7, but
they are summarised as follows: runs take between 4 and 5.5 seconds generally, and the
runtime appears to be determined by N and the PS mining objectives. A table of results
is shown in Table 6.4.

A more thorough evaluation is provided below.

Objectives
N SM SMA M(A+I)

20 4.120 ± 0.17 4.185 ± 0.18 4.17 ± 0.12
50 4.490 ± 0.17 4.586 ± 0.11 4.69 ± 0.26
100 5.096 ± 0.15 5.2463 ± 0.17 5.51 ± 0.22

Table 6.4: Average runtime (± standard deviation) for each combination of N and
PS mining objectives tested, when the PS evaluation budget = 10000.
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determining which parameters influence runtime We de-
termine how strongly each of the numeric parameters correlates to runtime, by using
Spearman ρ, which measures the strength of the monotonic relationship. We present the
correlation and the p-value of the test, with significance set to 0.05:

• N has ρ = 0.918 (strong correlation), p-value ≪ 0.001 (highly significant)

• K has ρ = −0.0357 (no relationship), p-value = 0.083 (not significant)

• Pref_size: 0.03 (moderate), p-value = 0.07 (not significant)

To determine the importance of objectives, we run a One-way ANOVA test to
determine if each objective category has a different mean. The result of this test has
p-value ≪ 0.001 (effect size F = 40.1), meaning that there is strong evidence suggesting
that the choice of objectives influences the runtime. The average runtime for each
combination of N and objectives is reported in Table 6.4.

These results suggest that the PS mining process is fast in most scenarios, taking
between 4 and 5.5 seconds for every 10000 PS evaluations, with the execution time being
determined mainly by the quantity of variables in the solutions. Factors such as the size
of the PRef or the degree of epistasis do not affect runtime significantly.

Objectives = SMA

Average runtime ± std

N K Pref_size = 5000 Pref_size = 10000 Pref_size = 15000

20 2 2.12 ± 2 4.22 ± 2 6.21 ± 2
20 5 2.08 ± 2 4.16 ± 2 6.29 ± 2
20 10 2.08 ± 2 4.20 ± 2 6.23 ± 2
50 2 2.25 ± 2 4.53 ± 2 6.88 ± 2
50 5 2.25 ± 2 4.52 ± 2 6.83 ± 2
50 10 2.25 ± 2 4.52 ± 2 6.80 ± 2
100 2 2.46 ± 2 4.96 ± 2 7.49 ± 2
100 5 2.45 ± 2 4.96 ± 2 7.46 ± 2
100 10 2.45 ± 2 4.94 ± 2 7.46 ± 2

Table 6.5: Average runtime (± standard deviation) for Objectives = SMA, across
combinations of N, K, and Pref_size.

Objectives = SM

Average runtime ± std

N K Pref_size = 5000 Pref_size = 10000 Pref_size = 15000

20 2 2.03 ± 2 4.20 ± 2 6.11 ± 2
20 5 2.03 ± 2 4.12 ± 2 6.12 ± 2
20 10 2.04 ± 2 4.07 ± 2 6.20 ± 2
50 2 2.18 ± 2 4.44 ± 2 6.68 ± 2
50 5 2.18 ± 2 4.41 ± 2 6.66 ± 2
50 10 2.18 ± 2 4.39 ± 2 6.61 ± 2
100 2 2.37 ± 2 4.84 ± 2 7.28 ± 2
100 5 2.37 ± 2 4.85 ± 2 7.30 ± 2
100 10 2.36 ± 2 4.79 ± 2 7.27 ± 2

Table 6.6: Average runtime (± standard deviation) for Objectives = SM, across
combinations of N, K, and Pref_size.

105



Objectives = M(A+I)

Average runtime ± std

N K Pref_size = 5000 Pref_size = 10000 Pref_size = 15000

20 2 2.11 ± 2 4.27 ± 2 6.41 ± 2
20 5 2.15 ± 2 4.22 ± 2 6.38 ± 2
20 10 2.12 ± 2 4.23 ± 2 6.30 ± 2
50 2 2.30 ± 2 4.71 ± 2 7.16 ± 2
50 5 2.30 ± 2 4.68 ± 2 7.01 ± 2
50 10 2.31 ± 2 4.68 ± 2 6.87 ± 2
100 2 2.59 ± 2 5.54 ± 2 8.39 ± 2
100 5 2.63 ± 2 5.41 ± 2 8.28 ± 2
100 10 2.57 ± 2 5.30 ± 2 8.02 ± 2

Table 6.7: Average runtime (± standard deviation) for Objectives = M(A+I), across
combinations of N, K, and Pref_size.

6.15 effect of reference population on mining process

The PS Mining process rooted by the PRef, and thus it is worth investigating if and how
this relationship affects the results. One particular concern is that if the metaheuristic
converged too quickly, then the PRef will be too heavily biased towards positive solutions,
and the PS mining process will be unable to distinguish truly positive patterns from
slightly positive or even hitch-hiking effect. One way this would be mitigated is by
introducing solutions which are uniformly randomly generated into the PRef.

This was evaluated by running the same PS mining pipeline, but starting from
different PRef. In both cases, a Simulated Annealing algorithm (effectively iRoster,
uniform mutation rate of 1

L
was used with the full budget) is used. In one case, the

solutions evaluated form this form the entire PRef. In the second case, they only form
50% of it, as the other is composed of uniformly randomly generated solutions.

The evaluation is applied on two benchmark problems (Staff Rostering Royal Road
and Staff Rostering Graph Colouring) (the same ones used in Table 6.1). The evaluation
will measure how often a run will contain all of the target PSs (as determined by the
design of the benchmark problems, discussed in Table 6.1), and this serves as our “success”
criterion. Each possible configuration was ran 100 times, and the proportion of successful
runs is reported.

The evaluation uses 3 possible configurations of our pipeline: a low-budget many-run
configuration (population size is 50, budget-per-run in 1000, 10 runs in total), a medium
option (population size is 1000, budget is 5000, 2 runs in total) and a single-shot option
(population is 200, evaluation budget is 10000, 1 run).

Table 6.8: Average proportion of discovered groups for the SR-RR and SR-GC prob-
lems, applied on differing reference populations (Best performing for each
column is shown in BOLD)

Multi-
Objective

GA

Run settings Ref. Pop =
100% SA

Ref. Pop =
50% uniform,

50% SA
Pop.
Size

Eval.
Budget SR-RR SR-GC SR-RR SR-GC

NSGA-II
50 1000 67% 43% 93% 68%
100 5000 33% 18% 86% 27%
200 10000 22% 13% 77% 18%

The results shown in Table 6.8 indicate that configurations where the PRef was mixed
with uniformly random solutions (the 50% Simulated Annealing, 50% uniformly random)
had a higher frequency of successful runs in all cases. This indicates a potential weakness
of the PS Mining process: the sample of the search space provided by the metaheuristic
needs to be diverse enough in order to accurately find PSs. Although this is a potentially
serious issue, it should be noted that the Simulated Annealing algorithm used here is
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a strongly converging algorithm, and thus the effect is likely to be less pronounced in
other cases. There is a simple fix for this issue if encountered: simply to extend the PRef
with randomly generated solutions. Because the PS Mining process does not depend on
the solutions coming from one source, this can be done trivially.
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7 L I N K A G E L E A R N I N G

Linkage learning as a topic is relevant to this research for its explainability potential:
knowing which variables are linked can help the user in understanding how the problem
can be decomposed into smaller parts.

The process of computing linkage information is necessary in this thesis to implement
the atomicity search metric for PSs. This chapter will give an overview of linkage learning
and provide the definition of many formulas used in Section 6.9.

There are many definitions for linkage, which are relevant for different contexts and
make different assumptions about the data being analysed. Although linkage detection
might appear to be a solved problem, existing methods were found to be insufficient for
our purposes. This chapter explores the issue of linkage in depth:

• Section 7.1: An overview of the multiple meanings of linkage.

• Section 7.2: A discussion of various categorisations for linkage detection methods.
Implementations for the linkage methods themselves are provided in Chapter C

• Section 7.4: Description of two novel linkage detection methods: Mutual In-
formation of Survival (Section 7.4.1) and Dominance-based linkage (Section 7.4.2).

• Section 7.5: The definition of a novel linkage evaluation method in metaheuristic
contexts, so that linkage detection methods can be compared. Experimental results
are provided in Section 7.5.6.

The experiments show that most methods in the literature either perform poorly on
benchmark problems, or they perform well but scale poorly in terms of time complexity.
The novel linkage method of Dominance-based linkage provides a better trade-off between
speed and quality of results.

7.1 introduction

There are several definitions of linkage from various domains:

• In genetics, linkage represents how certain groups of genes in DNA have a
“greater than average chance of being inherited from the same parent”, also called
“epistasis” [59].

• In statistics, linkage can mean correlation, where the values observed for one
variable are in some way dependent or influenced by another variable.

• In statistics, linkage can mean that the probability distribution of a categorical
variable is dependent on one or more of the other categorical variables. This is
called conditional probability distributions, where information theory and
Bayesian theory are often used to detect linkage [218, 35].

• In machine learning, linkage also means correlation [115], but especially relevant
for feature selection: certain variables should not be included as inputs for the
model because they bring the same information as already-included variables.
Therefore, linkage is defined as two variables which, when used in conjunction,
provide less information (therefore worse predictive performance) than the sum of
their parts [157]

• In machine learning and EDAs, linkage can mean the importance of a set of
variables in combination. Similarly to how variable importance can be defined for
a single variable, linkage may also be defined for multiple variables [282]. This
includes the coefficients of models which are multi-variate (such as the Markov
models of Brownlee et al [37, 36]). A group of variables may be more important
than the sum of its parts.
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• In metaheuristics, linkage can mean that certain crossover operators will
display an effect similar to real-world genetics, where certain genes tend to be
inherited from the same parent [59].

• In metaheuristics, linkage can mean that a variable’s effect on fitness is dependent
on other variables [59]. The fitness function might be thought of as a hierarchy of
sets of variables which interact as cliques.

These are different points of view of a phenomenon which takes place across many
fields. The same ideas are recurring, but there are also significant differences, which are
discussed throughout this chapter. This chapter’s point of view is from metaheuristics,
but the discussions provide insights relating to the other fields mentioned.

7.1.1 The metaheuristic context

This chapter focuses on the following use case: a metaheuristic is used to solve a
combinational optimisation problem, and any evaluated solutions are stored (the
PRef). Linkage is computed from the PRef and used in two ways:

• a linkage table, showing how strongly linked any pair of variables is. This is for
explainability, to have a better idea of what groups of variables are dependent on
others, and to inform how to manually modify solutions

• an atomicity metric, used to search for PSs.

In the following, “fitness” refers to the quality of solutions, but in general it can be
understood to mean a value indicating the quality of each item of a dataset.

7.1.2 Pairwise linkage for computational speed

Linkage is often computationally expensive to calculate because it involves analysing
relationships between many combinations of values. Therefore, the most common kind
of linkage is pairwise (also called bivariate), where the measurement is between pairs
of variables. The outcome of pairwise linkage detection can be thought of as an L×L

matrix, where L. This table is relatively small, and can be calculated at once and used to
approximate higher-order linkages. This aspect is a crucial detail for the implementation
of atomicity as a search metric for PSs.

For the rest of this chapter, we will focus on bivariate linkage.

7.2 characterisations of linkage

This section will present various ways in which one can characterise linkage learning
methods.

7.2.1 Fitness-informed vs fitness-independent

This terminology is not present in the literature, and it is introduced
here to highlight how many linkage learning methods entirely ignore
the fitness function. Section 7.2.1.1 is an example of a common scenario
where this terminology prevents confusion.

This categorisation is based on whether fitness values are used or not:

1. Fitness-independent methods: we check if the variables affect each other’s
values within a given dataset. Fitness values are absent or ignored.

2. Fitness-informed methods: fitness is determined by the values of the variables,
and we determine when this relationship depends on their combination of values
rather than their independent values.

The difference, shown in Figure 7.1, is subtle but significant.
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An example of fitness-independent linkage detection is “people who take omega-3
supplements are more likely to take vitamin-D supplements than those who do not”.

In the case of a “fitness-informed” linkage calculation, the variable’s distribution
does not matter, but rather their relationship to the fitness values. For example, “[taking
omega-3 supplements] and [taking vitamin-D supplements] and [regular exercise] reduces
the risk of cancer by 61%, which is much more than the reduction from each of those
practices in isolation ” [25].

Variable
a

Variable
b

Fitness

Variable
a

Variable
b

Fitness-independent linkageFitness-informed linkage

Figure 7.1: The two different main kinds of linkage learning. In “fitness-informed”
linkage, each variable affects fitness, but the effect of one variable is
dependent on another. In “fitness-independent” linkage detection, it is
the values that are affected: the value of a variable is (at least partially)
determined by the value of another.

This separation is relevant because the mathematical approaches for these groups are
not necessarily equivalent. In particular, the first category (fitness-independent) is more
suitable to analyse the distribution of the solutions in the given data, and therefore the
behaviour of the metaheuristic. If single-point crossover is used, for example, there
might be conditional-probability-linkage between adjacent variables [117]. The fitness
function influences the behaviour of metaheuristics, and thus the linkage information for
these methods is an indirect description of the fitness function.

The second category (fitness-informed) is more suitable for analysing the fitness
function directly, and the utility of the given set of solutions is simply to provide
sufficient samples.

7.2.1.1 Practical example

The distinction introduced above is not generally made in the literature, which leads to
confusion about what is meant when the term “linkage” is used. Consider a feature
selection scenario, where two variables are said to be “linked”, then both of these
statements could be valid:

1. one of them should be removed, because there is redundant information. Knowing
one variable leads to already knowing the value of the other,

2. it is particularly important to keep both of them, because their combination is
what influences the outcome.

The first case falls in the fitness-independent linkage detection, whereas the second
case falls in the fitness-informed category.

7.2.2 Paired and unpaired samples approaches

This categorisation is introduced here to distinguish two main ways of
implementing linkage, one of which suffers particularly from biases in
the sample data. Metaheuristics are particularly prone to this bias (by
design, since they converge), and the example in Section 7.2.2.1 shows
how much the distinction introduced here can make a difference.

Another binary classification can be made for linkage, which is similar to how t-tests
can be carried out: unpaired samples (also called independent samples) and paired
samples measurements. Considering a set of variables V , we want to measure how
strongly linked they are to each other. The two possible approaches are:
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• unpaired sampling: Information relating to variables is globally measured.
Groups of solutions are analysed in bulk, such as by checking their average fitness.

• paired sampling: solutions are modified slightly only in variables within V to
observe changes in fitness caused by those variables. The other variables are left
unchanged, so that outside influences (outside of V ) are controlled.

In terms of quality of results, paired sampling is more reliable because unpaired
samples can produce more false positives if the input data is biased. This is best explained
by example, which will be given shortly in Section 7.2.2.1.

In terms of computational complexity, paired sampling is often infeasible, since
they rely on finding (or generating and evaluating) solutions which differ only on the
variables of interest. Therefore, the two approaches fulfil different trade-offs of efficiency
and accuracy.

7.2.2.1 Example comparing unpaired samples and paired samples

Consider a situation where we intend to find the linkage between binary variables u and
v, and we use an unpaired samples method. The full problem has three variables
(u, v and w), and we have evaluated a subset of the search space. The fully evaluated
search space and its sample are presented in Table 7.1.

u v w F In sample?

0 0 0 0 No
0 0 1 30 Yes
0 1 0 12 Yes
0 1 1 42 Yes
1 0 0 9 Yes
1 0 1 39 Yes
1 1 0 21 No
1 1 1 51 Yes

Table 7.1: Example of a scenario where an optimisation problem with three variables
(u, v and w) and a fitness function F is investigated. All the solutions
in the search space are shown, but the linkage learning method only has
access to a sub-sample of them (rightmost column).

unpaired samples approach To measure the linkage between u and v, we
use averages on the samples available. The overall average fitness is 30.5, when u = 1
the average is 33, when v = 1 we have an average of 27, and finally when (u, v) = 1 we
get an average of 51. These results would suggest the presence of strong linkage between
the two variables, since setting both variables to 1 results in an average fitness much
higher than expected if they were independent.

In reality, this is caused by bias within the sample. Considering that the fitness
function was F (u, v,w) = u · 9 + v · 12 +w · 30, we are getting a false positive for linkage
between u and v.

The issue of false positives arising from biased distributions is particularly relevant to
metaheuristics. Hitch-hiking causes “vestigial” traits to survive because they appear
in solutions that already have beneficial traits. This phenomenon is discussed in more
detail in Section 2.1.5

paired samples approach Here we measure the average change in fitness
observed by modifying solutions.

• Within our samples, changing the value of u from 0 to 1 causes a +9 change in
fitness on average.

• Solutions which have v = 0 see an increase of +12 in fitness on average against
their v = 1 counterpart.

• The effect of switching (u, v) from (0, 0) to (1, 1) can only be seen in one solution,
and it is +21.
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This analysis suggests that u and v are not linked, since a +21 change in fitness is
expected when combining a changes which cause +12 and +9 on their own.

This approach is much more robust against unevenly distributed datasets, since
changes are measured relatively. For metaheuristic-derived data, paired samples methods
are more reliable.

7.2.3 Symmetric or Not Symmetric

Linkage can be thought of as a symmetric relationship between pairs (or sets) of variables,
where the variables depend on each other equally, but this is not always the case. For
example, there may be a variable with a constant effect on fitness, and another variable
that has an effect which depends on the former variable.

Methods which are non-symmetric are often represented as directed graphs, such
as MIMIC [70], Bayesian Optimisation Methods [51, 216], and Bivariate Marginal
Distribution Algorithm (BMDA) [219]. This is in contrast to methods which use undir-
ected graphical models, such as Extended Compact Genetic Algorithm (EcGA) [118],
Distribution Evaluation Using Markov network [241], and GOMEA [265].

7.2.4 Whether it is probability of linkage, or strength of linkage

There is a subtle difference in how linkage can be quantified. A scalar value might
indicate the confidence, or probability that a given set of variables displays linkage
effects. Other times, the scalar value might indicate how “strongly” linkage affects
observations. A similar distinction is seen in statistical tests: the p-value and the effect
size are not equivalent. If the p-value is very low, it means that there is a high chance of
a difference in means, regardless of how large that difference is.

This difference is not to be overlooked, since “higher linkage” might mean “certainty”
or it might mean “high weight on fitness”. In the case of graphical linkage models,
probability measures are more common since they can be more easily collapsed into
“linkage” and “non-linkage”. In machine learning, the researcher might instead view all
variables being linked, and they aim to find the set which is the most strongly linked
[115, 157].

7.2.5 Differing definitions of non-linkage

Different linkage detection methods use different definitions of non-linkage. It is important
to discuss this, in order to show that non-linkage under a certain definition often does
not apply universally.

The most common assumption in the literature is that independent variables are those
which are linearly independent, i.e. their combined effect is simply the sum of their
individual effects. This assumption only holds for additively separable functions, and
thus it is not generally applicable [112].

Other times, the methodology is based on the probability of events. If two events
have probabilities pa and pb respectively, the probability of them happening together is
pa · pb when they are independent.

Instead of probability, some methods think in terms of information content, where
each knowing the value of a variable provides a measurable quantity of information. If
two variables provide information Ha and Hb individually, they are expected to provide
Ha +Hb when both are known and these are independent [136].

7.3 overview of linkage learning methods

A brief state of the art of linkage learning methods is provided, grouped by 3 categor-
ies: non-linearity detection methods, fitness-independent methods and novel
methods.

Each method is discussed using the labels defined in this chapter, along with motiv-
ations, how non-linkage is defined, the main advantages and disadvantages. Table 7.4
summarises their key properties and provides information which should be considered to
determine when each method is suitable.
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7.3.1 Non-linearity Detection Methods

These methods detect linkage by checking whether the fitness function is non-linear
with respect to pairs of variables. For these problems, non-linkage is when variables each
contribute linearly to the fitness function.

This family of methods shares a fundamental limitation: they conflate non-linearity
with variable interaction, which causes both false positives and false negatives (as shown
in Section C.3), especially as they rely on samples rather than complete datasets.

This raises the question of whether these methods provide a sufficiently general
framework. An in-depth discussion of this issue is beyond the scope of this chapter, so it
is provided in Section C.3. Despite these concerns, these methods are the most commonly
implemented thanks to their simplicity and similarity to existing concepts.

• Perturbation-based linkage [202, 127] (defined in Section C.4). This method
is the most well-known, since it resembles how a human would calculate linkage
by hand. Given a solution, the method will apply small changes to the solution
(perturbations) and observe how its fitness changes. Two variables are independent
when each adds to fitness independently, i.e. the combined perturbation equals
the sum of the individual ones. Linkage strength is how much the combined
perturbation’s effect departs from the sum of the effects of individual
perturbations. This is the only paired-samples approach that sees common use
in the literature. Its main limitation is that it requires live fitness evaluations:
it cannot work from a static dataset, and the number of evaluations grows
quadratically with the number of variables.

• Walsh decomposition [127, 107, 128]. Perturbation is defined for pairs of
variables, but it is generalised into higher order linkage by Walsh decomposition
[127]. Every binary fitness function can be expressed as a Walsh function: a sum
of terms, each relating to a combination of values of a subset of variables. The
coefficient of a term is the linkage strength for that subset, so two
variables are independent when their coefficient is zero. Walsh decomposition has
many advantages over perturbation: it works from a static dataset, requires no new
fitness evaluations, and captures interactions of any order, (although it requires
paired samples to be present already in the sample of solutions). Therefore, it is
technically an independent samples method. Its key limitation is that it only
works on binary problems.

• Linear models with interaction terms [8, 160] (Section C.3). The aforemen-
tioned methods can only work with combinatorial variables, while linear models
with interactions can be applied to continuous variables as well.

A linear model of the form Fitness ∼ a+ b+ a:b is fitted to the dataset, where
a, b are solution variables. The coefficient of the interaction term a:b is the
linkage strength, and two variables are independent when this coefficient is zero.
This method and all derivations are independent samples methods. Linear model
building assumes that the dataset is uniform or normally distributed, so biased
datasets are likely to skew the resulting coefficients.

• ANOVA [8, 160, 144, 90, 131] (Section C.5). ANOVA fits the same linear model
as above, but instead of reporting the coefficient of the interaction term it reports
the probability that the coefficient is non-zero (a p-value), along with an
effect size (η2). Therefore, this method can both report the probability of linkage
(even accounting for the quantity of data available), and its strength. Type II
ANOVA is recommended, as it is the most robust for unbalanced datasets [169].
This method inherits the limitations of linear models.

• SHAP / XGBoost linkage [186, 50] (Section C.6.1). Variable importance can
be generalised to calculate the importance of pairs of variables. By training an
XGBoost model to predict solution fitness, SHAP interaction values can be
extracted to quantify how much each pair of variables contributes. (XGBoost
models lend themselves well to the specific calculation required). These are
averaged over all solutions to obtain a global linkage estimate. SHAP interaction
is theoretically a non-linearity detection method, but the presence of the model
amortises the issues associated with those methods. This method proves to be
highly accurate at determining linkage (which will be seen in the evaluation), but
this comes at the expense of time - training the model becomes unfeasibly slow
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for large quantities of solutions and high-dimensional problems (shown in the
evaluation in Section 7.5.6.1).

• Friedman’s H statistic [95] (Section C.10). This method is born from XAI
theory relating to Partial Dependence plots, where the fitness function is modelled
as F (x) = F̂j(xj) + F̂k(xk) + F̂jk(xj ,xk), usually by using a ML model. For
pairwise combinatorial linkage, no surrogate model is needed: F̂j and F̂k are
derived from averages, and the resulting approximation is similar in structure to
the linear model previously discussed, but it is inferred differently. The H statistic
is the variance of the interaction term Fjk, normalised by the variance of the full
two-variable model. Two variables are not linked when (in a model which uses
just them for predicting fitness) all the variance is explained by their univariate
variance. It is faster and more direct than SHAP, but it remains a non-linearity
detection method based on independent samples.

7.3.2 Fitness independent methods

These methods study the “conditional distribution” of the variable’s values, and ignore
fitness values. Therefore, the results depend entirely on the biases in the dataset de-
termined by how the data was collected (e.g. the metaheuristic, convergence level or
hitch-hiking effects). The main advantage for these is that they do not require the fitness
values, which makes them faster to compute and more widely applicable. This comes at
the cost of reduced linkage predictive power, and cannot work on non-biased datasets.
Both methods shown here are independent samples approaches.

• Mutual Information and Bayesian methods [218, 216, 136] (Section C.9).
Mutual Information (MI) quantifies how much knowing one variable’s value gives
information about another’s, using the joint and marginal distributions estimated
from the dataset. Bayesian methods [218, 216] build on information theory to
construct directed graphical models of variable dependencies.

• χ2 tests [238] (Section C.8). This method provides a statistical test for combinat-
orial datasets, so that it can provide both a p-value and an effect size (Cramer’s
V). It compares the joint probability distribution of a pair of variables against
what would be expected if they were independent. Two variables are unlinked
when their joint distribution is consistent with independence.

7.3.3 Other Methods

There are many domain-specific ways of implementing linkage detection. One which was
used within this thesis was cosine similarity for PS4XRS (discussed in Chapter 8 and
published in [43]).

There, a model associates each variable of the solution with an embedding vector, and
cosine similarity measures how “similar” two variables are. Two variables are unlinked
when their embedding vectors are orthogonal.

7.4 novel linkage methods

Having found existing linkage methods to be unsuitable (which will be shown in Sec-
tion 7.5), the implementation of the atomicity objective in this thesis required the
creation of linkage learning methods that are both fast and accurate. This led to the
creation of two linkage learning methods: Mutual Information of Survival and
Dominance-based linkage.

7.4.1 Mutual Information based on survival probability

In fitness-independent methods, we analyse the solutions that “survived” for long enough
that they were added into a population of solutions. These methods are therefore very
flexible (they make few assumptions), but the dependency on just the distribution of
solutions has its faults. Instead, we propose to reintroduce the fitness values into the
procedure to make them applicable to any dataset of solutions, such as a uniformly
randomly generated sample.

This section will propose a method that is summarised as follows:
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1. We use the solutions contained in the PRef.

2. For each “gene” we can estimate the probability of it being selected by a
tournament operator. This is implemented by the function survival(xψ) and is
based on fitness values.

3. Using survival, we produce estimated conditional distributions, and use Mutual
Information to quantify linkage strength.

Therefore, this method belongs in the independent samples, fitness-informed, symmet-
ric, strength-of-linkage methods.

the survival function We begin by using a dataset of solutions alongside
their fitness values (the PRef). We pretend to select a single individual from this popula-
tion by using a theoretical fitness-proportionate selection. This is used to derive a formula
that gives a “survival” probability to each solution, shown in Equation (7.2). This is
obtained by the scaling steps required to implement fitness-proportionate selection (first
force all the fitness values to be in the range [0, 1] in Equation (7.1), then divide them
by their sum so that the sum of the probabilities is 1).

F_range_01(x) =
F (x) −min(F (PRef))

max(F (PRef)) − min(F (PRef))
(7.1)

survival(x) =
F_range_01(x)

sum(Fs_range_01(PRef))
(7.2)

The survival function can then be extended to work on patterns as well: survival(xψ)
returns the probability of the selected solution containing xψ (Equation (7.3)).

survival(xψ) = sum(survival(Pmatch)) (7.3)

survival((* * 1 *)) will produce the probability of the selected solution having the
third variable equal to 1. This can be used to find joint probabilities: survival((* * 1 1))
finds the probability of the last two variables being equal to 1.

7.4.1.1 Mutual Information Survival linkage

The survival function provides all the elements required for Mutual Information, which
is then put together to define MISurvival (Equation (7.5), similarly to how it is defined
in DSMGA-II [136] but now using fitness values through survival.

MISurvival(a, b) =
∑︂

vala∈options(a)
valb∈options(b)

MI(pa, pb, pab) (7.4)

where e = ∗ ∗ ∗ ∗ . . .
pa = survival(ea=vala )

pb = survival(eb=valb )

pab = survival(e a=vala
b=valb

)

MI(x, y, z) = z · log(
z

xy
)

(7.5)

(Note that in Equation (7.5) we use the notation ei=j to mean a PS where all the
variables are (*) except for variable i being set to the value j).

In summary, this method implements a linkage method based on information theory,
but it is more robust against biased distributions because it uses fitness values.

7.4.2 Dominance based Linkage

This method is a paired-samples approach which aims to be more efficient and generalised
than Perturbation. The word “dominance” used here is borrowed from multi-objective
optimisation, where it is used to mean that a solution is better than another one.
Dominance-based linkage analyses which solutions are better than others (hence “dom-
inance”), and does not use the magnitude of the difference between fitness values.
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This makes less assumptions about the nature of the linkage relationship (e.g. that
non-linearity is treated as linkage), which makes it more general than other methods.

Consider an example fitness function Flink (defined in Equation (C.1) but it is not
necessary to know it now). Then, consider the following pairs of solutions, which differ
only by the first variable. We compare their fitness when a = 0 and when a = 1:

Flink(0, 0, 0) = 0 vs Flink(1, 0, 0) = 10 ⇒ greater
Flink(0, 0, 1) = 0 vs Flink(1, 0, 1) = 15 ⇒ greater
Flink(0, 1, 0) = 2 vs Flink(1, 1, 0) = 8 ⇒ greater
Flink(0, 1, 1) = 3 vs Flink(1, 1, 1) = 12 ⇒ greater

In all situations, the solution was improved in fitness by changing a from 0 to 1,
therefore we can say that the effect of this variable depends on no other variables (in
terms of sign). Now consider the following paired samples, where we compare when b = 0
against when b = 1:

Flink(0, 0, 0) = 0 vs Flink(0, 1, 0) = 2 ⇒ greater
Flink(1, 0, 0) = 10 vs Flink(1, 1, 0) = 8 ⇒ lower
Flink(0, 0, 1) = 0 vs Flink(0, 1, 1) = 3 ⇒ greater
Flink(1, 0, 1) = 15 vs Flink(1, 1, 1) = 12 ⇒ lower

These pairs show that sometimes changing b from 0 to 1 is beneficial to fitness, and
sometimes it is counterproductive. With further analysis, it can be seen that when a = 0,
then b = 1 is always better, whereas when a = 1 the best value is attained with b = 0.

This methodology can detect asymmetric linkage, giving more granularity: note how
b depended on a, but not vice-versa.

Let us now define this linkage, first by giving an informal breakdown:

For a variable a we can collect paired samples of solutions which differ
only by that variable. Each change of a, from a value u to a value v,
will result in a new fitness, which may be better, worse or tied. We
call this outcome “dominance”. The frequency of these outcomes can
be counted, for example “changing u to v results in better 20 times,
worse 10 times, and tie 2 times”.

A variable b can be used to partition these frequencies. For example,
“when b = 1, u → v has outcomes better: 8 times, worse: 0 times, and
tie: 1 time.”.

If the variable a is not linked in any way to b, then these partitionings
should resemble the unpartitioned distribution. If they are
linked, then the distribution changes significantly based on the value
of b.

We check what is the probability of these smaller distributions origin-
ating from the unpartitioned distribution, using a χ2 test.

The advantages of this approach are:

1. It is NOT a non-linearity detection method, and uses change-of-sign effects. This
allows it to make fewer assumptions about the fitness function and avoid the
issues discussed in Section C.3.

2. It does NOT use any additional function evaluations.

3. Applicable in scenarios where solutions are not a total-order, such as a Multi-
Objective Optimisation problem, because “dominance” can be generalised to be
“Pareto dominance”.

Finding the set of pairs of solutions that differ by one variable can be
computationally slow, but by implementing an algorithm that exploits
hash-value collisions it can be made efficient enough that its execution
time is negligible. The algorithm is presented in Chapter B.

116



Because dominance-based linkage only requires solutions to have a “dominance”
relationship, it could be easily applied to multi-objective contexts by using Pareto-
dominance. This has not been pursued in this chapter, but it is a possible avenue for
future research.

7.4.2.1 Definition of Dominance linkage

This section will define Dominance-based linkage. From the set of solutions in PRef,
we find a list of all the pairs of solutions differing by one variable (implemented by
paired_solutions, defined in Chapter B). The output of this function is a set of pairs
of solutions. We then define the following function:

greater
count

(a, val1, val2, b, valb) = |{F (x) > F (w)

s.t.(x,w) ∈ paired_solutions(Pref),
xa = wa,
xa = val1,wa = val2,
xb = wb = valb}| (7.6)

This will count how many times, in the paired samples present in the PRef which
differ only by a and where b = valb , the solution with a = val1 has greater fitness than
the solution with a = val2.

Similarly, we can define lower_count and tie_count:

lower
count

(a, val1, val2, b, valb) = |{F (x) < F (w) s.t. . . .} (7.7)

tie
count

(a, val1, val2, b, valb) = |{F (x) = F (w) s.t. . . .} (7.8)

These functions are then used to make a table representing the aforementioned
“partitions” for a variable a being tested for dependence on b, where:

1. Each row header is a possible value of b

2. Each column is a triplet (val1, val2, dominance). vala and valb are possible values
of a (val1 < val2 to ignore duplicates), and dominance ∈ {greater, lower, tie}.

This table will be referred to as the Dominance_partition_table(a, b). An example
of what such a table might look like for RoyalRoad is shown in Table 7.2, where the two
variables being analysed are independent. To note is that the proportions for each row
remain roughly constant ( 1

8 , 7
8 , 0) regardless of which valb is used.

Compare this against a table for two variables which are linked, in Table 7.3. Here,
the distribution changes, which is detected by a χ2 test producing a p-value of 3 · 10−7
and Cramer’s V of 0.384 (which is relatively high).

Table 7.2: Outcome partition table where a and b are independent, in a RoyalRoad-
Problem

(val1, val2, Dominance)→ (0, 1, greater) (0, 1, tie) (0, 1, lower)

(valb) ↓

0 15 105 0
1 10 70 0

Finally, we can define two metrics using this kind of linkage:

paired_dominance_pvalue(a, b) = (7.9)

χ2Test(Dominance_partition_table(a, b)).pvalue
paired_dominance_strength(a, b) = (7.10)

χ2Test(Dominance_partition_table(a, b)).CramersV
(7.11)
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Table 7.3: Outcome partition table where a and b are linked, in a RoyalRoad problem

(val1, val2, outcome)→ (0, 1, greater) (0, 1, tie) (0, 1, lower)

(valb) ↓

0 0 100 0
1 23 69 0

A χ2 test is used because it can determine the likelihood of discrete distributions
being samples from the same overall distribution. From this, we can obtain a p-value to
determine the probability of pairwise linkage, and Cramer’s V to quantify its strength.

Cramer’s V was chosen as the measure of strength because it is the only metric of its
kind to be applicable to tables bigger than 2 × 2 (i.e., it works for variables which are not
binary) [239], and its interpretation is discussed in [161]. In general, it is a conservative
measure, and values above 0.10 can be considered significant.

time complexity The algorithm which finds all the paired samples was designed
to have fast time complexity: O(NL) (where N is the quantity of solutions in the PRef). To
calculate linkage, the algorithm simply goes through all the pairs found (the quantity of
which depends on the PRef but it is almost always below NL) and tallies up the dominance
scenarios. Therefore, the final algorithm is dominated by the O(NL) preprocessing step.
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7.5 evaluation of linkage learning

There are few experimental studies measuring the effectiveness of different linkage
discovery techniques. Most research develops formulas to detect linkage, applies it within
EDAs and then report the performance of the metaheuristic. Therefore, linkage is almost
always a tool for improved search performance and does not get evaluated on its own, as
seen in [117, 59, 241, 264, 266, 136, 215, 70, 218, 38] for example.

Proof that linkage is being learned accurately is from anecdotal evidence (such as
[202, 127, 296, 269]) rather than via replicable and objective evaluation methods. Thus
it is not known how different methods compare to each other, and if they perform best
on certain classes of problems.

This section will aim to provide a methodology to compare different linkage learning
methods, in the context of metaheuristics. Knowing which linkage methods produce the
best results is necessary to implement an atomicity metric that accurately scores PSs.

The following research questions are investigated here:

LRQ1 Which linkage method performs best in general, when treated as a
classification prediction task evaluated via balanced accuracy?

LRQ2 Does using data from different metaheuristics affect linkage learning?

LRQ3 Which problems are hard for linkage learning?

LRQ4 Which linkage methods are susceptible to non-linearity?

LRQ5 Which linkage methods have the best O time complexity?

7.5.1 Challenges in evaluation, and their resolution

Linkage learning has been implemented in many ways, which are not always directly
comparable. Here, we will look at them under the same scenario: using data from a
metaheuristic, we obtain scalars quantifying the linkage between pairs of variables.

different information used Fitness-independent methods ignore the
fitness function, so it is expected that fitness-informed methods will have an advantage
because they use more information, and Perturbation even requires new fitness function
evaluations, so it has a further advantage. Some methods expect the sample of solutions
to be uniform, while others require it to be biased. These differences make comparisons
unfair, but it is unclear how these differences affect their performance.

Our experiments will consider all the categories of linkage learning
discussed, and any known disadvantages will be acknowledged. This is
to show empirically the differences in performance which are expected.
The experiments which will be shown will use the PRef obtained from
running different metaheuristics, including Random Search so that
both uniform and “biased” datasets are considered.

no ground truth for regression Linkage detection is often thought
of as a “regression” problem, where the task is to find the “correct” scalars. The issue
lies in what is “correct”, which is highly dependent on the kind of fitness function being
analysed. This is arguably a fallacy: the class of all possible variable interactions cannot
be objectively mapped into scalars, and therefore there is no way of obtaining ground
truth values for evaluation.

This evaluation will circumvent this issue by reframing the task as a
classification problem. This choice is justified in the coming para-
graph.
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linkage as a classification task There is a misalignment between
how linkage is implemented and how it is conceptualised.

For a pair of variables, it is much easier to describe them as “linked” and “not linked”
– a binary label rather than a scalar. Linkage is often represented as a graph, where nodes
are either connected or not.

In implementation, the task is instead treated as a regression task: there is a scalar
to be calculated. Implicitly, it is assumed that those scalars can be used for binary
prediction by using a fixed threshold; one might say for example that two variables
are linked if the p-value for their χ2 test is below 0.05. These thresholds are often
hypothetical and not tested or reported, but they are a crucial element in the overall
system.

Our evaluation resolves the classification-regression dilemma by auto-
matically finding thresholds, those which maximise balanced accur-
acy. The quality of a linkage learning method is its balanced accuracy
in predicting if a given pair of variables is linked or not.

7.5.2 Evaluating linkage detection: automatic threshold selection

The proposed evaluation method is applicable to any linkage detection method that
produces a scalar which measures linkage between pairs of variables. There is no need
to manually provide a threshold.

ground truth and predictions Firstly, a benchmark combinatorial
optimisation problem is required, where for every pair of variables there is a “ground
truth” class of linkage (linked or not linked). This ground truth comes by construction:
the problems were all designed to display the intended linkage effect, which will be
explained more in Section 7.5.3.

The problem is solved by a metaheuristic, which produces the data to be analysed. A
linkage learning method is applied to this data, resulting in “predicted linkage”. The
ground truth linkages and the predicted values are put into a table such as Table 7.5.

Var A Var B (ground truth) linkage class predicted linkage
0 1 True 0.2
0 2 False -0.4
1 2 True 0.1

. . . . . .

Table 7.5: Example of a table to be used for evaluation of linkage. Every row corres-
ponds to a pair of variables, for which we know if they are linked or not
(True = linked, False = non-linked), along with the linkage strength that
was measured.

automatic threshold selection Linkage scores can be converted into
binary values (linkage vs non-linkage) by using a threshold, and then these binary values
can be compared against the ground truth by using precision, accuracy and other quality
metrics. Here, instead of manually picking the thresholds, we pick the one which
maximises balanced accuracy. Balanced accuracy is a metric defined as the average
of the accuracy on positive instances and the accuracy on negative instances.

This performance metric is chosen because:

• The quality metric should not focus on positives or negatives specifically, as
a positive instance (linkage) is as important as a negative instance (independence).
This excludes precision and recall, among others.

• There are many cases where true instances (where there is linkage) are the
minority. If accuracy was used, the score will not reflect the performance on true
instances fairly. Balanced accuracy exists to resolve this issue.
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Moreover, automatically finding the threshold based on balanced accuracy has the
following advantages:

• It removes the bias of manually picking a threshold.

• It does not disadvantage any method unfairly, since its best possible balanced
accuracy is presented. Although some methods might underperform when using
this metric, for this analysis we decided to focus on one metric to allow for general
comparisons.

• It allows to detect the stability of a linkage detection method, which is discussed
later.

More formally, we define the BBA (best balanced accuracy) of linkage scores as:

BBA(linkage, ground) = max
(︃

max
t

BA(v<t, ground),

max
t

BA(v>t, ground)
)︃

(7.12)

where:
v<t, v>t = boolean vectors for linkage < t and linkage > t,

ground = ground truth boolean linkage (7.13)
BA(ŷ, y) = balanced accuracy of predictions ŷ against y.

Note the presence of v<t and v>t: this it to account for scenarios where the linkage
score is above a threshold and when it is below a threshold. Finding the values of t which
maximise the balanced accuracy is done through an exhaustive search.

measuring stability Imagine that we solve an optimisation problem using
a GA and use the resulting PRef as the data to predict linkage. This data is going
to be different between separate GA runs, and we might want to know if our linkage
method produces “stable” results. It is hard to define what stable would mean, but
here we use a simple idea: a linkage learning method is stable if there exists a fixed
threshold that makes it perform well (in terms of best balanced accuracy)
across different sources of data.

To measure this empirically in our GA example, we could simply produce tables similar
to Table 7.5 for each GA run, concatenate them vertically and then apply the evaluation
described above, reporting the best balanced accuracy.

If the resulting best balanced accuracy is low, it means that no fixed
threshold worked well across the different datasets, and thus the linkage
learning method is unstable. It cannot be reliably used to distinguish
linkage and non-linkage.

Similarly, we can compute the BBA over different problems and metaheuristics in
order to evaluate a method’s general applicability, as shown in Figure 7.2.

7.5.3 Benchmark problems used

The evaluation presented will be applied to 4 benchmark problems, which aim to represent
a diverse set of linkage kinds:

• RoyalRoad (3 cliques, 5 bits each) (defined in Section 2.2.2.1): Linkage is observed
only when all the values of a clique have certain values. Therefore, linkage is a
“rare” phenomenon

• Trap-k (3 cliques, 5 bits each) (defined in Section 2.2.2.2): Linkage is similar to
RoyalRoad in how it is rare, but it is complicated by the presence of non-linked
behaviour (each zero added contributes linearly to fitness in most cases).
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For a linkage method, we gather linkage data for every 
metaheuristic, and every optimisation problem, forming 
a grid. Each combination in this grid has many runs.

Evaluating a single cell means evaluating the 
performance of the linkage method on a specific 
combination of problem and metaheuristic, across many 
runs.

Evaluating a row means evaluating the performance for 
a specific problem, across many metaheuristics and 
runs. 

Evaluating the entire grid means evaluating the linkage 
method over many problems and metaheuristics.

Figure 7.2: Evaluation strategy for linkage detection. Each yellow rectangle is a table
with ground truth linkage information and measured linkage values.

• Parity Problem (3 cliques, 5 bits each) (defined in Section 2.2.2.3): Linkage
is always affecting the fitness, but through a higher-order relationship which is
hard to capture. This problem is known to be hard to model through bivariate
measurements [60].

• Graph Colouring (10 variables, 3 colours, graph shown in Figure 7.3) (defined
in Section 2.2.3): linkage is often represented as a connected graph, so using
Graph Colouring is a natural choice. This problem allows the creation of different
structures, such as cliques of different sizes, and partially connected cliques (as
shown in Figure 7.3).

Non-linearity detection methods are expected to perform poorly on problems which
are known to be non-linear. To test this, a “Sigmoid” version of each of the above
problems is also included - the original fitness function F (x) is replaced by σ(F (x)),
where σ is the non-linear Sigmoid function (discussed in Section C.3). Any monotonic

A B C

D

F
E

G

I J

H

Figure 7.3: Graph Colouring problem instance used for evaluation. The problem
contains variables that are in differently sized cliques, and even variables
that are not connected to anything.
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increasing non-linear function would have fit this purpose (since the ordering of solutions
would not have been affected), but σ was chosen due to its well-known role in ML of
converting linear functions into non-linear functions.

As discussed in Section 7.5.1, these problems are chosen because ground
truth can be easily inferred from their definitions. The ground truth for
each problem is shown in Figure 7.4, with their sigmoid counterparts
being identical.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

Royal Road

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

Trapk

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

Parity

0 1 2 3 4 5 6 7 8 9 10 11

0

1

2

3

4

5

6

7

8

9

10

11

GraphColouring

0.0

0.2

0.4

0.6

0.8

1.0

0.0

0.2

0.4

0.6

0.8

1.0

0.0

0.2

0.4

0.6

0.8

1.0

0.0

0.2

0.4

0.6

0.8

1.0

Figure 7.4: Ground truth linkage for benchmark problems

7.5.4 Metaheuristics used

The following 4 metaheuristics were used: a traditional GA (to represent population
based methods), SAs (to represent single-individual methods), Tabu search (to represent
diversity preserving methods), and random search (to remove any bias caused by the
metaheuristic).

Each combination of metaheuristic, optimisation problem and linkage detection method
is executed 30 times with different seeds. The parameters used are as follows:

• GA: uniform mutation operator, mutation rate of 1
L

, crossover probability = 0.5,
simulated binary crossover, population size = 100;

• SA: uniform mutation operator, mutation rate of 1
L

;

• Tabu search: uniform mutation operator, mutation rate of 1
L

, Tabu list size =
30;

• Random search: no parameters.

Each of these algorithms was executed with a fitness evaluation budget of 10000, so
that the PRef used is of size 10000.

In future work, the metaheuristics to be used for the evaluation should
vary in what operators they use, whether crossover is present, whether it
is population-based or not, whether it is an Estimation of Distribution
Algorithm (EDA), and many other aspects. The evaluation presented
here is preliminary.

The purpose of the metaheuristic is to generate the PRef from which linkage is learned.
This is then the same PRef used for PS mining.
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7.5.5 Linkage methods being evaluated

The linkage methods to be compared are:

• Perturbation (since it uses the live fitness function, is has an advantage over
other methods). Follows definition in Section C.4;

• ANOVA (p-value and the effect size are treated as different metrics). Follows
definition in Section C.5, where a linear model with an interaction term is fitted
via ordinary least squares, and then a type II ANOVA test is carried out;

• H-statistic, as defined in Section C.10;

• χ2 test (p-value and effect size η2 are treated as different metrics) as defined in
Section C.8;

• Mutual Information as defined in Section C.9;

• Mutual Information of survival as defined in Section 7.4.1;

• Dominance linkage (p-value and effect size η2 are treated as different metrics)
as defined in Section 7.4.2;

• SHAP, based on an XGBoost model as defined in Section C.6.1 (100 estimators,
with maximum depth of 6, η = 0.3, γ = 0 as suggested on documentation for the
model [293] ;

This list excludes Walsh and Linear models, as these are equivalent (for pairs of vari-
ables) to Perturbation and ANOVA respectively. Potential advantages and disadvantages
due to fitness-function use are are summarised in Table 7.4.

7.5.6 Experimental results

The predictive performance of each linkage method is compared here, split by benchmark
problems and metaheuristics used.

The tables following do not show averages, but rather they are the
overall predictive performance on given datasets. For example, Perturb-
ation for RoyalRoad having a BBA (best balanced accuracy) of 80%
“over all metaheuristics” would mean that “when given data generated
from any of the metaheuristics considered, on any of their repeated
runs, and about any two variables, we have 80% balanced accuracy
when predicting linkage or non-linkage using Perturbation”.

in general It is easier to start by comparing the performance of linkage methods,
regardless of the optimisation problem or metaheuristic. The results in Table 7.6 indicate
that Perturbation yields the best balanced accuracy overall (84.9%). This is not a
surprise, since it is the only metric which requires additional fitness function evaluations.
The second best linkage detection method was SHAP (69.9%). The worst approaches
were those based on fitness-independent methods, which match expectations.

on each benchmark problem The next set of results relates to the
performance on each benchmark problem, which is presented in Table 7.7. The main
insights from this table are:

• The performance of linkage detection is affected by the benchmark function. For
some it is nearly perfect, whereas for others it is nearly as bad as a coin toss.
Sigmoid Trap-k, Parity and Sigmoid Parity are the benchmarks where the
lowest performance is observed.

• There is a difference in performance between problems and their Sigmoid coun-
terpart, but this effect is not observed everywhere. Perturbation is much more
affected than any other method, which might be due to its non-linearity detection.
For almost all linkage methods Sigmoid Trap-k is more challenging than Trap-k.
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Linkage method BBA

Perturbation 84.9%
SHAP 69.9%

Dominance (Cramer’s V) 69.7%
ANOVA (η2) 69.5%

Dominance (p-value) 69.2%
ANOVA (p-value) 67.6%

MI of survival 64.6%
H statistic 62.6%

Chi Squared (Cramer’s V) 60.5%
Mutual Information 59.1%

Chi Squared (p-value) 57.9%

Table 7.6: The best balanced accuracy for each linkage detection, when using data
from every benchmark problem and every metaheuristic. The entries are
sorted from best to worst

• Overall, SHAP and Perturbation have the highest performance, since
both achieve more than 80% BBA on all problems except for Sigmoid Trapk.

• Dominance using Cramer’s V is rounded in its performance, with only Parity
problems having a score below 77%. It is the only method whose performance on
Trap-k is the same as on Sigmoid Trap-k. This confirms that its design aims have
been satisfied, but it is in general worse than Perturbation and XGBoost SHAP.

• MI of Survival performs poorly on Sigmoid Trap-k, Parity and Trap-k parity.
This might indicate that it is a non-linearity detection method, although its
implementation would not suggest so. It does outperform traditional Mutual
Information, but by 10% in 2 cases and less than 5% in 6 cases.
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Perturbation 100% 87.4% 98.7% 61.2% 100% 87.5% 100% 82.5%
SHAP 99.9% 99.8% 91.2% 53.4% 92.1% 91.2% 100% 85.6%
Dominance (Cramer’s V) 87.2% 86.3% 78.9% 77.0% 57.8% 57.8% 86.6% 86.8%
Dominance (p-value) 80.1% 79.2% 78.4% 77.0% 57.8% 57.7% 86.0% 86.1%
ANOVA (η2) 89.5% 88.4% 80.5% 54.2% 55.0% 53.8% 98.8% 99.1%
ANOVA (p-value) 83.4% 81.9% 82.2% 53.5% 55.0% 53.9% 98.3% 98.8%
MI of survival 76.8% 77.6% 64.2% 57.0% 55.5% 54.6% 81.6% 80.8%
H statistic 88.9% 88.0% 75.9% 55.8% 53.5% 53.2% 94.0% 93.2%
Chi Squared (p-value) 67.8% 66.9% 62.9% 58.8% 54.9% 54.1% 81.9% 82.5%
Chi Squared (Cramer’s V) 66.6% 67.4% 61.3% 57.1% 54.9% 54.2% 79.9% 80.5%
Mutual Information 66.6% 67.3% 61.2% 57.1% 54.9% 54.3% 80.1% 80.7%

Table 7.7: The best balanced accuracy is presented for every combination of linkage
detection method and every benchmark problem. In bold is the highest
number of each column (i.e. for each problem).

on each metaheuristic Next, in Table 7.8 we evaluate each linkage method
on each metaheuristic. For all metaheuristics tested, Perturbation is the best method. Few
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methods perform best with an unbiased dataset (from Random Search): Perturbation
and ANOVA (p-value); the other methods perform poorly on this data.

Fitness-independent methods perform poorly with Tabu Search and Random Search
(since these lack the bias which makes them work), whereas most methods perform
similarly well for the GA, SA and Tabu search.
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Perturbation 87.6% 85.1% 86.3% 89.7%
SHAP 73.4% 72.5% 74.7% 67.1%
Dominance (Cramer’s V) 78.2% 75.3% 77.3% 54.1%
Dominance (p-value) 76.5% 73.8% 81.0% 54.6%
ANOVA (η2) 68.4% 70.1% 71.9% 68.8%
ANOVA (p-value) 68.1% 69.5% 72.0% 72.0%
MI of survival 67.1% 70.7% 64.1% 57.1%
H statistic 61.7% 63.1% 63.7% 63.4%
Chi Squared (Cramer’s V) 67.0% 71.1% 56.0% 53.2%
Chi Squared (p-value) 64.2% 66.5% 53.9% 50.6%
Mutual Information 64.8% 68.7% 53.9% 54.3%

Table 7.8: Table showing the best balanced accuracy for each linkage detection
method on each metaheuristic. Figures in bold are the highest for their
column.

thresholds Finally, we provide a table of the thresholds which we found to be
ideal for each linkage method, in Table 7.9. These thresholds produce the best balanced
accuracies in Table 7.6.

Although these cannot be compared, the p-values are not consistent between χ2,
ANOVA and Dominance methods. For χ2 tests, the threshold is much lower than 0.05,
which indicates that perhaps χ2 tests are likely to cause false positives when using 0.05
as a p-value threshold. This was observed in [38], where χ2 tests were found to easily
cause false positives.
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Linkage method Threshold for linkage

Perturbation > 0.00624430
Chi Squared (p-value) < 0.00000053
Chi Squared (Cramer’s V) > 0.13238968
ANOVA (p-value) < 0.01430075
ANOVA (η2) > 0.00658212
Mutual Information > 0.00000001
MI of survival > 0.01912785
Dominance (p-value) < 0.06367036
Dominance (Cramer’s V) > 0.20822820
SHAP < 0.02876192
H statistic > 0.00220281

Table 7.9: Best threshold (yielding the best BBA) for each linkage detection method.
The “Threshold” column indicates the threshold that yields the best bal-
anced accuracy. These thresholds are those which yield the best balanced
accuracy shown in Table 7.6.
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7.5.6.1 Run times

It is necessary to report the runtimes and scalability of each methodology discussed, in
order to get a fuller idea of the accuracy-runtime trade-off.

The following tables were generated by creating RoyalRoad problems of increasing
sizes (variable counts going from 10 to 200 in increments of 10), and solving via a GA
with different evaluation budgets (5000, 10000, 15000 and 20000). Using the resulting
PRef, the various linkage learning methods are applied and timed (with a timeout of 30
seconds due to time constraints). Each run is repeated 30 times. The timing included all
the steps required by a method, with Dominance-based linkage requiring a pre-processing
step where all paired samples are identified first.

The average times are shown in Figure 7.6, where darker values correspond to longer
execution times. A graph showing the runtime with respect to variable count is presented
in Figure 7.5, where the size of the data is kept fixed to 20000 solutions.

The main insights are:

• The runtime is affected by both the quantity of variables and the size of PRef. All
methods become slower as those parameters increase, but the increase in runtime
is more than linear with respect to variable count Figure 7.5.

• The methods with the worst time complexity are Perturbation, ANOVA and
SHAP. This matches expectations: If L is the quantity of variables, and N is
the quantity of solutions, perturbation is expected to have complexity O(LN2),
while SHAP has O(LN2 logN) (Section C.6.1) complexity just to train the model.
Therefore, these approaches are unfeasible for highly dimensional problems or
large datasets.

• The fastest methods are those which ignore the fitness function (χ2 and Mutual
Information). The fastest method that uses fitness information is Dominance-based
linkage. Both this pre-processing step and the linkage calculation are expected to
have O(NL) complexity, which matches the observed results.
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Figure 7.5: Plot showing how the runtime of each linkage method grows as the
number of variables increases. The size of the dataset was kept constant
at 20000.

7.5.7 Conclusion

To summarise the findings, in relation to the research questions posed:

LRQ1 Which linkage method performs best in general? Arguably Perturbation,
but that is at the cost of new function evaluations. SHAP XGBoost is the best
approach which does not involve new fitness function evaluations.

LRQ2 Does using data from different metaheuristics affect linkage learn-
ing? Although Perturbation performs best on uniformly random solutions, other
methods perform better on exploitative metaheuristics.
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Linkage Method: Chi Squared Linkage Method: Mutual Information Linkage Method: Dominance Linkage Method: MI of survival

Linkage Method: H statistic Linkage Method: ANOVA Linkage Method: SHAP

Metaheuristic
Budget 5000 10000 15000 20000 Metaheuristic

Budget 5000 10000 15000 20000 Metaheuristic
Budget 5000 10000 15000 20000 Metaheuristic

Budget 5000 10000 15000 20000

Var Count Var Count Var Count Var Count
10 0.00 0.00 0.00 0.00 10 0.00 0.00 0.00 0.00 10 0.02 0.02 0.02 0.02 10 0.00 0.00 0.00 0.00
20 0.01 0.01 0.01 0.01 20 0.01 0.01 0.01 0.01 20 0.06 0.07 0.07 0.09 20 0.02 0.02 0.02 0.03
30 0.03 0.03 0.04 0.03 30 0.03 0.03 0.03 0.03 30 0.11 0.14 0.21 0.19 30 0.05 0.06 0.08 0.08
40 0.06 0.05 0.06 0.05 40 0.05 0.05 0.07 0.06 40 0.35 0.25 0.27 0.29 40 0.12 0.12 0.15 0.15
50 0.08 0.08 0.08 0.09 50 0.08 0.10 0.14 0.11 50 0.27 0.41 0.62 0.54 50 0.19 0.26 0.28 0.30
60 0.12 0.12 0.12 0.12 60 0.13 0.16 0.17 0.16 60 0.52 0.50 0.82 0.78 60 0.32 0.39 0.46 0.44
70 0.19 0.16 0.16 0.16 70 0.19 0.21 0.22 0.31 70 0.45 0.65 0.85 1.21 70 0.45 0.57 0.56 0.99
80 0.21 0.22 0.21 0.22 80 0.24 0.30 0.34 0.37 80 0.66 0.80 1.08 1.29 80 0.63 0.77 0.93 1.07
90 0.29 0.27 0.29 0.29 90 0.34 0.36 0.44 0.50 90 1.05 0.94 1.36 2.13 90 0.81 0.96 1.26 1.45

100 0.33 0.33 0.33 0.48 100 0.38 0.45 0.52 0.60 100 0.78 1.12 1.40 1.70 100 1.07 1.28 1.44 1.85
110 0.40 0.40 0.40 0.40 110 0.46 0.56 0.71 0.67 110 0.76 1.24 1.86 1.77 110 1.20 1.58 2.17 1.97
120 0.47 0.49 0.47 0.47 120 0.52 0.77 0.74 1.01 120 0.82 1.64 1.68 2.30 120 1.44 2.28 2.20 3.15
130 0.55 0.56 0.56 0.56 130 0.67 0.93 1.03 1.10 130 1.14 1.69 1.99 2.47 130 1.95 2.75 2.96 3.30
140 0.66 0.69 0.65 0.65 140 0.79 1.01 1.18 1.32 140 1.48 1.90 2.29 2.87 140 2.42 3.13 3.57 4.47
150 0.75 0.76 0.74 0.76 150 0.90 1.34 1.29 1.58 150 1.53 2.15 2.46 3.33 150 2.68 3.53 3.87 5.58
160 0.86 0.87 0.86 0.86 160 1.05 1.31 1.74 2.28 160 1.63 2.24 2.62 3.86 160 3.21 4.41 4.93 6.61
170 0.97 0.98 0.96 1.00 170 1.17 1.49 1.93 2.12 170 2.36 2.42 3.18 3.49 170 3.90 4.69 6.55 6.88
180 1.06 1.07 1.09 1.11 180 1.33 1.65 2.02 2.85 180 1.65 2.52 2.87 4.00 180 4.54 5.20 8.18 8.42
190 1.27 1.21 1.20 1.20 190 1.36 2.09 2.21 2.83 190 1.65 2.68 3.37 4.38 190 4.32 6.04 7.19 10.00
200 1.38 1.32 1.32 1.44 200 1.68 2.11 2.70 2.90 200 2.06 2.63 3.51 4.46 200 5.51 6.70 8.62 10.16

Linkage Method: Perturbation
Metaheuristic

Budget 5000 10000 15000 20000 Metaheuristic
Budget 5000 10000 15000 20000 Metaheuristic

Budget 5000 10000 15000 20000 Metaheuristic
Budget 5000 10000 15000 20000

Var Count Var Count Var Count Var Count
10 0.00 0.00 0.00 0.00 10 0.20 0.20 0.20 0.19 10 0.82 0.91 0.83 0.76 10 0.09 0.12 0.13 0.11
20 0.03 0.04 0.03 0.04 20 0.91 0.93 0.93 0.99 20 3.97 4.77 4.37 5.86 20 1.52 1.79 1.62 2.24
30 0.08 0.11 0.14 0.15 30 2.15 2.35 3.75 2.60 30 6.88 10.28 13.35 15.94 30 5.21 8.67 8.99 10.49
40 0.23 0.25 0.30 0.30 40 4.33 4.81 4.91 4.72 40 16.62 18.57 22.42 21.48 40 19.41 22.04 25.88 27.80
50 0.35 0.51 0.69 0.70 50 6.70 7.85 8.51 9.04 50 18.79 ✕ ✕ ✕ 50 ✕ ✕ ✕ ✕

60 0.63 0.95 1.10 1.09 60 10.79 11.59 13.53 13.07 60 28.39 ✕ ✕ ✕ 60 ✕ ✕ ✕ ✕

70 0.98 1.32 1.41 2.56 70 14.74 17.41 17.58 23.97 70 ✕ ✕ ✕ ✕ 70 ✕ ✕ ✕ ✕

80 1.27 1.83 2.25 2.64 80 20.67 22.91 24.93 28.77 80 ✕ ✕ ✕ ✕ 80 ✕ ✕ ✕ ✕

90 1.83 2.34 3.50 3.88 90 25.59 28.97 ✕ ✕ 90 ✕ ✕ ✕ ✕ 90 ✕ ✕ ✕ ✕

100 1.99 2.73 3.77 4.21 100 ✕ ✕ ✕ ✕ 100 ✕ ✕ ✕ ✕ 100 ✕ ✕ ✕ ✕

110 2.37 3.52 5.13 4.69 110 ✕ ✕ ✕ ✕ 110 ✕ ✕ ✕ ✕ 110 ✕ ✕ ✕ ✕

120 2.59 5.28 5.01 7.15 120 ✕ ✕ ✕ ✕ 120 ✕ ✕ ✕ ✕ 120 ✕ ✕ ✕ ✕

130 3.67 5.98 7.32 7.89 130 ✕ ✕ ✕ ✕ 130 ✕ ✕ ✕ ✕ 130 ✕ ✕ ✕ ✕

140 4.28 6.70 8.59 10.22 140 ✕ ✕ ✕ ✕ 140 ✕ ✕ ✕ ✕ 140 ✕ ✕ ✕ ✕

150 5.07 7.58 10.08 12.45 150 ✕ ✕ ✕ ✕ 150 ✕ ✕ ✕ ✕ 150 ✕ ✕ ✕ ✕

160 6.09 8.15 11.34 16.74 160 ✕ ✕ ✕ ✕ 160 ✕ ✕ ✕ ✕ 160 ✕ ✕ ✕ ✕

170 6.77 10.33 14.73 16.07 170 ✕ ✕ ✕ ✕ 170 ✕ ✕ ✕ ✕ 170 ✕ ✕ ✕ ✕

180 7.30 11.06 15.30 20.20 180 ✕ ✕ ✕ ✕ 180 ✕ ✕ ✕ ✕ 180 ✕ ✕ ✕ ✕

190 7.17 13.15 16.93 21.88 190 ✕ ✕ ✕ ✕ 190 ✕ ✕ ✕ ✕ 190 ✕ ✕ ✕ ✕

200 9.42 14.17 18.76 22.67 200 ✕ ✕ ✕ ✕ 200 ✕ ✕ ✕ ✕ 200 ✕ ✕ ✕ ✕

Figure 7.6: Tables showing the average run time in seconds for each linkage learning
method, varying the quantity of variables and the size of the PRef used.
Darker colours represent longer times. Crosses represent situations where
the algorithm took longer than 30 seconds.

LRQ3 Which benchmark problems are hard for linkage learning? Sigmoid Trap-
k, Parity and Sigmoid Parity. This might be due to the complex fitness function
which involves higher-order cliques.

LRQ4 Which linkage methods are susceptible to non-linearity? Although a
decrease in performance is observed when introducing non-linearity into a problem,
this effect is not as significant as expected. An exception is Trap-k, since most
methods perform poorly on Sigmoid Trap-k.

LRQ5 How does the time complexity of different linkage methods scale with
respect to the quantity of variables and the quantity of solutions?
Perturbation, ANOVA and SHAP scale poorly at higher variable counts and
dataset sizes. Methods which ignore the fitness function are the fastest, but
dominance-based linkage is on par with them.

Overall, there is no method which is is always preferable. Perturbation gives the best
results, but it requires a live fitness function. SHAP gives the best results by using
a static dataset, but its time complexity makes it unfeasible for larger problems and
datasets. Dominance-based linkage has the next best predictive accuracy, whilst still
being computationally efficient.

A comprehensive set of linkage tables is provided in Chapter D for the viewer to get
an intuitive understanding of how each linkage method performs on various benchmark
problems and metaheuristics.
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8A P P L I C AT I O N S O F PA RT I A L S O L U T I O N S

Having set the theory for how PSs can be obtained, this chapter demonstrates how they
can be applied. These examples consist of the main contributions of this thesis, with
PSs being used for explanations for metaheuristics in Section 8.1 and for a recommender
model in Section 8.2. They are also used within a predictive model in Section 8.3.

8.1 explaining metaheuristic solutions: use case on staff rostering

The primary function of a PS is to produce explanations. An extensive example was
shown in Section 5.7 already, so this section will focus on what aspects of XAI these
explanations relate to. It is important to note that even when PSs are used for other
purposes - such as predicting fitness - the individual PSs can always be post-processed
into explanations. Figure 8.5 is an example where a decision tree made from PSs is
extended with explanations.

8.1.1 Summary of methodology

PSs explain solutions to metaheuristic problems, by either explaining a single solution or
by explaining the set of solutions provided in the PRef.

Consider a scenario in which a user is interested in solving an optimisation problem
using a certain metaheuristic. Then the overall process is:

1. Obtain a static dataset of solutions (the PRef), along with their fitness values,
as discussed in Section 6.4. If available, the proxy-fitness function values can be
included in this dataset.

2. The user decides if they want a local explanation or a global explanation. If the
explanation is local, they also decide a solution to be explained (Section 5.5).

3. The user decides which objectives will be used to find the patterns, to match their
requirements. Some relate to their simplicity (Section 6.8), some relate to their
linkage (Section 6.9) and some quantify their effect on fitness (Section 6.7).

4. A PS mining search is executed by using the aforementioned objectives (Section 6.2),
and a Pareto Front is obtained. The user may cluster these patterns (Section 6.13)
or they may select one solution (Section 6.6.3). The user may run the PS mining
process multiple times to obtain a more comprehensive set of results, using
sequential niching as shown in Section 6.5.2.4.

5. For a given PS, we can find and display likely reasons for its relevance, by adding
descriptors (Section 6.12). Other statistical information can be provided as well,
e.g. proving that solutions containing the pattern have a higher average by showing
the result of a Mann-Whitney U test.

8.1.2 Methodology

Consider the Staff Rostering problem posed by BT, as published by us in [46]. The
procedure stated above is followed.

step 1: obtaining the static dataset BT has developed a specific
metaheuristic ((iRoster, [81])) to solve their optimisation problem (Section 2.2.7.1), and
its results are analysed.

The original metaheuristic (Simulated Annealing for iRoster, defined in [81]) is applied
with little modification, with the only difference being that its evaluated solutions are
stored for analysis into a PRef. For this metaheuristic (solving the original problem), the
fitness evaluation budget was 10000, using a mutation rate of 1

L
with uniform mutation

operator (defined in Section 2.3.6.2.
In order to obtain descriptors at the end, our industrial point of contact provided

various potential proxy fitness functions, which were considered here:
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• Mean number of rota choices per worker

• Rota difference (Hamming Distance, in days) between the assigned rotas

• Number of Saturdays and Sundays with at least one worker assigned

• Skill coverage and overlap between the workers

• Percentage of workers assigned to their preferred rota

step 2: local or global One of BT’s main aims in explanations is to apply
slight modifications to the best solutions produced by the metaheuristic. Therefore, BT
has a greater interest in local explanations and thus these are the focus of this analysis.
Global explanations will also be explored for more general insights.

step 3: decide objectives One of the most important objectives is always
to keep the patterns simple, for which we have *-count simplicity. The second objective
considered is mean-fitness, to find patterns associated with high fitness. Finally, because
there is a large degree of interaction between the variables of the problem, atomicity
is included as an objective. The specific variant here is bivariate atomicity based on
Mutual Information of Survival (Section 7.4.1).

(Mutual Information of Survival was used here despite the existence of better linkage
methods because at this point in the research process a better atomicity metric had not
been found.)

step 4: partial solution mining NSGA-II is used to solve the PS mining
task, which results in a Pareto front of PSs. These consist of runs with a PS evaluation
budget of 5000 (population size of 150, crossover rate = 0.5), executed sequentially using
the niching operator, with 5 runs in total. These are then clustered using the criterion
in Section 6.13 and then ordered according to the heuristic presented in Section 6.6.3.
The top 3 results of this ordering are post-processed and then shown.

The process (mining, clustering, sorting, post-processing) is done twice: once for local
explanations of the best solution found, and another time for global explanations. The
parameters used were determined by the evaluation shown in Table 6.1, indicating that
many small sequential runs are preferable. This quantity of sequential runs was also
found to be satisfactory because it is able to explain 80% of the given solutions, which
accounts for nearly all of the variables with cardinality greater than 1. Further iterations
would be expected to find patterns which are redundant with what had been found
already.

step 5: descriptors Using the proxy-fitness functions provided in the first
step, descriptors can be found for the selected PSs. The threshold for these descriptors
was set to 10%, meaning that proxy-fitness values which are either in the relative top
10% or bottom 10% were shown.

8.1.3 Local Explanations

The program displays the PSs contained within the optimum found by iRoster. Each
explanation consists of a group of employees and their rota assignments (PS), and its
descriptors accompanied by their percentile (see Section 6.12). Each PS has an “effect
on fitness” representing the mean difference in fitness between solutions which contain
the pattern and those that do not – a negative value is preferred in this problem.

Example A presents a group of workers whose chosen rotas appear to be convenient
for covering Sundays and that are also the workers’ preference. Moreover, their rotas
are different from each other by nearly 24 days on average. Their interaction is also
explained by the similarity of their skills.

Example B is a smaller group of people, and this is reflected in a smaller effect on
fitness. As opposed to Example A, according to the percentile of the descriptors, these
workers have very similar rotas. It appears that this group is better suited to cover
Saturdays rather than Sundays, as opposed to Example A.

Finally, Example C contains another configuration, but with fewer descriptors than
the previous examples. This group specialises in covering Sundays but not Saturdays,
and their skills are similar (i.e. there are overlaps).
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Lewis (Skills [2,4,5,16]) 1st rota

Quinn (Skills [0,3,9,16]) 1st rota

Sienna (Skills [7,10]) 3rd rota

Harrison (Skills [0,4]) 4th rota

Daisy (Skills [1,5,6,13,16]) 1st rota

Amelia  (Skills [1,4,7,10]) 4th rota

Ollie (Skills [3,4,6]) 1st rota

Lilly (Skills [4]) 1st rota

Imogen (Skills [5,13]) 1st rota

Nova (Skills [3]) 2nd rota

‣  The selected rotas cover many Sundays (12 are covered)     98% 
‣  The selected rotas are different  (average Hamming diff. = 23.93)       96%
‣  Many workers got their preferred rota     95%
‣  The skills are similar                   6%
‣  The skills cover a relatively narrow range         9%

Partial Solution, Example A

Bella (Skills [7,13]) 2nd rota
Zara (Skills [2,4,6,15]) 2nd rota
David (Skills [5]) 1st rota

‣  The selected rotas are similar (average Hamming diff. = 8.67)     0%
‣  The selected rotas cover few Sundays (2 are covered)        7%
‣  The skills are diverse      92%
‣  The selected rotas cover many Saturdays (8 are covered)      91%

Partial Solution, Example B

Isaac (Skills [6,11]) 2nd rota
Blake (Skills [4,15]) 1st rota
Scarlett (Skills [5,6,10,12,14]) 1st rota
Angus (Skills [4,5,12,15]) 2nd rota

‣  The selected rotas cover many Sundays (7 are covered)          93%
‣  The skills are similar                    6%
‣  The selected rotas cover few Saturdays (5 are covered)        9%

Partial Solution, Example C

Descriptors

Descriptors

Descriptors

(effect on fitness = -47.87)

(effect on fitness = -17.94)

(effect on fitness = -25.36)

percentile

percentile

percentile

Figure 8.1: Three explanations produced by the system. The patterns are presented
in the blue regions, whereas the descriptors are presented in the yellow
regions. The percentile of each descriptor is also presented.

8.1.4 Utility of local explanations

In case a worker would like to know why they were assigned to a certain rota, these
explanations can provide a lot of insight. If, for example, Sienna wanted to know why
she was assigned to her 3rd rota, she would be presented with Example A and any other
explanations pertaining to her. From Example A she would infer that her rota choice
needs to work well with the workers in that group because they have similar skills, and
that her rota should be very different from them.

8.1.5 Global Explanations

Additional insights can be gained by analysing all of the PSs obtained by the PS mining
algorithm through a global search. 110 patterns were obtained in total.

The first result is the frequency with which the workers appear in PSs. The frequency
of certain employees being high is an indication that they interact with more groups,
and thus that their rota choices are particularly important.

1 2 3 4
Rota Choice Quantity for worker

0%

2%

4%

6%

8%

10%

12%

Fr
eq

ue
nc

y 
of

 w
or

ke
r (

va
ria

bl
e)

 in
 P

Ss

Figure 8.2: A scatter-plot to show the correlation between the frequency of workers,
each corresponding to a variable, appearing in PSs, and the quantity of
rota choices which are available to them. A light horizontal jitter was
applied.
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Workers with more rota choices available were found to appear more often in PSs,
which was tested using Pearson’s correlation. The approximated coefficient is 0.88, with
p-value ≪ 0.001 and it explains R2 = 78% of variance. This relationship - shown in
Figure 8.2) suggests that employees with more rota choices have a greater
impact on the fitness, possibly due to increased tunability, which was observed in
[96] as well.

It was also found that workers with skills 5 and/or 15 tend to appear more often. We
tested this using a χ2 test, to check if each skill appears in PSs with the distribution
expected, and the p-values are 0.063 and 0.024 respectively. It is unclear why these skills
in particular are highly valued, but further investigation found that workers with these
skills produced more optimised weekends.

8.1.6 Utility of global explanations

The information obtained in the local and global explanations can be used by decision
makers to decide what changes to implement within their workforce in order to improve
the settings of their Staff Rostering task. For example, if a manager wanted to improve
the importance of the less critical workers, they could train them in the skills found to be
important in the global explanations. Additionally, knowing which skills are important
could be used to guide the hiring process and explain to candidates why they were
turned down and what they could do to improve their chances in the future.

Once the workers are hired, the managers will be aware that having multiple rotas
is also beneficial, and therefore they will make many rota choices available to the new
hires. To decide these rotas, they might look at the local explanations of the current
solutions and find groups of workers that already appear to be interacting due to those
skills. Looking at the rotas of those workers and at descriptors relating to whether they
are similar/different, the manager can propose rotas that are likely to harmonise with
the existing workforce.

8.1.7 Evaluation of metaheuristic explanations

The explanations shown above, which were produced via PS mining, do not show whether
our methodology is able to recover true explanations. This evaluation presents a challenge:
it is not knowable what the “true” explanation is for a real-world instance of the Staff
Rostering problem. Therefore, it is first necessary to design problem instances so that
they are explained by certain explanations.

For this purpose, two problem instances were created: SR-RR and SR-GC. These are
Staff Rostering instances which behave like RoyalRoad and Graph Colouring. Their full
definition is discussed in Chapter E, and in summary:

• SR-RR is explained by 5 separate cliques of workers, each having 4 employees.
Each employee has 2 possible rotas. Each clique contributes positively to fitness
only if they are all assigned to their second rota.

• SR-GC is explained by 5 separate cliques of workers, each having 3 employees.
Each employee has 3 possible rotas. A clique contributes positively to fitness if all
its employees are assigned to different rotas.

The first problem is used to represent “all or nothing” scenarios, whereas the second
kind is used to represent a scenario with higher-order relationships, which we expect to
be hard to capture through PS (since there are 6 different ways in which each clique is
“optimal”).

The problems are solved using iRoster (i.e. Simulated Annealing with uniform mutation
rate, to capture to BT’s use case scenario) with an evaluation budget of 10000, producing
a PRef of 10000 solutions.

The table presented earlier in the thesis, Table 6.1 contains this evaluation. The
evaluation also intends to investigate which multi-objective metaheuristic performs best,
and with what parameters. All the combinations have the same fitness evaluation budget
of 10000. The possible parameters are:

• Many small low-budget runs, each with budget of 1000 and a population of 50;

• Some medium-budget runs, each with budget of 5000 and a population of 100;
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• A single run using all the budget, with a population of 200;

Here each run is a sequential niching run in decision space, as defined in Section 6.5.2.4.
A PS mining run is evaluated by checking if all the “ground truth” PSs are present in

the resulting final set of PSs. Table 6.1 is a table indicating the percentage of PS mining
runs which were successful. If a run finds some but not all the ground truth patterns,
then it is still considered unsuccessful.

The results indicate the following results:

• NSGA-II is the best performing multi-objective method;

• Using many small runs (budget of 1000 per run) yields the highest probability of
finding all the patterns.

• SR-RR PS mining runs reach a 93% success rate, whereas SR-GC reach a 68%
success rate at best. This indicates that, as expected, higher order relationships
between variables are harder to capture via PS mining! (PS mining!).

The main outcome of this evaluation is that our methodology is able to capture all
ground truth explanations, provided that the adequate parameters are provided.

8.2 explanations for recommender models

PSs are not limited to datasets relating to metaheuristics, but can be applied to any
dataset where combinatorial vectors are present. This was relevant when collaborating
with Recommender Model researchers who were looking for explanations, which then led
to the development of PS4XRS [43].

In summary: a recommender model is evaluated on real users, which results in a
large and complex dataset. This dataset can be processed to be closer in format to a
PRef, which allows us to apply PS mining. The definition of PS needs to be changed
slightly for this context in order to better suit the data, and useful PS are obtained and
post-processed into explanations.

The patterns we find describe a user’s interaction history, and they are associated
with higher predictive performance from the recommender model. An example of these
explanations is given in Figure 8.3, where it was found that the model is 10% more
accurate on users who interacted with certain categories of books. This information is
useful to stakeholders, for example in knowing when it is worth displaying advertisements.

When the user interacts 
with at least 3 of these categories:

Space sci-fi

Young adult

Murder mystery

Light comedy

Historical fantasy

Cozy romance

Survival storyHistorical mystery

We expect the recommendations to be 10% more accurate 
(with respect to f2)

(This pattern is observed in 8.5% of the data)

Effect of pattern on f2 (similarity of prediction to real choice)

The categories correspond to the following clusters of books:

Cluster #204: Young adult Cluster #184: Light comedy

Cluster #63: Historical mystery Cluster #62: Survival story Cluster #86: Murder mystery

Cluster #57: Historical fantasy

Cluster #221: Cozy romance

Cluster #139: Space sci-fi

Figure 8.3: Example of explanation produced for PS4XRS.

recommender systems Recommender Systems are ML models designed for
the selection or creation of content towards a user, informed by their past activities
[188]. One of the most challenging aspects of these models is their evaluation, since their
performance ought to be measured via large-scale studies involving human users.

Additionally, the monetary component makes the performance of these models critical,
which motivates the need for explainability. In the case discussed here, knowing when

135



the model performs well can provide essential information towards customer insights
and marketing.

8.2.1 Recommender model

The recommender model developed in [43] by our collaborators makes use of training
data which is in the form of a network, where nodes represent users and items within an
online book retail website, and these are connected if there is an interaction between
them. An interaction consists of a user clicking an item, reviewing it, or purchasing it.

The large quantity of items and users makes the process of learning from this data
complex, but it is possible to learn embedded vectors. The main purpose of these
embeddings is to measure the similarity between items, and to measure the compatibil-
ity between users and items. Cosine similarity is a simple mathematical operation
used to measure these similarities. This architecture is how the LightGCN model is
implemented [125].

source data Once the model is trained, it can be deployed on human users, but
in this case a proxy evaluation method was used. The YooChoose Amazon Book dataset
[245] is a large collection of user interaction data, used for this study. The dataset is
partitioned in 3 parts: one for training the model, one for testing the Recommender
models, and one for testing the explanations.

Once the model has been trained on the first partition, it is applied to the second by
predicting which item the user will purchase next. This is then compared against the
ground truth, which gives a “quality” of prediction score for each user. Each user can
be represented as a sequence of boolean variables, where each variable i indicates any
interaction with book i. In this sense, each user looks like the solution to a binary optim-
isation problem. The “fitness” for these solutions is the quality of the recommendation
prediction for that specific user. This information follows the format of a PRef, although
some adjustments will be required in order for PS mining to be immediately applicable.

challenges This research posed the following challenges:

• Too many variables: the dataset discussed above contained thousands of books,
which results in solutions with thousands of variables. Due to many reasons (curse
of dimensionality for PS mining, patterns that need to be small), this is not usable.

• Sparse dataset: a user who interacts with 4 items in total will be associated
with a solution with 4 variables being set to 1, and the rest being set to 0. In
general, most users bought fewer than 5 items, which causes most of the dataset
to be composed of zeros. For statistical reasons, any PS with more than 2 ones is
unlikely to have any matching solutions, which is proven in Section 8.2.2.1.

• The format of patterns: if a solution is a binary vector, where 1 = interaction
with book, and 0 = non-interaction, a PS like (* * 1 0) represents “users who
interacted with book 2 and did NOT interact with book 3”. For stakeholders,
non-interactions are not informative and harder to understand, therefore PS should
not include these. In simpler terms, PSs should not contain zeros.

• Different objectives: although in an optimisation context it does not matter
whether a pattern is “common” or “rare”, in this case it does matter. If a pattern
identifies a kind of scenario where the recommender model performs well, a
stakeholder would want this to be a common scenario. Moreover, the meaning of
linkage between variables is taken here to be the similarity between store items.

8.2.2 Resolution of challenges

Here we resolve the issues described above. The core issue is the dataset being chronically
sparse, which was resolved via clustering, custom PSs and custom search operators. Other
than that, the rest of the methodology remained the same, which is a testament to how
flexible PS mining can be. A summary of the overall methodology is shown in Figure 8.4.
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1 1 1 0 0 1
0 1 1 0 0 1
0 0 0 0 1 1
1 0 1 0 0 0
1 0 1 1 1 1
1 0 1 0 0 1
     …

92%
62%
15%
70%
88%
87%
 …

[1 * 1 * * 1] = {0, 2, 5}
[* 1 * 1 * *] = {1, 3}
[1 * * 1 1 *] = {0, 3, 4}
          …

Sessions where the user interacted with beach-towels, 
sunglasses and sunscreens have better recommendations. 

Explanation for [1 * 1 * * 1]

0 50 100
Model 

performance
# 

ses
sio

ns

with 
pattern

without pattern

1 1 1 0 0 1 1 1 1 0 0 1 
0 1 1 0 0 1 0 1 1 0 0 1
0 0 0 0 1 1 0 0 0 0 1 1 
1 0 1 0 0 0 1 0 1 0 0 0 
1 0 1 1 1 1 1 0 1 1 1 1 
1 0 1 0 0 1 1 0 1 0 0 1 
1 1 1 0 0 1 1 1 1 0 0 1 
0 1 1 0 0 1 0 1 1 0 0 1
0 0 0 0 1 1 0 0 0 0 1 1 
1 0 1 0 0 0 1 0 1 0 0 0 
1 0 1 1 1 1 1 0 1 1 1 1 
1 0 1 0 0 1 1 0 1 0 0 1 
     …

92%
62%
15%
70%
88%
87%
 …

Figure 8.4: Summary of methodology used for PS4XRS. The initial dataset is reduced
in dimensionality using clustering, and this is then treated as a PRef. After
mining PSs from this dataset, they are post-processed into explanations.

8.2.2.1 Clustering of variables

Due to the quantity of retail items present in the dataset, it is necessary to reduce the
dimensionality of the solutions. Clustering is applicable here, because the model offers
a way to measure similarity between items.

If one wanted to work with 100 variables, the required procedure is to cluster all the
retail items using cosine similarity as their distance metric and then set the desired
cluster quantity to 100. After obtaining the clusters, the columns corresponding to each
item within a cluster are aggregated into one using logical or. Each cluster becomes one
variable.

k-means clustering with random initialisation was used by our collaborators Balcer
and Lipinski in [43] in order to provide a “uniform” set of items rather than focusing on
the most purchased items [43]. Our collaborators decided to make 250 clusters, which is
justified later in Section 8.2.2.2.

Clustering has the added advantage of alleviating the issue of sparsity, to an extent.
Fewer clusters result in fewer zeros, as Table 8.1 shows the relationship between these
two properties. In summary, each variable in the solutions now represents a cluster of
books rather than individual books. The “genre” of each cluster was easily determined
by looking through a sample of books for each cluster.

Table 8.1: Data sparsity for different quantities of clusters. For every cluster of
products, there is a certain probability that a given user has interacted
with it.

# Clusters Probability of
interaction

20 47%
50 25%
75 19%
100 16%
125 13%
250 8%
500 4%
1000 2%
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8.2.2.2 Selecting the dataset

The dataset to be used for Recommender System Partial Solutions (RSPS) mining was
to be created from two parameters: how many clusters, and which “model quality metric”
to use. The model quality metric is not relevant to this work, and all the reader needs to
know is that there were 6 ways of quantifying how well the recommender model predicted
the behaviour of each user.

Initially, it was unclear whether the clustering steps would allow for the data to still
retain any pattern, and a simple test was devised: if a machine learning model is able to
generalise on a certain dataset, it meant that it contained enough patterns.

For the many possible obtainable datasets (cluster quantity ∈ {20, 50, 100, 125, 250,
500, 1000}, model fitness ∈ {f1, f2, . . . , f6}) we trained and tested machine learning
models with an 80%-20% split respectively. We used both a traditional linear model
with L2 regularisation and an MLP with 1 hidden layer of 30 neurons and measured the
predictive performance using R2 to be scale invariant.

The first 20 rows are shown in Table 8.2. The main insights are:

1. f2 occupies all of the top positions, indicating that it is the most informative
fitness metric,

2. more clusters lead to more information retained

Using this information, it was decided to use f2 as the model evaluation
metric, and to use 250 clusters as there is only a marginal improvement
between 250 and higher quantities.

f2 is a metric which measures how closely the recommender model
was able to predict a user’s last product interacted with. It is the
dot-product between the real item’s embedded vector, and that of the
predicted item [43].

This procedure may be used beyond PS4XRS and more generally to determine if a
dataset is compatible with PS mining.

Table 8.2: Table showing how much “information” each dataset retains when using
certain clustering quantities and model evaluation methods. A model
(either a linear model (LR) or an MLP) was trained and evaluated on
the dataset, and the R2 value is reported. These rows are ordered by R2

descending.
Model Genome

Size
Fitness col R2

LR 1000 f2 0.336
LR 500 f2 0.33
LR 250 f2 0.326
LR 100 f2 0.282

MLP 20 f2 0.244
LR 50 f2 0.234

MLP 50 f2 0.222
LR 20 f2 0.187

MLP 100 f2 0.086
LR 250 f3 0.084
LR 100 f3 0.076
LR 1000 f3 0.072
LR 500 f3 0.069
LR 50 f3 0.067
LR 500 f4 0.059
LR 20 f3 0.058
LR 250 f4 0.058

MLP 20 f3 0.053
LR 250 f5 0.038
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8.2.2.3 Patterns without zeros

Our collaborators indicated that potential users would prefer for the explanations not to
contain any non-interactions, which in practice means to avoid zeros in the patterns for
explanations.

Now that some figures are available for the sparsity, the reader can understand how
knowing that a certain variable has value 0 (i.e., the cluster of items has not been
interacted with) has little information content.

Therefore, the search for PSs was modified (by myself) to not allow zeros within
patterns. If a pattern is a sequence of mostly * and ones, then it is much more efficient
to simply store which variables have the fixed value of one; thus the representation of
patterns here is as a set of integers (as shown in Figure 8.4).

8.2.2.4 Embracing sparsity by modifying Partial Solutions

The sparsity of the dataset is at odds with the core idea behind PSs: they need to match
enough solutions in order to make conclusions about the pattern itself.

Consider the case where the items have been put into 250 clusters, and we are analysing
a pattern with 3 fixed variables. Even this very simple pattern will match very few
solutions, since each item has an 8% chance of being interacted with (0.083 ≈ 0.0005
= 0.05% of users). Instead of considering patterns where “all fixed variables need to
be matched”, we consider patterns with more relaxed requirements, such as “solutions
where at least 3 of these variables are 1: {34, 45, 70}”. To implement this, a threshold
parameter t is included within the PS, leading to a novel kind of PS: the RSPS. This
parameter may be fixed during mining, or it may be itself subject to evolution - both
options were considered during evaluation.

Formally, an RSPS is defined as (rψ, t), where:

rψ = {rψ1 , rψ2 , . . . }, rψi ∈ [1..L] (8.1)
t ∈ N (8.2)

The pattern rψ matches a solution s if⃓⃓⃓
{i ∈ [1..L] s.t s

rψ
i

= 1}
⃓⃓⃓

≥ t (8.3)

Where L is the quantity of clusters being considered, rψ is the pattern (a set of
indices), srψ = 1 checks if the item cluster at index rψi has been interacted with, and t

is the integer threshold set by the RSPS for how many clusters specified by the pattern
need to have been interacted with in a user’s interaction history.

8.2.2.5 Custom Objectives

The following objectives were used for the RSPS mining task:

• Simplicity: *-count simplicity: the patterns need to be simple to be under-
standable

• Mean-fitness: the patterns need to be associated with higher recommender
system performance

• Atomicity: bivariate, based on linkage information that can be obtained from
the model (cosine similarity)

• Sample quantity: counts how many solutions PRef match the pattern, which is
equivalent to the quantity of matched users

The last two metrics are unique to this work. The simplest one to explain is sample
quantity: since the explanations are used to explain general patterns within the model
and the users, it is useful for the stakeholders to obtain common patterns.

The new atomicity metric is bivariate atomicity, but the source of linkage information
comes from the item embeddings. The linkage between two variables is the cosine simil-
arity between the centroids of the clusters they correspond to. This linkage information
is be relevant to implementing custom search operators.
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8.2.2.6 Custom search operators

The search operators used to evolve patterns – sampling, mutation, and crossover – were
customised to improve the search process by using the information contained within the
recommender model.

sampling Some clusters were interacted with more often than others. Let pi indicate
the probability that cluster i was interacted with, and this allows the implementation of
a sampling operator that is essentially uniform sampling with custom probabilities.

Algorithm 16 RS-Sampling
function Sample

sψ ← ∅
for i← 0 to N − 1 do

if random() < pi then
sψ ← sψ ∪ {i}

end if
end for
return sψ

end function

In conventional PS-initialisation, a pattern is initially “empty”, and following a
geometric distribution they are filled with values at random indices (Section 6.5.2.1).
RS-sampling (Algorithm 16) will use the probability of each cluster being interacted
with (here it will be pi) to determine how often each item appears in PSs initially
(Algorithm 16).

mutation To guide modifications based on cosine similarity, we use a Markov-like
transition model, where the transition probability between clusters i and j is based on the
cosine similarity of their embedded centroids, and constitutes element Mij of a matrix
M . We rescale this matrix (to have values between 0 and 1, Ms) and normalise it (sum
of each row is 1) to construct a Markov transition matrix Mn:

Ms =
M − min(M)

max(M) − min(M)
, Mn[i, :] =

Ms[i, :]∑︁
j
Ms[i, j]

Let r ∈ [0, 1]N be the one-hot encoding binary vector of a pattern sψ (ri = 1 for
items in sψ, 0 otherwise). Then r′ = rMn gives a similarity-weighted probability that
each item should appear in the next version of the pattern (as if it were passed through
the Markov model defined by Mn). We can then “quantise” r′ into a new pattern (i.e.,
converting from probabilities to a RSPS, [0, 1]L → RSPS):

Quantise(r′) =
{︁
i | random() < r′

i

}︁
However, it is hard to control the size of the patterns produced by quantising r′. The

average quantity of “successes” (fixed variables) from the quantisation is actually the
sum of probabilities in r′ [213], and we can easily rescale r′ to have a desired expected
average size. Let this be a, then

r′′ = r′ ·
a∑︁
r′

RS Mutation uses these ideas directly, where a mutation is an iteration through the
Markov process (Algorithm 17).

Algorithm 17 RS-Mutation

function Mutate(sψ)
r ← as_vector(sψ)
r′ ← r ·Mn

r′′ ← r′ · len(sψ)∑︁
r′

return Quantise(r′′)
end function
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crossover Traditional PS crossover performs uniform crossover (Section 6.5.2.3).
In RS Crossover the parents are overlapped (we take the union of the items interacted
with) and then mutated by passed through the Markov model used in RS-Mutation. The
pre-quantised child (r′) is normalised by a value ( ℓ∑︁

r′ ) so that its expected fixed_count

is the average of the parent sizes(Algorithm 18). The first child is then quantised, and
the second child is created such that (1) the union of the children produces the union of
the parents, and (2) the intersection of the children is the intersection of the parents.

Algorithm 18 RS-Crossover

function Crossover(aψ, bψ)
merged← aψ ∪ bψ

r ← as_vector(merged)
r′ ← r ·Mn

ℓ← |aψ |+|bψ |
2

r′′ ← r′ · ℓ∑︁
r′

sψ ← Quantise(r′′)
tψ ← ((aψ ∪ bψ) \ sψ) ∪ (aψ ∩ bψ)
return sψ, tψ

end function

8.2.3 Evaluation

The explanations produced on this data can be tested for their accuracy, by checking if
they generalise in the same way that a model would: does the performance of RSPS
degrade when applied on “unseen” user sessions?.

In general, a RSPS explanation asserts that “solutions which contain this pattern have
higher fitness than solutions which do not contain the pattern”. We say that a pattern
generalises if it has a high f2 on unseen data.

parameters being tested The evaluation aims to determine the parameters
which lead to the most trustworthy results, i.e., those that generalise best. The parameters
to be tested are the following:

• The objectives are used in RSPS mining. To show that all 4 metrics suggested
are necessary (Simplicity, User Count, Mean fitness, Atomicity), we compare the
performance when each one of them is removed.

• The threshold parameter t, which determines how many of the fixed variables
need to be matched. This may be “off” (all variables need to be matched), fixed to
a number (3, 4 or 5, since the vast majority of users perform 3, 4 or 5 interactions)
or make it automatically found by the GA. This is achieved via mutation, where t
has a 10% chance of being incremented or decremented.

• Which search operators to use. The custom operators suggested in Sec-
tion 8.2.2.6 are compared against their conventional PS counterpart (defined in
Section 6.5).

what is being measured We measured the following in each RSPS mining
run:

• The quantity of patterns produced

• The quantity of fixed values in each pattern

• How much of the dataset is matched, by each RSPS, on average

• The f2 for each RSPS on average.

run parameters RSPS mining is carried out using the methodology described
in Chapter 6. NSGA-II search is run with a population size of 100 and an evaluation
budget of 10,000, which was found to be sufficient.
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Each combination of parameters is executed 100 times. The mutation rate was set to
1 / fixed_count (where fixed_count is the quantity of fixed variables in a pattern) and
the chance of crossover was set to 50%.

results The results are shown in Table 8.3 and are summarised as follows:

1. The PSs have consistent results between train and test data, meaning that
they are generalising and are applicable to unseen data;

2. RS-Mutation is an improvement over the original operator, but Sampling
and Crossover are less impactful;

3. The four objectives and the threshold are essential to get a range of PSs with
sufficient coverage and sizes (both in mean and SD);

4. The SD of the pattern size and coverage indicate that there is a wide range of PSs.

Using the 4 objectives, with a threshold and using the new operators is the best
approach. The threshold itself can be fixed to a certain value or be evolved, and these
yield slightly different results which are generally satisfactory.

Comparing the performance of the algorithm when the 4 objectives are present
against when one is missing reveals how essential each of them is. For example, [SCMA,
t = 3, custom operators] results in patterns with 20% user session coverage on average,
whereas the same method but without the user session count objective yields 3% ± 1%.

When the threshold is not used (t = off, all fixed variables need to be matched),
only patterns of 1 or 2 variables can be found (see the average pattern size) which have
coverage between 3% and 15%. When it is enabled, the pattern sizes are on average 20
(although with a large SD) and they can be much more general.

Another necessary element is the use of the specialised mutation operator, since
its removal results in much smaller patterns (average size is 5.62) which have less coverage
(average is 9%). The sampling and crossover operators are less impactful, since swapping
them for the more “traditional” alternative appears to have no effect.

8.2.4 PS4XRS Conclusions

The proposed methodology can generate explanations for a Recommender System
dataset which give insight that is useful to stakeholders when adopting the system. The
explanations cover a wide range, with a clear trade-off between their generality and
model prediction improvement, thanks to the use of multi-objective search.

Using the knowledge from the deep learning model encoded in the embedded space al-
lowed us to develop meaningful clustering, evolutionary operators and suitable objectives,
and it is likely to be useful for future developments.
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8.3 partial solutions used in prediction models

A commonly desired explanation for metaheuristics is one which explains why a solution
has a certain fitness value. This can be achieved by using a transparent regression
model for predicting fitness. Such a model aims to recreate the fitness function, and
is therefore a surrogate. In the context of metaheuristics this surrogate is typically
created to improve efficiency, whereas in XAI it is created to simplify an existing model.
The work described here, as published in [45], relates to the latter purpose.

This section will show how PSs can be used to create a transparent surrogate model
of fitness - a decision tree where the decision nodes check if certain patterns are present,
as shown in Figure 8.5. The contributions of this section are:

• a novel explainability tool for metaheuristics

• a novel approach to model fitness functions using PSs

• an evaluation of our methods for different problems and metaheuristics
against existing alternatives

Fa
ls
e A =[* 6 2 * * *] True

[1 6 2 3 4 2]

B =[* * 5 * 5 1]

Fa
ls
e C =[* * 2 2 * 2] True

Fa
ls
e D =[* * * * 4 2] True

Predicted Ξtness:
10.8

➔
➔
➔

Figure 8.5: An example of a decision tree that is produced by our methodology,
of depth 3. Here, a solution is passed to the model by checking which
patterns it contains (which are the explanations), and a leaf node suggests
the predicted fitness.

8.3.1 What is the issue with existing transparent surrogate models?

This research arises out of the unsuitability of existing transparent models. Certain kinds
of models are deemed transparent and thus they are thought to be always understandable,
which is not true [94, 159, 195], and it is discussed further in Section 3.7.3.

It is true that some models have a much better chance at being understandable, with
decision trees being a common example. The simple rules used by these models are
much more palatable than the format seen in more complex models [142]. Decision
trees (discussed earlier in Section 3.5.1) strike a balance between generality (as opposed
to linear models) and conciseness (as opposed to k-Nearest Neighbours), and thus they
are picked as a transparent model which can be enhanced via PSs.

issues with existing decision trees In the case of traditional decision
trees, excessive depth is the main cause of lack of understandability, but it is often
required in order to obtain a sufficiently accurate tree. It is well known in the literature
that this depth is primarily caused by two limitations [23, 171]:

1. Every decision node can only make a decision based on one variable
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2. Finding the best decision tree (with restricted depth) is an NP-complete task

The first issue is not a necessary evil, and there are many works which produce decision
trees that make their decisions based on multiple variables at the same time [126, 285, 22].
Our focus here is not performance, but rather in understandability, and although the
aforementioned multi-variable trees can be shallower thanks to more powerful decision
nodes, the nodes themselves effectively become black boxes.

Other works instead focus on finding shallow trees which still use simple decision
nodes, either by finding the globally optimal trees (with depth constraints) [162, 181, 23],
or by finding deep trees and then removing the least-important splits from an existing
tree (“pruning”) [224, 89]. These works focus on understandability, and the current state
of the art is Interpretable AI’s implementation [22, 23].

PSs are the natural response to the challenge of understandable decision trees: checking
if a pattern is present is human-understandable, and it is an assessment based on
multiple variables at the same time. Moreover, we are interested in explaining solutions
to optimisation problems rather than producing a general machine learning model, and
PS are designed for this domain.

8.3.2 Methodology

The implementation of PS-based decision trees follows a recursive process, as shown in Al-
gorithm 19, which mimics the traditional approach to decision tree building (implemented
by ID3 and CD4.5 [225]).

Traditional greedy methods of inducing decision trees work by finding the criterion
(based on one variable) that best partitions a set of points, and recursively splitting the
resulting partitions. Our methodology will use the PRef from the metaheuristic method
as the set of points, and will greedily find the splitting criteria (a PS) via a stochastic
search method. Algorithm 19 can be summarised as follows:

1. Solve the optimisation problem using a metaheuristic, and obtain a PRef;

2. Given the current PRef, find the PS which best partitions it. The pattern needs
to satisfy the usual objectives of simplicity and atomicity, but it also requires
a quantification of partition quality. As used in traditional decision trees for
regression, weighted variance is used as the objective to be optimised. After
running the PS mining process and selecting one PS (see Section 6.6.3), the decision
node is determined.

3. The PS is then used to partition the current PRef. The corresponding Pmatch
and Pnotmatch are used to generate the right and left branch respectively, being
considered the current PRef for those branches.

4. When the current PRef has few solutions within it (below a threshold) or a
sufficient depth is reached, a leaf node is produced. This leaf node contains a
fitness prediction, equal to the average fitness of the solutions in the current PRef.

Weighted variance (defined in Section 6.7 for PSs) is a metric that is already in
use within many greedy decision tree heuristics, and is used to determine the quality of
the splits produced. It acts as a replacement for the mean-fitness metric used in our
previous work, since the intention here is to find strong predictors for fitness rather than
for good fitness only.

Two variants of this methodology are considered, differing in objectives used.

• PS-SWA: *-count simplicity, weighted variance and (Mutual Information of
Survival) atomicity

• PS-SW: *-count simplicity and weighted variance

This tree can be used to make predictions of fitness for solutions. This process is
described in Algorithm 20 but it does not differ significantly from traditional decision
trees for regression.

In the PS mining run used to build the tree, the evaluation budget is set to 5000, with
a population size of 100, mutation rate of 1/L and probability of crossover set to 70%.
These parameters were informed by our research in [46].
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Algorithm 19 get_tree(population, max_depth)
1: function get_tree(population, max_depth)
2: if max_depth = 0 or variance(fitness(population)) = 0 then
3: return LeafNode(prediction = average(fitness(population)))
4: end if
5: best_solution ← max(population, by = fitness)
6: split_ps ← search_ps(pattern_of = best_solution,
7: reference_population = population,
8: metrics = M,
9: settings = S)

10: match_solutions ← [sol for sol in population if sol.contains(split_ps)]
11: not_match_solutions ← set_difference(population, matching_solutions)
12: return Branching(split_pattern = split_ps,
13: matching = get_tree(match_solutions, max_depth-1),
14: not_matching = get_tree(not_match_solutions, max_depth-1))
15: end function

Algorithm 20 predict(current_branch, solution)
1: function predict(current_branch, solution)
2: if isinstance(current_branch, LeafNode) then
3: return current_branch.prediction
4: else if solution.contains(current_branch.split_pattern) then
5: return predict(current_branch.matching, solution)
6: else
7: return predict(current_branch.not_matching, solution)
8: end if
9: end function

8.3.3 Experiments

The experiments were designed to determine how well our decision trees based on PSs
can predict solution fitness, compared to other decision tree approaches. Additionally,
the decision trees produced by our methods are analysed to check how complex the
splitting PSs are.

For every optimisation problem and metaheuristic, we ran the search method 100 times
and obtained 100 sets of solutions. For each of these sets, we split them into training
and test solutions, and we train each of the trees (at different depths). Finally, the trees
are evaluated by getting the R2 value on the test solutions, and by counting the average
quantity of variables contained in the PSs. Note that all trees are trained and evaluated
on the same 100 sets of solutions for each problem, to avoid unfair comparisons.

benchmarks The experiments used 6 problem instances as benchmarks: 3
SAT problems, 2 Graph Colouring and 1 Staff Rostering problem. These were selected
in order to test our methods on problems of different scales and formulations. The SAT
problems are from SATLIB [135], and the instances uf-20-1, uf-50-1 and uf-100-1 were
picked to have 20, 50 and 100 variables respectively. (In the results, these are indicated
as SAT_20, SAT_50, SAT_100) [135]. The Graph Colouring problems are two instances
from Donald Knuth’s “book” graphs, one based on Tolstoy’s Anna Karenina (GC_anna,
with 138 variables) and the other on Victor Hugo’s Les Misérables (GC_jean, with 80
variables) [270]. For each book, a connected graph is obtained by representing every
character as a node, and with connections representing social or family connections
between characters. Because these graphs are effectively social networks, they are a
suitable simulacrum of what kinds of problems might be seen in real-world scenarios.

Finally, the Staff Rostering problem is the same as discussed in our previous work on
PSs [46] and by trajectory-based research [96], with 141 variables.

metaheuristics 4 different metaheuristics are used to solve the optimisation
problems and generate the training/test data for the trees. These will be Random Search
(RS), a standard GA (µ+ λ,µ = λ = 100, uniform mutation, 70% chance of crossover),
Simulated Annealing SA (as described by [81] for the Staff Rostering problem), and
finally Tabu Search as defined in [185]. Each of these methods will be applied with a
fixed evaluation budget of 104, meaning that the resulting sets of solutions will be of size
104. These are solution-fitness pairs which will be split into training (80%) and testing
(20%) data (randomly).

decision trees The decision trees that will be considered are:
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• traditional trees by scikit-learn (based on the CART algorithm, [214])

• IAI (Interpretable AI) trees based on NIST’s Optimal Regression trees [23].

• PS-SWA and PS-SW, as defined in Section 8.3.2.

The depths considered are 3, 4 and 5, since decision trees of greater depths are unlikely
to be understandable [142].

8.3.3.1 Summary of parametrisations

The parametrisations used for this evaluation are:

• benchmark problem ∈ [SAT_20, SAT_50, SAT_100, GC_anna, GC_jean];

• metaheuristic applied on the benchmark problem ∈ [Random search, Simulated
Annealing (with mutation), Tabu Search (population size = 100, tabu list
length = 10, with mutation), Genetic Algorithm (population size = 100, with
mutation and crossover, crossover rate = 0.5] all with fitness evaluation budget
of 10000, (where used) mutation operator is uniform mutation with rate of 1

L
,

(where used) crossover is simulated binary crossover;

• maximum tree depth ∈ [3, 4, 5];

• combinations of objectives used for PS search ∈ [SW, SWA];

• other kinds of trees considered ∈ [CART (traditional), IAI]

8.3.3.2 Measured outcomes

We measure both the accuracy of the trees and their complexity. For the accuracy, we
collect the R2 value for the prediction vs ground truth fitnesses of the solutions in the
test sets, and we perform statistical tests (Mann-Whitney U) to verify if PS-SW trees
have significantly higher accuracy than traditional trees.

The complexity of the splitting criteria for PS-SW and PS-SWA is measured by
counting the number of variables present in the pattern of the splitting nodes. We present
the averages for each depth to investigate if they get more complex at different levels.

8.3.4 Results

The key results seen in Table 8.4 and Table 8.5 are summarised as follows:

• PS-SW generally has more accurate predictions (higher R2) than PS-SWA and
other methods;

• PS-SWA is comparable or slightly worse than traditional CART trees in perform-
ance, and its splitting criteria involve more variables than PS-SW;

• GA and SA result in decision trees with significantly improved predictive power
for their own solutions.

Each of these points is expanded upon in the subsections below.

ps-sw is generally more accurate The results shown in Table 8.4
and Table 8.5 show the average R2 that results when comparing the ground truth
fitness values against the predicted values. PS-SW is generally comparable to traditional
decision trees, being either better or very close for GA and SA, and being less consistent
for Tabu and Random Search. Statistical tests were carried out to verify whether our
results were statistically significant, and the results in Table 8.6 suggest that PS-SW
performs better for the GA in every scenario, and for SA as well in SAT problems.

The difference in R2 performance appears to be diminishing as the tree depth increases,
and it is much higher for GA and SA than for Tabu and Random Search. This indicates
that there are diminishing returns of using our methodology for deeper trees, although
at different rates for different heuristics. For example, the average improvement observed
for the GA is 9.27% at depth 2, 7.62% at depth 3, 6.07% at depth 4 and 4.38% at depth
5.
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Figure 8.6: A comparison of how the search method affects the decision tree model.
These scatterplots compare the true fitness of solutions against the
predictions, along with a correlation line. Our decision trees strongly
correlate with the ground truth when the search method is a GA, SA.
The data shown is for GC_anna, which was solved using 4 different search
methods, and the evaluated solutions were split into training and test
data (80%-20%).

ps-swa is comparable to traditional methods PS-SWA performs
slightly worse but is generally on par with PS-SW. Looking at the complexity of the
PSs in the splits, by checking the number of variables they involve as seen in Figure 8.7,
it can be seen that PS-SWA produces more complicated patterns, which have a slight
tendency to increase in size with depth. This is likely to be caused by the atomicity
metric pushing for strongly linked subsets of variables that are not as important for
prediction power.

certain metaheuristics result in better predictions An-
other result is that the predictive power of the decision trees, for all methods, is heavily
dependent on the metaheuristic originally used. GAs tends to yield the best R2,
followed by SA. There is then a large decrease in performance when using Tabu, and
Random Search has widely varying results which are almost always the worst.

This effect is likely explained by the convergence properties of the different
algorithms, with more strongly converging methods giving more “training data” to the
decision trees to allow them to specialise in high fitness solutions. A method such as
Random Search will not converge, and thus positive traits are under-represented. A
visual representation of this effect is presented in Figure 8.6, where GA and SA produce
more data-points in the high-fitness region.

This effect might also be a sign that an algorithm lacks diversity in its solutions, which
also aligns with the procedure of Tabu search being designed to enhance diversity [185]
and with Random Search being the least converging of the methods.
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Figure 8.7: Box-plots showing the distribution of the “complexity” of the splitting
criteria at different depths for PS-SW (blue) and PS-SWA (orange, on
the right) for the benchmark problems (where depth 0 is the root node).
These are for instances where the problem was solved using a GA, with
100 trials per combination.
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Table 8.4: (average) R2 score for each decision tree, applied Staff Rostering, GC_anna
and GC_jean. Values in bold are the highest per row (i.e. which decision
tree performed best).

pr
ob

le
m

M
et

ah
.

de
pt

h

PS-SW PS-SWA IAI Trad.

St
aff

R
os

te
rin

g

G
A

3 85.1% 81.3% 66.6% 77.3%
4 89.1% 86.2% 78.0% 83.4%
5 91.2% 89.1% 83.8% 86.9%

SA
3 78.6% 72.0% 65.0% 79.2%
4 84.2% 80.3% 82.1% 88.0%
5 88.1% 86.1% 89.8% 92.8%

Ta
bu

3 26.0% 24.1% 21.9% 30.3%
4 34.3% 32.7% 32.2% 39.3%
5 42.5% 41.0% 41.8% 48.8%

R
S

3 3.6% 5.2% 11.2% 14.5%
4 4.9% 6.1% 14.3% 17.2%
5 6.1% 6.7% 16.7% 18.9%

G
C

_
an

na

G
A

3 75.7% 72.9% 56.9% 67.1%
4 80.3% 77.9% 67.9% 73.3%
5 83.0% 81.4% 74.6% 77.4%

SA

3 47.3% 42.1% 31.4% 45.2%
4 55.9% 51.2% 49.3% 59.2%
5 62.9% 59.3% 63.0% 70.8%

Ta
bu

3 11.2% 9.6% 6.4% 10.5%
4 17.1% 14.2% 12.9% 17.7%
5 23.7% 19.6% 20.7% 27.7%

R
S

3 -0.5% -0.5% -0.1% -0.0%
4 -1.1% -0.8% -0.0% -0.2%
5 -2.0% -1.4% 0.2% -1.0%

G
C

_
je

an

G
A

3 82.6% 80.3% 63.3% 74.2%
4 86.5% 84.5% 75.0% 80.4%
5 88.8% 87.4% 81.5% 84.3%

SA

3 65.2% 58.7% 52.0% 67.5%
4 73.3% 68.2% 71.9% 79.3%
5 79.4% 75.4% 82.2% 86.4%

Ta
bu

3 22.6% 19.5% 16.1% 24.1%
4 31.5% 27.5% 28.3% 36.6%
5 40.7% 35.7% 40.9% 49.8%

R
S

3 -0.9% -0.7% -0.1% -0.4%
4 -1.5% -1.2% -0.1% -1.0%
5 -2.6% -1.9% -0.1% -2.4%
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Table 8.5: (average) R2 score for each decision tree, applied to SAT_100, SAT_50
and SAT_20. Values in bold are the highest per row (i.e. which decision
tree performed best).

pr
ob

le
m

M
et

ah
.

de
pt

h
PS-SW PS-SWA IAI Trad.

SA
T

_
10

0

G
A

3 77.8% 75.5% 50.0% 62.1%
4 83.3% 80.6% 62.2% 70.2%
5 86.4% 83.9% 70.5% 75.7%

SA

3 65.1% 56.1% 36.6% 52.1%
4 73.9% 65.5% 56.2% 67.0%
5 80.4% 73.6% 70.9% 79.4%

Ta
bu

3 21.8% 16.6% 10.2% 15.8%
4 31.0% 23.8% 17.2% 23.6%
5 40.5% 31.9% 25.1% 33.4%

R
S

3 6.8% 3.6% 5.7% 7.6%
4 8.2% 4.7% 7.4% 9.1%
5 8.9% 5.0% 9.0% 10.2%

SA
T

_
50

G
A

3 68.2% 63.9% 40.3% 51.7%
4 74.8% 70.8% 52.3% 59.5%
5 78.8% 75.2% 60.3% 65.6%

SA

3 50.5% 42.6% 27.1% 38.7%
4 59.3% 51.5% 40.4% 50.2%
5 66.9% 59.5% 52.9% 61.6%

Ta
bu

3 18.4% 13.3% 9.8% 14.0%
4 24.3% 18.6% 14.6% 18.9%
5 30.8% 24.6% 19.6% 24.6%

R
S

3 12.6% 7.9% 9.2% 14.1%
4 15.6% 10.3% 14.5% 18.2%
5 17.9% 12.1% 18.4% 21.5%

SA
T

_
20

G
A

3 41.1% 29.9% 31.8% 40.2%
4 47.7% 37.7% 40.2% 47.2%
5 52.0% 45.1% 48.2% 52.4%

SA

3 29.1% 23.5% 27.3% 36.1%
4 35.9% 31.1% 37.6% 45.2%
5 41.3% 38.8% 47.3% 53.2%

Ta
bu

3 20.1% 14.3% 15.5% 20.4%
4 24.9% 21.3% 21.6% 26.2%
5 29.9% 28.0% 27.8% 31.8%

R
S

3 14.0% 17.5% 24.2% 33.4%
4 15.0% 23.4% 33.5% 41.2%
5 15.7% 29.3% 41.8% 47.3%
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Table 8.6: The performance of PS-SW trees and traditional trees is compared. For
every combination (problem, depth, metaheuristic), we report the differ-
ence in average R2 values and the p-value for the test of differences of
averages (Mann-Whitney-U, single-tailed). Cells in bold are those which
have a p-value below 0.005.

depth 3 4 5

Pr
ob

.

Met.

St
aff

R
. GA 7.9%, 0.001 5.85%, 0.001 4.45%, 0.001

SA -0.5%, 0.438 -3.72%, 1.0 -4.7%, 1.0
Tabu -4.01%, 0.994 -4.69%, 0.989 -6.01%, 0.998
RS -10.91%, 1.0 -12.34%, 1.0 -12.86%, 1.0

G
C

_
an

na GA 8.43%, 0.001 6.83%, 0.001 5.5%, 0.001
SA 2.03%, 0.012 -3.48%, 1.0 -7.91%, 1.0

Tabu 0.83%, 0.013 -0.54%, 0.898 -3.9%, 1.0
RS -0.53%, 1.0 -0.99%, 1.0 -1.1%, 1.0

G
C

_
je

an GA 8.34%, 0.001 6.07%, 0.001 4.49%, 0.001
SA -2.44%, 0.964 -6.06%, 1.0 -7.07%, 1.0

Tabu -1.56%, 0.991 -5.06%, 1.0 -8.98%, 1.0
RS -0.45%, 1.0 -0.55%, 1.0 -0.18%, 0.819

SA
T

_
10

0 GA 15.92%, 0.001 13.11%, 0.001 10.79%, 0.001
SA 13.22%, 0.001 7.02%, 0.001 1.16%, 0.003

Tabu 5.94%, 0.001 7.27%, 0.001 7.04%, 0.001
RS -0.8%, 0.996 -0.87%, 0.998 -1.31%, 1.0

SA
T

_
50

GA 16.69%, 0.001 15.37%, 0.001 13.32%, 0.001
SA 11.74%, 0.001 9.04%, 0.001 5.26%, 0.001

Tabu 4.4%, 0.001 5.31%, 0.001 6.21%, 0.001
RS -1.57%, 1.0 -2.56%, 1.0 -3.66%, 1.0

SA
T

_
20

GA 1.11%, 0.001 0.52%, 0.003 -0.34%, 0.017
SA -7.01%, 1.0 -9.23%, 1.0 -11.97%, 1.0

Tabu -0.41%, 0.001 -1.4%, 0.014 -1.97%, 0.007
RS -19.28%, 1.0 -26.19%, 1.0 -31.55%, 1.0
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8.4 how the partial solutions relate to explainability

To conclude this section, the main aspects of Chapter 3 are revisited here in order to
determine what aspects of explainability are relevant to this research.

8.4.1 What is being explained?

The patterns explain the solutions produced by the metaheuristic, rather than the
metaheuristic itself. Making the algorithm understandable is a task that is beyond the
scope of this research. The explanations can relate to one solution at a time (local
explanations) or to a set of solutions which are a representative sample of the search
space (global explanations). The explanation shows that the presence of certain patterns
is the likely cause of high fitness.

8.4.2 Are the patterns understandable?

PSs are simple and transparent in the same way that decision trees are: their format
lends itself well to human rules, but their size needs to remain below a certain threshold.

The mechanism which generates patterns is a search method that uses “simplicity”
as one of its objectives, therefore the algorithm seeks to find the simplest patterns
it can. Simplicity in this form is the main driver for understandability, but another
definition for simplicity is provided in Section 6.8: independence.

These are proxy metrics for understandability, and the user study proposed in [42]
(to be discussed in the next chapter) was designed to verify this more concretely, but
unfortunately the results could not be used.

Although the results of the study are not usable, it can still be argued that the
patterns are understandable in most cases, because their complexity is tunable. This
happens in two ways:

• There are many objectives to choose from, and the user can pick the ones that
they understand the most, or implement custom metrics. Simplicity is not the
only objective relevant here, as certain metrics of fitness quality might also be
more “understandable” than others.

• The results produced by our system are a Pareto front of patterns. Provided that
the PS mining method was given enough evaluation budget, within the Pareto
front there will always be a pattern that is simple enough (if simplicity is one of
the objectives).

The short answer is then “whatever threshold of complexity the user holds, the system
will be able to produce a pattern below that complexity”.

Additionally, the process of understanding patterns is aided by the presence of
descriptors. This feature aligns with the idea of reducing the effort required to under-
stand information.

8.4.3 Are the explanations true?

A pattern is taken to be “the reason for high-fitness in solutions that contain it”, and
thus it can be considered true if this relationship is proven. The patterns found by our
system can be shown to be associated with improved fitness in solutions, using statistical
testing. If a user wants to be sure that the explanations are true, the mean-fitness
metric can be replaced by the metrics which are p-values to statistical tests. By doing
that, the system explicitly searches for statistically provable explanations.

The patterns found in PS4XRS were shown to be able to “generalise” in the ML sense,
meaning that they perform as well on unseen data as on training data, [43].

A model built on PSs can only have satisfactory predictive accuracy if the PSs are
“true”, and the experimentation in Section 8.3 shows for this to occur.

If one builds a predictive model of fitness using patterns, the predictive performance
is high enough to suggest that the patterns are capturing correct information [45].
Therefore, there is evidence suggesting that the PSs found by our system are capturing
true information relating to solutions.
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8.4.4 Do Partial Solutions have practical advantages?

Knowledge of significant PSs can inform various actions. Firstly, a solution’s fitness may
be improved by applying a beneficial pattern (and this can be ensured to work if the
pattern satisfies certain objectives). In other cases the pattern is already present, and
the user will now know that it should not be altered in case of changes being required. If
there is a “loophole” in the fitness function, our system will easily find the minimum
requirements to satisfy it, thus informing its resolution. Rather than using anecdotal
evidence, a user study would have been more suitable to prove the actionability and
utility of our methodology. This was designed in [42] but it was not possible to carry
it out to completion. A full definition and discussion of this user study is presented in
Chapter 9.

8.4.5 Is the process interactive and customisable? Is there trial and error?

Interactivity of our system is intended to mean the user has sufficient control to obtain
results that align with their needs. The system is highly modular, and therefore there
are many settings which the user can customise (what dataset, what search objectives,
which pattern from the results). For this to work in practice, the system needs to be
sufficiently fast, and thus a lot of care went into avoiding bottlenecks when finding PSs,
and it was evaluated in Section 6.14.

The user is able to try many combinations of search metrics and datasets, before
finding the “protocol” of explanations that best suits them.

8.4.6 Is there a ground truth? Is it known if this system finds the ground
truth?

There are many ways to define ground truth in this context. The most obvious case is
that there should be certain optimal patterns and that we are finding them, which was
shown to be achieved in [46] (Section 6.6.1 in this thesis).

A more detailed overview is in Section 6.11, where it was shown that “ground truth
patterns” are in many cases a subjective choice but can still be found by using the right
objectives.

Such patterns are easily achieved by our system (as discussed in relation do whether
the patterns are true).

In general, it is hard to tell what would make a PS perfect, which is an issue inherited
from explainability as a whole. In fact, it is impossible to tell if a given explanation is
the best possible explanation for a certain context [276]. Similarly to how this is resolved
in optimisation, the question of “Is the correct explanation being found?” should instead
be “Is the obtained explanation good enough?”. The answer to this last question is more
nuanced, but the answers were provided in this chapter.
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9U S E R S T U D Y

This chapter presents a contribution published in [42], in which we propose a methodology
for evaluating PSs for explanations. Explanations are designed for human use, and
although they can be evaluated using proxy metrics, evaluation must determine whether
their presence is beneficial.

As part of our research, we endeavoured to create a user study which tackles these
challenges (mainly lack of concrete evidence) with particular attention to how they would
relate to XAI for metaheuristics, in order to evaluate the utility of our explanations.

Our main contributions here include:

• a discussion on the evaluation of explanations for metaheuristics,

• the design process of a small-scale user study to evaluate metaheuristic explana-
tions,

• a preliminary analysis of the results of the user study, evaluating PSs.

The user study discussed here evaluated the explanations introduced in [45] (decision
trees with PS nodes). For this user study, the optimisation problem being used is Staff
Rostering, and the post-processing of the resulting explanations use problem-specific
information through the use of descriptors. An example of these explanations is shown
in Figure 9.1).

9.1 motivations

There are many parallels between ML and metaheuristics (both are stochastic processes,
they optimise a fitness function by changing parameters) but despite these similarities
there is a marked disparity in their representation in XAI literature [300]. Review
papers relating to XAI tend to assume the presence of a model and often define
explanations in terms of models (such as [221, 183, 94, 276, 207, 196, 134, 12, 7, 233]),
although XAI also applies to AI planning, Human-in-the-Loop methods, explainable
agents and metaheuristics [3]. These assumptions make the application of the literature
less transferable to metaheuristics, and the present document will touch on some of these
incompatibilities.

The evaluation of explanations proves to be particularly challenging due to the
subjectivity of perceived explanation quality and in designing methods which allow
comparisons between different kinds of explanations [252, 183, 207]. The literature is
not easily applicable to XAI for metaheuristics, and to the best knowledge of the author
there is no existing study on the evaluation of explanations for metaheuristics involving
human participants.

The user study presented here is therefore novel in that it is an evaluation of
explanations for a metaheuristic. The main novelty of this study is its focus on practical
and provable usefulness - aiming to answer the question “Are our explanations
quantifiably useful for human users?”.

9.2 our specific scenario

We focus on a specific task, informed by our industrial partner. A search method produces
solutions that need to be manually modified to fit unforeseen constraints, but the
user is not sure of what modifications are least disruptive to fitness. These manual
modifications allow for what has been called malleability in the literature [14]. More
concretely, the solutions resulting from these manual modifications should have high
fitness, higher than what would have been achieved without explanations.

XAI has been discussed already in Chapter 3, covering aspects such as evaluation
and metaheuristics. Section 3.8 provided an overview of user studies and more generally
evaluation of XAI.

We are interested in local explanations of solutions, in order to adapt them to
last-minute requirements, which is of interest to our industrial partner.
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Our industrial partner reports the fact that users are known to make counterproductive
choices due to a lack of understanding and to a false sense of confidence, which motivates
the need for explanations that are both trustworthy and straightforwardly applicable.

Pattern:
● Chloe = B, Grace = A, 
● Mike = A, Noah = A

Reason:
❖ 2 people with “Monitoring”
❖ 2 people with “Integration”
❖ 2 people with “Cybersecurity”
❖ Rotas are balanced for the skills above

YES

Best schedule:

Adam ← B
Ben ← D
Chloe ← B
Daniel ← B
Ethan ← C
Felix ← A
Grace ← A
Hannah ← B
Isaac ← A
James ← A
Katy ← C
Leo ← A
Mike ← A
Noah ← A
Olivia ← B
Peter ← A
Quinn ← B
Riley ← A

Does it contain this pattern?

Start 
Here!

Pattern:
● Adam = B, Felix = A, Peter = A,
● Isaac = A, Olivia = B, 

Reason:
❖ 2 people with “Coding”
❖ 2 people with “Troubleshooting”
❖ 2 people with “Network”
❖ Rotas are balanced for the skills above

Does it contain this pattern?

Pattern:
● Chloe = B, Grace = A, 
● Mike = A, Noah = A

Reason:
❖ 2 people with “Monitoring”
❖ 2 people with “Integration”
❖ 2 people with “Cybersecurity”
❖ Rotas are balanced for the skills above

Does it contain this pattern?

YES

Pattern:
● Ben = D, Ethan = C, 
● Quinn = B, Riley = A,

Reason:
❖ 4 people with “Fiberoptics” 
❖ Rotas are balanced for the skill above
❖ Rotas are very different from each other
❖ Rotas are balanced on Mondays for 

“Cybersecurity”, “Monitoring” and 
“Integration”

Does it contain this pattern?

YES

Pattern:

● Hannah = B, Leo = A
● Katy = C

Reason:
❖ 2 people with “Routing”
❖ Rotas are balanced for the skill above
❖ Rotas are balanced on Mondays for 

“Switching”

Does it contain this pattern?

YES

NO

Difference in weeks:
At worst: 70
At best: 4
Average: 26

Difference in weeks:
At worst: 24
At best: 4

Average: 12.29

NO

NO

 Best schedule:

Adam   ← B
Ben    ← D
Chloe  ← B
Daniel ← B
Ethan  ← C
Felix  ← A
Grace  ← A
Hannah ← B
Isaac  ← A

James  ← A
Katy   ← C
Leo    ← A
Mike   ← A
Noah   ← A
Olivia ← B
Peter  ← A
Quinn  ← B
Riley  ← A

Difference in weeks:
At worst: 40
At best: 4

Average: 16.63

Difference in weeks:
At worst: 18
At best: 4

Average: 9.18

Difference in weeks:
At worst: 4
At best: 4
Average: 4

Difference in weeks:
At worst: 18
At best: 4
Average: 9.7

Difference in weeks:
At worst: 24
At best: 4

Average: 13.39

Difference in weeks:
At worst: 40
At best: 8

Average: 18.38

NO

Difference in weeks:
At worst: 70
At best: 4

Average: 26.65

All the arrangements we tried had between 4 and 70 differences 
between week 1 and week 2, with an average of 26 470

40 4

Those which had this pattern →
had between 4 and 40 differences, 

with an average of 16.6

Pattern:
● Chloe = B, Grace = A, 
● Mike = A, Noah = A

Reasoning:
❖ 2 people with “Monitoring”
❖ 2 people with “Integration”
❖ 2 people with “Cybersecurity”
❖ Rotas are balanced for the skills above

24 4

Those which had this pattern →
had between 4 and 24 differences, 

with an average of 12.3

Pattern:
● Adam = B, Felix = A, Peter = A,
● Isaac = A, Olivia = B, 

Reason:
❖ 2 people with “Coding”
❖ 2 people with “Troubleshooting”
❖ 2 people with “Network”
❖ Rotas are balanced for the skills above

18 4

Those which had this pattern →
had between 4 and 18 

differences, with an average of 
9.2

Pattern:
● Ben = D, Ethan = C, 
● Quinn = B, Riley = A,

Reason:
❖ 4 people with “Fiberoptics” 
❖ Rotas are balanced for the skill above
❖ Rotas are very different from each other
❖ Rotas are balanced on Mondays for 

“Cybersecurity”, “Monitoring” and “Integration”

4

Those which had 
this pattern →

had always only 4 
differences Reason:

❖ 2 people with “Routing”
❖ 2 people with “Switching”
❖ Rotas are balanced for “Routing”

Pattern:
● Hannah = B, Leo = A
● Katy = C

Best 
schedule:

Adam   ← B
Ben    ← D
Chloe  ← B
Daniel ← B
Ethan  ← C
Felix  ← A
Grace  ← A
Hannah ← B
Isaac  ← A
James  ← A
Katy   ← C
Leo    ← A
Mike   ← A
Noah   ← A
Olivia ← B
Peter  ← A
Quinn  ← B
Riley  ← A

Best schedule:

Adam   ← B
Ben    ← D
Chloe  ← B
Daniel ← B
Ethan  ← C
Felix  ← A
Grace  ← A
Hannah ← B
Isaac  ← A
James  ← A
Katy   ← C
Leo    ← A
Mike   ← A
Noah   ← A
Olivia ← B
Peter  ← A
Quinn  ← B
Riley  ← A

All the arrangements we tried had between 4 and 70 differences 
between week 1 and week 2, with an average of 26 470

40 4

Those which had this pattern →
had between 4 and 40 differences, 

with an average of 16.6

Pattern:
● Chloe = B, Grace = A, 
● Mike = A, Noah = A

Reasoning:
❖ 2 people with “Monitoring”
❖ 2 people with “Integration”
❖ 2 people with “Cybersecurity”
❖ Rotas are balanced for the skills above

24 4

Those which had this pattern →
had between 4 and 24 differences, 

with an average of 12.3

Pattern:
● Adam = B, Felix = A, Peter = A,
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Figure 9.1: An example of an explanation provided to the user. The explanation
consists of a shallow decision tree based on Partial Solutions (right). The
tree structure might also be interpreted as a narrowing of the range of
possible fitnesses of the solution (left), so both formats are presented.

9.2.1 Resource constraints

The resources for this user study were constrained in multiple ways:

• the funding available to reward participants was limited to 25 1-hour questionnaire
sessions, or a handful of 1-to-1 interviews. In order to obtain sufficient samples,
the questionnaire was chosen.

• the study needed to take 1 hour or less per participant, which was a significant
restriction - each user needs to give consent, read the overall instructions, and
execute each experimental task. This limited the total quantity of tasks to be
administered to each user to two.

• if 25 users were available at most, diving the participants into more than 2 groups
would have prevented statistical analysis. Due to this small sample size, it was
necessary to gather as much data as possible from each individual student, which
clashes with the 1-hour constraint.

• the Computer Science department at the University of Stirling has around 200
undergraduate students, and 200 postgraduate students. Removing all the students
that are unlikely to participate, the total quantity is already severely limited.
Therefore, limiting this user study to this department is not expected to produce
sufficient samples, and it was instead advertised to the entire university. The final
sample of participants is composed of roughly 50% Computer Science students,
which will be taken into consideration during analysis.

• in order for the study to be advertised and delivered university-wide, it needed
to be in the form of a questionnaire which participants could do at home. This
prevented any interactive sessions, code execution, interviews and other kinds
of interactions. Instead, it consisted of a set of documents with instructions and
explanations, which were necessary in order to complete the questionnaire.

Understanding these restrictions is necessary in order to understand many choices
taken in the design and deployment of this evaluation.
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9.3 design process

The process of designing the study was heavily influenced by [62] and [184], and involved
8 major steps:

1. Finding the use case scenarios to be used as reference

2. Planning of study metrics and audience

3. Designing the experimental procedure

4. Simplifying the optimization problem to suit the audience

5. Applying metaheuristics to the problem, and producing experimental materials

6. Designing the questions and tasks in the questionnaire

7. Generating the explanations

8. Deploying the user study

This section will describe each of these stages, with motivations, and their specific
answer for our user study.

9.3.1 Use case scenarios

One of the main criticisms put forward by [255] is that XAI evaluation is not representative
of the real scenarios where explanations are intended to be used. Therefore, it is important
to determine where and when the explanations are going to be used, and to design a
user study to be as close as possible to these contexts.

In our case, the explanations are developed for our industrial partner, who needs to
solve the Staff Rostering problem (defined in Section 2.2.7.1). Solutions solved by a
metaheuristic (iRoster, defined in [81]) often need to be manually modified to fit
last-minute constraints. These modifications will inevitably worsen the fitness, but
explanations can help in minimising the difference.

9.3.2 Planning of study metrics and audience

This section is aligned with the planning stage suggested in [62], which requires the
researcher to decide the following:

• whether the study is qualitative or quantitative,

• the goals the explanations are intended for,

• the target audience for the explanations.

In our case, we focus on quantitative information in order to provide more concrete
evidence of usefulness, but still collect some qualitative information in order to determine
areas for improvement.

Following discussions with our industrial supervisor, our explanations are motivated
by the need for trust, satisfaction (in interacting with the system) and effectiveness
(in terms of the fitness caused by the user).

Finally, we decided the target audience to be students at the University of Stirling,
since the availability of employees with our industrial partner was limited, although one
engineer did participate in order to provide a baseline for completion time. The use of
lay-users was therefore necessary, but it required simplifying the original optimisation
problem. This framework follows a human-grounded study [83].

9.3.3 Design of Experimental procedure

Here, the tasks given to the participant within the experiment are decided based on
the previous stages, focusing on determining if the explanations allow prediction and
actionability. For some participants, the tasks are assisted by explanations, whereas
for others (the control group) there is no such support tool. The tasks have measurable
outcomes, so that the two groups can be compared.
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There is considerable risk for bias in the design of the tasks: the task might be
accidentally designed to be only achievable if an explanation is provided. The tasks
must be designed based on the scenarios found in the step, and independently from the
explanations themselves.

9.3.3.1 The tasks

Based on these insights, the tasks used in our study are based on modifying the optima
produced by a metaheuristic. Two different tasks were devised:

• Task 1: Ranking of modifications: of 4 possible changes, the user needs to
rank them from best to worst in terms of fitness. The user is not told the resulting
fitness for each of these changes. The user performance is based on how well the
user’s ordering matched the fitnesses’ real ordering

• Task 2: Change of rotas: the user has to change 2 employees to their preferred
working patterns to minimise disruption, and they are given 5 employees to
choose from. The user is not given the fitness resulting from each change. User
performance is based on the fitness of the solution produced by their modification

As well as quantitative information, we also collect qualitative data by having the
users select how much they agree (on a Likert scale) with certain statements, such as “I
found the explanations to be useful”.

9.3.4 Simplification of the original optimisation problem

As specified by [83], a human-grounded approach can make use of a simplified task
in order to adapt it to a less-experienced target audience and to make the experiments
take less time.

In our case, the original problem has a complex fitness function dependent on many
tables with hundreds of rows of values, and thus many simplifications were needed. The
definition of the problem is presented in Section 2.2.7.2, with parameters presented in
Chapter E, and was the result of a long iterative process in order to produce a problem
that was both hard enough to justify the need for metaheuristics but also easy enough
that the lay-user could feasibly understand.

9.3.5 Solving the problem and generation of the user materials

After designing the framework of the user study, it is then necessary to generate the
specific tasks which the user will work through. It is important for this step to not
include the explanations yet, in order to remove any chance of bias: the experimental
tasks need to be independently designed from the explanations. For our study, the
optimisation tasks were solved using our industrial collaborator’s custom metaheuristics
(iRoster, with uniform mutation with rate = 1

L
, evaluation budget of 10000). The problem

instance settings and optima were then to be presented to the participants in documents
which were written in plain English without making assumptions of participant knowledge.
Following the suggestion in [62], users were also “primed” with a mental model which
can assist them in understanding the problem. This consisted of a graph structure
representing each of the workers in the problem, being connected if they share a skill.
This structure was chosen due to the already-known connection between Staff Rostering
problems and Graph Colouring problems [253], and for a lay-user it makes it easier to
understand which workers are connected when affecting the fitness value. This section,
called “Tips and Tricks” is shown in Figure 9.2.

9.3.6 Design of questions

Three main kinds of questions are to be asked in a user study of this kind:

• Demographic information, background and preferences

• Qualitative information: choices picked by the user for the tasks

• Quantitative information: opinions of the user for each task
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Figure 9.2: The “tips and tricks” section of the material available to the user, used to
provide them a mental model of how they might tackle the optimisation
problem

The first kind included questions to determine the user’s self-assessed numeracy skills,
opinions on automated methods, and familiarity with optimisation.

The second kind of questions, relating to the experimental tasks, were created by
selecting workers at random and generating questions based on them. The final kind,
the subjective questions, included the following:

• “Did you understand the task?”

• “Did you trust the metaheuristic to solve the problem?

• How did you feel about their answer?”

• (If the explanations were given) “Did you find the explanations helpful/easy/accurate/trustworthy?”

Additionally, the user had to provide a text explanation to the workers affected by
their modification, which can be used to see their reasoning and to see if this was
influenced by explanations.

Special care was put into writing the questions in such a way as to avoid computer
science terminology. The real use cases relate to managers who are not familiar with
metaheuristics, and they have no reason to think in terms of “solutions” or “fitness
functions”. The questions and explanations used more concrete terms, such as “workers”,
“availability”, “rotas” etc. The questionnaire is available in Chapter F.

9.3.7 Generation of explanations

The explanations are generated at this stage in order not to influence previous steps. In
our case, explanations consist of the decision trees discussed in Section 8.3, which can
be seen in Figure 9.1. The trees can also be represented as a progressive narrowing of
fitness expectation, which is also shown to the user. The trees were generated with a
maximum depth of 4, where each node was produced by a PS mining process with an
evaluation budget of 10000. The objectives used are mean-fitness, *-count simplicity
and atomicity (using Mutual Information of Survival).

159



9.3.8 Implementation of experiment

The study was implemented by having two questionnaires, each having tasks 1 and 2,
but differing in which tasks get an explanation. Questionnaire “A” had explanations for
Task 1 but not Task 2, whereas Questionnaire “B” had explanations for Task 2 but not
for Task 1. When users received the questionnaire, they were randomly assigned to one
of the questionnaires.

A potential risk arises by having two tasks is that the user who received an explanation
in their first task might learn to perform well in their second task without an explanation.
To counter this, the problem instances between Task 1 and Task 2 were different (i.e.
different workers and skill-sets) of equivalent complexity: the problems had exactly the
same structure, but the variables were shuffled.

A critical issue was present in the design of the user study, which prevented its results
from being usable: there is no mechanism to prevent participants from giving random
answers in order to obtain the reward at the end. This issue should have been considered
at this stage, and it will be discussed in Section 9.5.

9.3.9 Deployment of user study

Once the questionnaire(s) were completed, with use cases and explanations, they were
then deployed to the users. The study was advertised to undergraduate students at the
University of Stirling for a month, and then closed early due to noticing that many users
were giving random answers and invalidating the study.

9.4 outcome of study and analysis of results

The questionnaire was completed by 14 participants. Due to the monetary reward of our
study, we inadvertently attracted some users who submitted unreliable answers, which
meant that the study had to be interrupted. We decided to discard the data from any
user who completed the entire study in less than 20 minutes, which brought the count
of participants to 8. This threshold was chosen since in a trial run with a BT manager,
it took 20 minutes. This filtering has caused the groups to be highly unbalanced (7
participants did questionnaire A vs 1 participant did questionnaire B), and therefore
statistical testing cannot take place.

While this sample size is insufficient for statistical testing, it is still useful to present
the statistical methods which would be used to analyse the quantitative results, so the
hypothetical statistical testing is discussed.

9.4.1 Analysis of subjective questions

This section qualitatively analyses the participants’ subjective responses. The analysis is
divided into a quantitative evaluation of Likert-scale answers and a qualitative
analysis of long-form text. Although the sample size is small (N = 8, including only
participants who completed the task appropriately), these insights provide a valuable
human-centric evaluation of the methods presented in this thesis.

9.4.1.1 Self-evaluation of skills and abilities

Participant self-assessments are summarized in Figure 9.3. Participants rated their
abilities across three categories (“Basic”, “Limited”, “Intermediate”, “Proficient”, or
“Expert”) and indicated their agreement with various statements (from “Strongly Disagree”
to “Strongly Agree”).

Participants were asked, “How would you rate yourself in the following technical
skills?”, based on three categories:

• Numeracy: working with numbers, basic arithmetic, and mathematical problems;

• Problem Solving: tackling technical challenges and applying creative solutions;

• Algorithmic Thinking: ability to break down complex problems and design
step-by-step solutions.

Regarding numeracy, five participants selected “Proficient,” while “Limited,” “Inter-
mediate,” and “Expert” were selected by one participant each. For problem-solving,
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Figure 9.3: Histograms of questionnaire responses. Key insights indicate that parti-
cipants are confident in their technical skills and generally accept auto-
mated methods for administrative tasks (e.g., work rotas), but remain
skeptical of their use in critical applications.

responses varied: four participants selected “Proficient,” three “Intermediate,” and one
“Expert.” Algorithmic thinking assessments similarly indicated high confidence: five
selected “Proficient,” two “Intermediate,” and one “Expert.” None of the participants
selected “Basic” for any category.

These self-assessments suggest the cohort was comfortable with the foundational skills
required for the study. However, two factors should be noted: self-selection bias and the
Dunning-Kruger effect [237]. Computing students self-select into their degree and may
overestimate their expertise relative to the general population or industry professionals.
While this potential bias does not invalidate the study, it provides necessary context for
evaluating explainability metrics.

9.4.1.2 Sentiment towards technology and automated methods

Participants answered questions regarding the practical application of technology and
automated methods:

• “I trust technology to produce useful results”: 6 Agree, 2 Strongly Agree.

• “I think the usefulness of technology is overrated”: 2 Strongly Disagree, 4 Disagree,
1 Agree, 1 Strongly Agree.

• “I trust that automated methods will produce the results I need”: 8 Agree.

Participants generally agreed that technology is useful. Furthermore, they indicated strong
confidence in the “actionability” of automated methods to achieve desired outcomes.

A subsequent set of questions examined trust in automated decision-making:

• “I would trust technology to decide my work rota”: 1 Strongly Disagree, 1 Disagree,
1 Neutral, 5 Agree.

• “I would trust technology to decide whether I’m suitable for a job”: 1 Strongly
Disagree, 5 Disagree, 2 Neutral.

• “I would trust technology to diagnose me with serious diseases”: 2 Strongly
Disagree, 1 Disagree, 3 Neutral, 2 Agree.

Trust varied by application context. Participants were willing to accept algorithmic
decision-making for administrative tasks like scheduling, but remained averse to its use
for critical decisions such as hiring or medical diagnoses.

A final set of questions assessed attitudes toward manual versus automated workflows:

• “I am confident in using most technology”: 5 Agree, 3 Strongly Agree.
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• “I prefer to solve tasks manually”: 2 Disagree, 2 Neutral, 3 Agree, 1 Strongly
Agree.

• “I double check the results produced by automated methods”: 2 Agree, 6 Strongly
Agree.

• “I prefer to solve tasks by myself rather than using a computer”: 2 Disagree, 2
Neutral, 3 Agree, 1 Strongly Agree.

While participants reported high confidence in using technology, they demonstrated a
persistent desire for human oversight. Every participant indicated they double-check auto-
mated results, and half expressed a preference for manual problem-solving, underscoring
a “trust but verify” approach.

9.4.1.3 Opinions on provided materials

Participants were presented with materials explaining the Staff Rostering problem, the
optimized solution, the automated method, and the explanations. Four questions assessed
comprehension and trust:

• “I understand the general structure of the problem”: 1 Disagree, 1 Neutral, 5
Agree, 1 Strongly Agree.

• “I trust that the solution produced by the computer is good”: 5 Agree, 3 Strongly
Agree.

• “I believe that I could make a better rota assignment than the computer”: 3
Disagree, 3 Neutral, 2 Strongly Agree.

• “I understand the additional explanation material”: 7 Agree, 1 Neutral.

Participants indicated clear comprehension of both the problem structure and the
provided explanations, and they expressed direct trust in the algorithmic solution.

9.4.1.4 Analysis of Task 1 (with explanations)

After completing the first task using the provided explanations, participants wrote a
textual justification aimed at the affected workers. Qualitative content analysis was
conducted on these responses [92], generating the codebook in Table 9.1.

Theme Example Quote Freq. (N = 8)
Skill similarity “Since Isaac and Olivia

share skills. . . ”
5

Disruption
minimization

“. . . results in zero
disruptions.”

4

Skill coverage “. . . ensure there is
always someone with

the network skill”

3

Solver reliance “. . . arrangement
calculated by the

computer”

2

Table 9.1: Qualitative Codebook for Task 1 Textual Explanations

The qualitative analysis demonstrates that participants primarily evaluated whether
workers possessed similar or distinct skills. This indicates that participants conceptualized
the problem through the connections and overlaps between workers, supporting the
premise that linkage learning provides a valuable explanatory framework.

Participants were subsequently asked about their confidence and perceived ease during
this task:
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• “I felt confident in the explanation I gave to the employee”: 4 Somewhat confident,
1 Extremely confident, 1 Neutral, 1 Extremely not confident.

• “I am confident in the ordering I chose”: 4 Agree, 1 Strongly Agree, 2 Neutral.

• “I understand why the changes were disruptive”: 5 Agree, 1 Strongly Agree, 1
Neutral.

• “I found it easy to choose the ordering”: 2 Agree, 3 Neutral, 2 Disagree.

Participants generally understood the task mechanics and were confident in their final
decisions. However, opinions on task difficulty varied, suggesting the process still required
noticeable cognitive effort.

Regarding the explanations specifically:

• “The explanations were helpful”: 5 Agree, 1 Strongly Agree, 1 Disagree.

• “The explanations were easy to understand”: 6 Agree, 1 Disagree.

• “I believe the explanations were accurate”: 6 Agree, 1 Strongly Agree.

• “The explanations made me trust the solution more”: 5 Agree, 1 Strongly Agree,
1 Neutral.

The provided materials successfully fostered algorithmic reliance; participants found
them accurate, understandable, and effective at increasing trust in the system’s output.

Theme Example Quote Freq. (N = 8)
Disruption

minimization
“. . . resulted in the
greatest amount of

disruptions since they
do not share skills. . . ”

7

Skill coverage “. . . there being a day
with out someone for
either diagnostics or

maintenance.”

5

Skill sharing “Because Brandon and
Kevin have

overlapping skills. . . ”

4

Table 9.2: Qualitative codebook for participants’ long-form answers in Task 2
(without explanations).

9.4.1.5 Analysis of Task 2 (without explanations)

In the second task, participants were again asked to write a textual explanation for
the affected workers, but without access to algorithmic explanations. The resulting
codebook is presented in Table 9.2. The recurring themes remained consistent with the
first task, though “Disruption minimization” (i.e., the objective fitness) was cited more
frequently. This suggests that without explanatory support, participants focused directly
on evaluating the raw objective function rather than relying on underlying constraint
concepts.

Participants reported their confidence as follows:

• “I am confident in the choice I made”: 4 Agree, 2 Strongly Agree, 2 Neutral.

• “I have reasons for my choice”: 5 Agree, 2 Strongly Agree, 1 Neutral.

• “I felt confident in the explanation I gave to the employee”: 4 Somewhat confident,
2 Neutral, 1 Very confident, 1 Extremely not confident.
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Even in the absence of algorithmic explanations, participants felt justified in their
choices. However, their confidence in explicitly explaining those decisions to employees
was more reserved, clustering around “Somewhat confident” and “Neutral.” This implies
that while participants trusted their own intuition or manual problem-solving, they found
it difficult to articulate an authoritative rationale without the backing of explanatory
materials.

9.4.2 (Hypothetical) Quantitative analysis of Task 1

Since the participants were required to rank a list of possible modifications to the optima.
To evaluate this, it is compared against the ground truth ordering (based on fitness) by
using Spearman’s Footrule to determine its distance from the best answer [79]. Finally,
these distances are compared between the groups using an independent-samples t-test to
determine if there is a statistically significant difference between the groups.

9.4.3 (Hypothetical) Quantitative analysis of Task 2

For this task, the user created a new solution by selecting 2 workers (out of 5) who
would like to have their working pattern changed. The fitness of this solution is used to
score the user’s performance, which can be compared by using a simple t-test between
the control group and the group with explanations.

This approach proved useful in technically giving the user plenty of options while still
posing the question succinctly.

9.5 on the inconclusive outcome of the study

The data obtained from our user study was not usable for any concrete evidence of
our explanations being understandable and actionable. This stems from an oversight in
experimental design: there needed to be an incentive for the user to perform well. In our
case, the participants received a monetary reward after completing the questionnaire,
and so many of the users completed it as fast as possible by giving random answers.
Resolving this issue is complicated by university policies, which prevent the rewards of
user studies from being dependent on participants’ performance.

The lack of data was also caused by random chance: if the bad-faith users had been
assigned more evenly between questionnaires (which was a random process), then the
groups would have been more balanced.

Future extensions of this thesis will endeavour to complete this user study, by finding
participants who are expected to provide usable results.

9.6 conclusion

This chapter outlined the design and deployment of a user study to evaluate our novel
kind of explanations. Considering the available literature on XAI evaluation and possible
incompatibilities with metaheuristics, we developed a user study which assessed the users
via both objective and subjective (self-reported) metrics. Preliminary results show that
the users are wary of using automated methods, but are satisfied with our explanations.
Quantitative information and more conclusive results are not available.

Future work will involve the completion of data collection, and a full assessment of
the effect of our explanations.
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10T E S T I M O N I A L F R O M B R I T I S H T E L E C O M R E S E A R C H E R

This chapter aims to provide an indication of to what degree the methodology presented
in this thesis satisfies the original research intentions presented by BT.

Our industrial point of contact, Dr. Russell Ainslie, was interviewed on the exact
problems faced at BT, and how much our methods can help with them. The 2-hour
interview made use of an interactive tool which simulated the workflow of a manager at
BT assigning rotas to engineers, which included our explainability tools. The presence of
this demo was included so that the testimonial given is from hands-on experience, as a
means to reduce confounding effects such as the illusion of understanding.

The interview involved the following stages:

1. Questions on Dr. Ainslie’s background and experience with the Staff Rostering
problem

2. Demonstration of the tool (metaheuristic to solve the problem, solution viewer,
solution editor) without explanations.

3. Task: Rota modification without explanations available

4. Questions on the main challenges in solving the task

5. Task: Rota modification with explanations available

6. Another task without explanations, and then with explanations.

7. Questions on usefulness of explanations provided

8. Questions on suitability of the testimonial

These stages will be reported in the following sections, but as a summary:

• Dr. Ainslie is not a manager that would usually be involved in the rota-assignment
tasks, but he has sufficient experience in working with them

• Dr. Ainslie indicated that the SR problem is only one of some optimisation
problems at BT which would benefit from explanations. The generality of our
explanations is indicated to be useful in adopting them.

• The challenges of the SR problem stem from the quantity of variables, their
interactions and associated tables of data

• The explainability tools provided were used heavily in the process of attempting
to modify solutions. Linkage learning was used directly for insight (which was
not expected), and descriptors were used as a guide for what each PS does rather
than looking at the patterns themselves.

• The PSs did not always lead to improved results in terms of fitness, but they did
make the tasks less taxing and time-consuming

• Our explanations offered useful insight, and he did try to use different objectives
and different trade-offs between them. Applying constraints to the PS mining
process was the most used feature.

• In many cases, following the advice given by PSs did not lead to the desired result.
The PSs provided did have a great impact on fitness when applied on the best
solution, but it was unpredictable whether this was a positive or negative change.

• The explanations provided are not able to suggest what problem settings would
be changed, such as which new employees should be hired.

In general, our industrial collaborator agrees that the explanations provided align
with the objectives of the research.
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10.1 interviewee background and context

To establish the context of the testimonial, the interview began by defining Dr. Ainslie’s
relationship with the SR problem. While not an end-user or rota manager himself, his
research team was responsible for creating the algorithms and tools intended to assist
manual planners. The Staff Rostering task was originally selected as a proof of concept
for explainability because it represented the most accessible tier of resource optimisation
at BT, with the intention of eventually adapting the explainability tools to more complex
scheduling and planning problems.

The motivation for explanations is the pervasive mistrust of black-box optimisation
among end-users (workers, HR staff and managers). Dr. Ainslie confirmed that
there is reluctance from users to blindly accept algorithmic output, even
when indicators of quality are provided.

10.1.1 Black-box metaheuristics are necessary

Black-box metaheuristics are necessary to produce satisfactory solutions for Staff Roster-
ing. Managers in the past manually created solutions, and these arrangements also lent
themselves better to explanations, but the solutions were low quality compared to what
a metaheuristic can achieve. Dr. Ainslie explained how it is impossible to manually
obtain high-quality rota assignments: human users simply are not able to deal with
the quantity of data available, the linkage effects present and the fitness metric used.

10.1.2 Black-box metaheuristics are not trusted

When asked “Do humans trust that automated optimisation solvers produce results
that meet operational requirements?”, Dr. Ainslie indicated that this is a gray area.
Researchers trust the methods they work with (even black box methods), but the end
users (workers, HR) do not.

When asked about the causes of the mistrust, the following possible causes were
presented:

• Users do not trust that the automated system actually performs well;

• Users anthropomorphise the metaheuristic, and think that its decisions are based
on “priorities” which do not match human priorities.

In either case, the consequence is that the solutions are either created manually or
altered manually, both of which have a high chance of producing less desirable solutions.

When asked “When understanding a solution, what information would you benefit from
that is currently missing?”, his answer can be summarised as contrastive explanations:
why a certain worker was assigned to a rota rather than another. Another aspect
mentioned is understanding the links between workers: since the problem is complex due
to rota overlaps and shared skillsets, it is difficult to determine which workers are linked.
This last part is particularly relevant to our work, since in this thesis it was argued that
linkage effects are the main contributor to problem complexity. Throughout
this interview, linkage was a recurring topic.

10.2 task without explanations

Following from the questions relating to the Staff Rostering problem, Dr. Ainslie was
shown the interactive demo, implemented as a website. The website implements an
instance of the Staff Rostering problem (the one used throughout this work, such as in
[46]), solves it using iRoster, and presents the best solution found.

The tools available to Dr. Ainslie were:

• A best solution viewer (Figure 10.1), where various aspects (breakdown of fitness
function in its terms, rotas, skill sets) of the solution and the fitness function are
tabulated.

• A solution modification tool (Figure 10.2), where the user was able to apply last
minute changes to the solution and view their effect on fitness.

• A “random-fault” generator, which produced an unforeseen constraint: an employee
is not able to work on their assigned rota. This was used to mimic scenarios in
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Range score for every score and 
day of the week.

Quantity of workers
For every calendar day (row), 

with skill (column)

Rota pattern comparison tool

Employee - Rota assignment viewer

Figure 10.1: Best solution viewer tools, available to our industrial collaborator during
the interview. The fitness function is broken into its summands (range
scores for every combination of skill and weekday), and these are shown
as a heatmap (top of figure). These range scores are based on how many
workers with each skill appear throughout the 3 month period, as shown
in the mid-section of the figure. The rota assignments for each worker,
along with other rota patterns available and skillset, are shown in the
bottom-left of the figure. The user was able to compare rota patterns
(bottom-right).
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Figure 10.2: Solution modification tool. This allowed the user to apply small modi-
fications to the best known solution, and view the effect on fitness. The
user could select multiple workers and change each of their rotas. The
effect (fitness change) of each individual change is shown on the left,
and the overall change in fitness (subject to linkage) is shown on the
right.

Figure 10.3: Last-minute emergency tool. This produced a random emergency, where
an employee was not able to work on the assigned rota pattern.
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which a manager would have had to manually modify the rota on the fly (using
the solution modification tool).

During the first practical task, Dr. Ainslie was asked to manually modify a roster to
accommodate a sudden worker absence (simulating a real-world disruption, generated
using the random-fault generator to avoid interviewer bias). The modification was to be
applied using the tool provided, which also showed the resulting fitness value. Importantly,
at this stage he was not shown the explainability tools.

Two separate “emergencies” were generated, and then the interview process continued,
focusing on the complexity of manually modifying solutions. This initial task gave Dr.
Ainslie a chance at experiencing first-hand what this process would be like, which was
especially important given that he is not directly involved in this process otherwise.

10.2.1 The interface

A potential bias of this testimonial was the possibility that the interface and tools
(without explanations) were not on par with what would be provided at BT. Dr. Ainslie
indicated that the tool was useful in his opinion, and that it is more comprehensive
than what is provided at BT. The break-down of the fitness function as a combination
of ranges, coloured as a heatmap, is not shown to BT managers.

10.2.2 The role of fitness

The fitness function was an important component of the tasks, as our industrial collab-
orator was tasked to use that as a metric of solution quality. The interactive interface
showed would-be fitness values when the solution was modified, but it was unclear if
this was accurately reflecting real-life manager scenarios. To clarify this, Dr. Ainslie
was asked “In a real-life scenario, would fitness be known when the solution is being
manually changed?”, to which he replied that it depends. Some employees have tools
used to ensure the rotas follow legal constraints and these also show the fitness values. In
other cases, the solutions are being modified without regard for the fitness function. In
either case, he clarified that it would not be called “fitness”, but its underlying meaning
would be the same.

Moreover, we wanted to ensure that the fitness function in use was accurate to what
would be used in real life as an indicator of rota assignment quality. He assured that the
fitness used for this demonstration (which is the same as what was used in this thesis) is
accurate to what would be used at BT.

10.2.3 Task completion complexity

Dr. Ainslie was asked “Using the tools available, how intuitive / easy is it to identify
which parts of the solution are the main drivers behind fitness?”. His reply was that
while tools can be useful, it is still unfeasibly time consuming to properly understand
the fitness function.

This will be a recurring theme throughout this chapter: the Staff Rostering problem
does not lend itself to human-manipulation because of the quantity of data available.
Individual data (such as a worker) is simple to understand, but the relationships between
multiple elements leads to emergent complexity.

Dr. Ainslie was asked about his strategy in completing the tasks, to which he described
how he first tried to find workers with similar skills and rota patterns. If an employee
was not able to work on their rota, he would try to find a “replacement” that could work
on that rota.

He described how this process was complex and error-prone, because the effects of
rota changes were unpredictable. He also noted how this process would be even harder if
the fitness function was not known.

10.2.4 Trust and human explanations for manual modifications

Dr. Ainslie was then asked questions relating to trust, either from himself in his own
actions in the given tasks, or from hypothetical stakeholders.

The answers are summarised as follows:
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• Do you trust that your decisions were relatively good compared to
other small changes that could have been done? He did not trust that his
changes were desirable;

• Were you confident in your ability to explain why you made certain
decisions? He did not feel confident, especially since he described his process as
“mostly random until something good is found”.

• If you were to give explanations, would they be accurate? He answered
that he could not give an accurate explanation.

• Would the affected workers and HR trust your explanations? Although
in general the answer is “no”, he also mentioned how many employees could be
deceived into believing a researcher like him if a sufficiently confident presentation
was adopted.

Considering these answers, it can be concluded that manually modifying rota assign-
ments leads to many sources of mistrust, and that presence of accurate explanations is
hard if not impossible.

10.3 task with explanations (linkage learning and partial solutions)

.
In the subsequent task, the explainability tools - PS mining but also linkage learning

-were made available to our industrial collaborator.
The tools available were as follows:

• A Linkage Learning viewer (Figure 10.4), where the user could run a linkage
learning method and view the results as a heatmap and a browsable table. Using
this, a user can see what workers are linked to every other worker.

• PS mining configuration (Figure 10.5). Here the user could start a PS mining
process, with the results being shown on another page. The user had full control
of all the aspects of our methodology, including the objectives.

• PS viewer (Figure 10.6), where the user was shown the Pareto Front found by
the PS mining process. For every PS, the user could also choose to generate its
descriptors (with settings available to the user as well). The user was also able to
cluster the PSs, and order them as they desired, although minmax regret was the
default view.

10.3.1 Task strategy with explanations

Dr. Ainslie was asked about his strategy when explainability tools were available, and
how he used them. Of the tools we developed, he mostly made use of the PS viewer,
where he described how after a single PS mining run he would browse through PSs to find
a suitable one to use as a “patch” for his problem. He also indicated that this process
was heavily guided by the descriptors of PSs.

The configuration of PSs mining was used more in the beginning, but after he settled
on certain settings there was no reason for him to adjust them further. The settings he
settled on were:

• Explanation scope: Local (i.e. The search space used was Subset-of-Solution);

• PS evaluation budget: 6000;

• PS population size: 100;

• objectives: *-count simplicity, mean-fitness and atomicity+independence;

The main setting to note was that instead of using traditional atomicity, he chose to
use atomicity+independence. This choice was motivated by the need to find “patches”
(groups of workers and rota assignments) that are self-contained rather than being
dependent on unknown decision variables (i.e. the rest of the solution).

This is an important result from this interview, as it shows how allowing the user to
select their objectives and settings is both approachable to a user, and allows them to
tune the system to their preferences.
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Range score for every score and 
day of the week.

Quantity of workers
For every calendar day (row), 

with skill (column)

Rota pattern comparison tool

Employee - Rota assignment viewer
Figure 10.4: Linkage learning viewer. The user was able to decide which linkage

learning method to use (Perturbation by default), and view the resulting
linkages as a heatmap (middle section of figure). The user was also able
to select individual workers, and see which other workers they were
linked to (bottom section of figure).
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Figure 10.5: PS mining settings selection interface. This allowed the user to perform a
PS mining search with the desired fitness evaluation budget, population
size, search space (local or global explanations), objectives and con-
straints). The user could enforce (via the constraints) that the pattern
needed to assign certain workers a given rota, or to avoid a given rota.

Figure 10.6: Partial Solution viewer. This tool allowed to view the PSs found by
the PS mining process. The PSs are ordered according to the criterion
selected by the user (minmax regret by default, other options were the
objectives used for the PS search). The user could also optionally cluster
the items shown. Each PS could be selected to show its pattern, and
descriptors could be generated by clicking on “Calculate descriptors”.
The settings used for calculating descriptors were selectable by the
user (top of figure, by default the descriptor threshold was 0.1, and the
quantity of samples was 1000.
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Finally, he mentioned how he did not use the linkage learning tools directly, as he
found the PSs to be more directly related to his intentions. Although he did not use
linkage tools directly, he did use it indirectly because of the PS objectives he chose, and
in fact this was one of the main tools he used.

10.3.2 Interface user experience

To ensure that the overall interface of explanations was not detrimental, he was again
asked if the interface affected his performance in solving the tasks. He used the terms
“useful” and “handy” in relation to the PS viewer specifically, and he was satisfied with
what was provided.

He was then asked about how understandable were the explanations provided, and he
indicated that it was all easy to understand, although the concept of descriptors required
more explaining from the interviewer.

He also mentioned how the cognitive effort required in using the explanations was
lowered thanks to the layout and colour coding.

An aspect which was important in the original research intentions was for the explana-
tions to be generated efficiently, so that managers are still willing to use them. We asked
our industrial collaborator if our implementation is efficient enough, to which he replied
positively, noting that even when implemented in a browser it was sufficiently fast.

10.3.3 Advantage of explanations

Dr. Ainslie was asked about whether the explainability tools provided made the task
faster, cognitively easier and whether it led to better results. He clarified how the tasks
were cognitively easier but also cognitively different: it was still mostly navigating
lists of information, but the format of explanations provided made the process faster and
easier to process. The explanations did help our industrial collaborator in completing the
tasks, but this was not always a linear process. Unfortunately, the explanations provided
sometimes led to undesirable results (i.e. fitness could get much worse rather than
getting better). Dr. Ainslie blamed himself for this, but the issue should be attributed
to the explainability system: there should be clear indicators of which PSs would be
most suitable as “patches” with positive effects. This issue stems from our system not
matching Dr. Ainslie’s mental model (which is an issue described in [192]), and in future
work it should be investigated how this can be remedied.

When asked whether the explanations present were hard to understand, he reported
that they were clear mainly due to their colour coding and the descriptors available. He
added that descriptors helped him navigate the quantity of PSs presented. Following
from this, he was asked if the quantity of data presented was overwhelming, to which he
replied negatively.

The quantity of information provided is not overwhelming, but still takes time to
parse, but tools such as descriptors help in removing attrition.

Dr. Ainslie was then asked whether he felt in control of the process, of whether he was
passively accepting them (an issue described in [178]). He replied that he felt reasonably
in control, and that he was the one making decisions on what explanations to generate
and to consider, and ultimately in modifying solutions.

Although he was satisfied with the explanations, we also wanted to know whether he
thought BT would benefit from our methodology, in various aspects. He answered “yes”
to all of the following:

• solving tasks more quickly;

• solving tasks more easily;

• training new employees more quickly;

• getting better results;

• reduce barriers to adoption;

Finally, he was asked whether “Partial Solutions are effective in supporting
decision making”, to which he answered positively, and that his decisions
were grounded on the explanations provided.
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10.3.4 Trust and human explanations for manual modifications

Similarly to before, Dr. Ainslie was asked questions relating to trust and accuracy of his
understanding.

When asked “How much do you trust that your decisions were relatively good compared
to other changes that could have been done?”, this time he explained how it is still
not “an exact science”, but it is still better than random (which was the strategy when
explanations had not been provided).

Furthermore, he was asked if he would be able to confidently explain and justify his
decision to HR and affected workers. To this, he answered that since he had more of a
process, especially in selecting groups of linked workers, his thought process
was easier to explain to HR and affected workers. He described his hypothetical
justifications as “accurate enough”, and how the audience of his explanations would
understand them due to “linked workers” being a familiar idea.

10.4 missing elements

In order to get a more balanced opinion, we also asked our industrial collaborator the
following questions:

• “Did the problem, scenarios shown, and given tasks match what is
experienced at BT?”

• “What aspects of the explanations did NOT cover, from BT’s perspect-
ive?

• “Do you think that this system [our methodology] can be applied
beyond the Staff Rostering problem?

To these questions, he answered that the scenarios given are accurate, and that he
was confident that the same methods can be applied on other real-world problems.

At the same time, he also said that there are still issues which are not resolved by our
explanations:

• fairness: the explanations do not show whether there is a bias in how the
metaheuristic assigns certain workers;

• problem modification: the explanations do not suggest how the problem could
be modified to produce a better optimal solution.

These aspects may be tackled in future research, but it should also be acknowledged
that there cannot be an explanation method that can fulfil all purposes (as discussed in
[7]).

10.4.1 Conclusions from Testimonial

In concluding his testimonial, Dr. Ainslie confirmed that the explanations provided
by the PSs were actionable, transparent, and generated quickly enough for practical,
real-time use within BT’s operational constraints. He confirmed that providing this
level of explainability will help solve tasks more easily and reduce user mistrust towards
metaheuristics. The explanations were not perfect: they sometimes resulted in undesirable
outcomes. This indicates that while the system has achieved its purposes, there is still
room for improvement.

Regarding wider applicability, Dr. Ainslie concluded that the methodology demon-
strated in this thesis is not strictly limited to the SR problem, and has strong potential
for broader applications across BT’s operations.
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Part IV

C O N C L U S I O N



11 D I S C U S S I O N , F U T U R E W O R K A N D C O N C L U S I O N

This chapter concludes the thesis by summarising the main findings and evaluating the
proposed methodology. It revisits the research questions established in the introduction
to assess how successfully they have been answered, and provides a critical discussion of
the advantages and limitations of the developed frameworks. The chapter closes with
possible future work.

11.1 answers to the research questions

The primary aim of this thesis was to investigate methods for making metaheuristic
solutions more transparent. This was broken down into five research questions, which
have been addressed throughout the contribution chapters.

rq1: how can the results of a metaheuristic be explained?
This thesis shifts the focus from the metaheuristic to the solutions themselves. The
metaheuristic is a tool to find a near-optimal solution, but it generates additional data
which can be used as background information for the best solution found (the PRef).

The explanations are based on the concept of PSs (defined in Chapter 5), which are
optimal patterns with respect to certain objectives (defined in Chapter 6). These PSs
can then be post-processed (Section 5.6) into human-readable explanations. They can
be used as local explanations (for a single solution), global explanations (relating to a
specific dataset), and within models (Section 8.3).

rq2: how can partial solutions be defined and generated
in order to be usable for satisfactory explanations? PSs
can be used for satisfactory explanations when they satisfy the following objectives
(Chapter 6).

In the general use case, desirable PSs are associated with high fitness, simple and
atomic. It is important to define each of these in detail, but also to consider them at the
same time as a multi-objective problem in order to account for their trade-offs.

For example, there are many ways to define what makes a pattern “associated with
high fitness”, which are described in Section 6.7 - from simply measuring their average
fitness to various statistical tests. Users who require guarantees of the patterns having
provably higher average fitness should use the latter.

There are many motivations for explanations, and therefore there should be many
objectives available. One motivation which was used for this thesis was the ability to
modify solutions to fit unforeseen constraints. In order to test if PSs-based explanations
assist this process, a user study was designed and executed, but this test will need to be
repeated in future work in order to obtain conclusive results.

PSs are extracted using a multi-objective search process (NSGA-II) equipped with
customised search operators (defined in Chapter 6). By operating on a static dataset
of evaluated solutions (PRef), the mining process remains independent of the original
metaheuristic solver. The objectives were developed to remain efficient, and to allow the
system to run in the order of seconds and minutes rather than hours. On problems of
sizes up to 100 variables, our methods are below the 2 minute threshold for interactive
use, as shown in Section 6.14.

rq3: how effective are partial solutions in supporting de-
cision making? Although the preliminary results of our user study (Chapter 9)
indicate that the users found the explanations useful, more quantitative results can
only be obtained by repeated the study at a bigger scale. The explanations produced
in many scenarios were discussed in relation to their practical use, with Chapter 8
containing many discussions of how they can be used for practical purposes. For example,
in Section 2.3.2 it was shown how the explanations can inform managerial decisions and
explain to affected workers the decisions taken by the automated method.

rq4: can partial solutions be used as models to predict
fitness in an explainable manner? By integrating PSs into decision
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trees, we created novel, transparent models capable of predicting solution fitness (Sec-
tion 8.3). These PS-based models proved to be reliable predictors (as good as traditional
decision trees) while remaining highly interpretable to end-users. Although the predictive
performance was satisfactory, it was unclear if the models were useful as explanations.
The user study designed in [42] is work towards proving this quantitatively, but it will
need to be continued in order to get statistically valid results.

rq5: can partial solutions be used in other domains, such
as recommender systems? The general applicability of the framework
allows it to transition smoothly to other domains. We successfully applied PS mining
to Recommender Systems datasets (Section 8.2). The methodology proved capable of
finding and explaining actionable patterns even in the absence of a traditional search
method.

within the hypotheses The answers given above to the research questions
can now be used to answer the hypotheses presented in Chapter 1:

We hypothesise that solutions produced by metaheuristics for combinatorial
optimisation problems can be made more understandable (RQ1). This
is achieved by breaking them into smaller patterns, which we call Partial
Solutions (RQ2). The fitness of a solution can be understood as the
combined effects of the Partial Solutions present (RQ4).

We hypothesise that it is possible to find Partial Solutions associated with
high fitness which are also understandable (RQ2). These Partial Solutions
can then be used for explanations (RQ2 and evaluated in RQ3). Partial
Solutions can also be used to implement transparent prediction models
(RQ4), but also analyse datasets such as those produced by a Recommender
System (RQ5).

11.2 discussion of advantages and disadvantages

Naturally, there are both advantages and disadvantages to the methods proposed in this
thesis.

advantages One of the design principles behind the frameworks developed was to
keep the methodology very general, so that it may be adapted for new unforeseen uses.

This is seen in the following aspects:

• The use of a static dataset (PRef), so that our methods do not need to be re-
implemented for any metaheuristic to be analysed.

• A wide range of objectives, which are not dependent on the optimisation problem
or the metaheuristic used.

• Linkage learning methods which are designed to be robust against uneven samples
within the PRef.

• Using a Multi-objective method, rather than settling on a specific trade-off between
the objectives. The search operators themselves are also designed to be general.

These points allowed for PSs to be applied in two contexts which were not expected
when PS mining was first conceptualised: the creation of PS-based models, and the
explanations seen in Recommender Systems.

Individual components of this research - linkage learning and the various objectives
defined for PSs - are useful in their own right.

disadvantages The core of our framework is a stochastic process, and this leads
to unavoidable uncertainty in the results. It is unclear if a PS mining run is producing
the absolute best patterns for the user, for example.

Moreover, the explanations produced are always shown as a trade-off between certain
objectives. The user might not have any interest in these trade-offs, or the time to
understand them. We argue that this is a necessary level of nuance to produce valid
explanations, as opposed to unprovable or deceptive ones.

The search process itself is not as efficient as a highly specialised heuristic method
could be. This is the direct result of prioritising flexibility over efficiency. Despite this, the
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system has been designed to scale as the size of the PRef and the solution size increases.
While it is definitely possible to develop a faster process for PS mining, empirical
evaluations demonstrated that PS mining generally satisfies the two-minute execution
threshold requested by our industrial partner, BT. Further optimisations could reduce
this computational overhead, but current speeds remain viable for practical, interactive
use.

11.3 future work

This section outlines promising directions for extending the methodology developed in
this thesis. While the current approach successfully mines PSs to explain combinatorial
optimisation problems, its core principles can be generalised. The following sections detail
five primary avenues for future work: proving the utility of our methods by continuing the
user study proposed in [42], expanding to continuous search spaces, applying PS mining
to broader machine learning contexts, leveraging PSs to guide search performance via a
novel EDA, and integrating PS generation into Learning Classifier Systems to improve
rule inference.

11.3.1 Continuing the user study

XAI methods often lack evaluation on human users, meaning that there is no proof for
their usefulness. Our work suffers from the same issue; however, an attempt was made
to measure the advantage brought by our explanations in the user study described in
[42]. Due to a lack of usable user data, the study’s results are inconclusive, and therefore
future research should continue it. The value of this user study is not only to prove that
our methods achieve their aims, but also to provide an evaluation methodology which
specifically targets XAI for metaheuristics.

11.3.2 Expanding applicability to continuous and other kinds of problems

The main limitation of our methodology is that it is only applicable to combinatorial
optimisation problems.

In general terms, a PS needs to be an entity that is either “present” or “absent” from
a solution (more formally a predicate). Many components of our methodology work
entirely from this assumption, and thus they would not need to be changed:

• Mean-fitness: simply the average of matched solutions

• Descriptors: based on the average of proxy-fitness values in matched solutions

Future research which generalises PSs will be able to re-use most of the methodology
shown in this thesis. What remains to be discussed is how exactly can we generalise PSs?

defining partial solutions for continuous search spaces
There are many possible ways in which PSs can be defined for continuous spaces, which
can be borrowed from Learning Classifier System research. A comprehensive survey is
given in [244], with some representative examples being:

• Interval-based representations: each variable is either * or an axis-aligned
range. This is easy to implement, but it does not fit oblique decision boundaries.

• Ellipsoidal-based representation: the region of the matched search space is
the overlap of multi-dimensional ellipsoids. These rulesets involve more parameters
to evolve, and have a tendency to need simplification heuristics.

• Convex hull: these are a set of points which define a convex region of the search
space. Their representation allows for faster convergence. The search process
required is more complex than the two methods above, and the number of points
required grows exponentially with dimensionality.

• GP-like representation: GP-trees are evolved, which have the potential of being
easily understood but also to represent a wide range of patterns.

The last approach is likely to be the one which would be pursued, because it has
the greatest generality and has been experimented upon by Poli et al as part of their
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research on schemata for GP-trees [286]. GP-trees could even work on combinatorial and
continuous search spaces with little modification. A tree would also be able to represent
higher-order interactions, such as “if variable A and variable B are different”, which
would allow the evolved rules to be much richer. A final advantage of these GP-trees
would be the large body of literature relating to their evolution: many operators and
search objectives are already defined, with some already focusing on understandability
[277, 67, 23].

11.3.3 Expanding applicability to machine learning

Throughout this thesis, the use of variable importance as a means to understand machine
learning models has been criticised because it ignores variable interactions. Our work is
already usable as a replacement for these methods, which can be seen in Section 8.2.

Another use would be in hyperparameter tuning: for each combination of hyperpara-
meters, there is a scalar representing the predictive performance of the model. Our
methodology can be applied in order to determine if certain hyperparameters should
be considered together. Although the aforementioned approach would work, it could be
specialised to implement the following features:

• Determine kinds of inputs for which a model performs poorly or is biased

• Determine kinds of inputs which are under-represented in the data

• Assist feature selection by deciding a set of highly-linked features

• Evolve patterns which are small but disruptive when applied onto inputs

These scenarios can be implemented simply by creating new objectives that make use
of the ground truth value for each input, as well as the predicted values. Much of this
methodology could borrow from research on adversarial attacks for classification and
regression tasks [18].

11.3.4 Partial Solutions for search performance: a PS-based Estimation of
Distribution Algorithm

If PSs are indicators of high fitness in solutions, it is easy to see how they could be
used within a search method for optimisation. A small attempt at this was already
implemented in [44] (attached in Chapter A), where a solution is progressively built by
repeatedly picking patterns from a collection.

A more sophisticated approach could take the shape of an EDA, which would have
the advantage of being more understandable than a typical one. An EDA requires the
following mechanisms:

• Exploration: generating solutions which are different from those found already

• Learning: inferring a model representing solutions with high fitness

• Exploitation: generating solutions with a high expected fitness

These mechanisms could be implemented by creating two collections of patterns:

• The first collection contains patterns which have high mean-fitness. This is identical
to the methodology used throughout this thesis

• The second collection contains patterns which are under-represented in currently
evaluated solutions.

Each of these collections is found via PS mining, but with different objectives. Patterns
can then be picked from these collections to build new solutions. In the exploration
stage, the second collection should be picked more often, whereas in the latter stages,
the exploitation patterns are used more. The solutions are then used to update and
refine the collections of patterns, and the patterns are used to expand the collection of
solutions. The creation of every solution then has a simple explanation: a combination
of patterns, which the user should be able to understand.
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11.3.5 A Human-in-the-loop optimiser based on PSs

If explanations can be considered a tool to assist trial and error (as described in
Section 3.3), then it is easy to see how PSs could be used to implement a HITL search
method.

A population-based metaheuristic can be hard to control for a human due to the
multitude of solutions to be managed, but PSs offer a simple mechanism to both describe
and take action on groups of solutions.

At every generation, the population may be summarised in terms of the PSs present,
and the user can decide which patterns are worth investigating and which are likely
due to hitch-hiking. This feedback then translates into selection, mutation and crossover
operators so that the next generation is caused by the PSs rather than being explained
by them. Therefore, such an algorithm would be closer to being transparent than a
traditional metaheuristic.

11.3.6 A PS-based Learning Classifier System

Learning Classifier Systems already use rulesets that are similar in structure to PSs, but
they are generated using specialised stochastic heuristics. These heuristics are known to
converge slowly [271], and indirectly favour rules which are simpler. Our methodology
offers a more comprehensive method of inferring the rules (using simplicity, atomicity or
independence for example), which could improve the creation process behind Learning
Classifier Systems. Our positive results on decision trees ([45]) give an indication that
this idea should work, as PSs within decision trees proved to be a reliable predictor of
solution fitness.

11.4 final remarks

Explainability in Evolutionary Computation is not just an academic curiosity. As
metaheuristics are increasingly deployed in critical, real-world applications, the black-box
paradigm becomes unsustainable. Industrial partners require solutions that their human
stakeholders can verify, trust, and comfortably deploy.

The research presented in this thesis provides a foundational step towards explainable
optimisation. By shifting the focus from explaining the mechanics of the search to
explaining the solutions themselves, we offer a practical toolset for users. It is hoped
that the concept of Partial Solutions will encourage further developments in the field.
Making search methods inherently understandable is crucial for bridging the gap between
complex algorithmic solvers and human decision-makers.
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Part V

A P P E N D I C E S



A A P P E N D I X A : E X T E N D E D V E R S I O N O F T H E “ M I N I N G
P O T E N T I A L LY E X P L A N AT O RY PAT T E R N S V I A PA RT I A L
S O L U T I O N S

The following paper is the first publication resulting from this research, and contains
various elements which have become outdated within the context of this thesis. Despite
this, this work set out the core ideas of PSs:

• using *-count simplicity, mean-fitness and atomicity as objectives,

• Using a static dataset, the PRef,

• Notation used throughout this work

Here, PS mining is implemented as a local search in 3 different ways (akin to local
search), in order to determine which strategy is the most effective. The results of this
investigation then influenced the final implementation of the multi-objective search
method discussed in Chapter 6. Another significant difference is the implementation of
atomicity, which at this point was not bivariate yet, and instead it was based on the
Mutual Information between a fixed variable and the rest of the pattern. This proved to
be excessively slow and unstable, which is why it was replaced in our next publication.

Importantly, this work shows how the patterns expected for 3 benchmark problems
were recovered using this initial PS mining methodology.

Additionally, this work shows a research direction which was not explored further but
it is relevant to future work: the construction of new solutions by combining PSs. The
algorithm which implements this, pick-and-merge is the basis of the EDA suggested in
Section 11.3.4.
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ABSTRACT
Genetic Algorithms have established their capability for solving
many complex optimization problems. Even as good solutions are
produced, the user’s understanding of a problem is not necessarily
improved, which can lead to a lack of confidence in the results. To
mitigate this issue, explainability aims to give insight to the user
by presenting them with the knowledge obtained by the algorithm.

In this paper we introduce Partial Solutions in order to improve
the explainability of solutions to combinatorial optimization prob-
lems. Partial Solutions represent beneficial traits found by analyzing
a population, and are presented to the user for explainability, but
also provide an explicit model from which new solutions can be
generated. We present an algorithm that assembles a collection of
Partial Solutions chosen to strike a balance between high fitness,
simplicity and atomicity. Experiments with standard benchmarks
show that the proposed algorithm is able to find Partial Solutions
which improve explainability at reasonable computational cost
without affecting search performance.

CCS CONCEPTS
• Computing methodologies→ Genetic algorithms; • Theory
of computation→ Models of computation.

KEYWORDS
Genetic Algorithms, Explainable AI (XAI), combinatorial optimiza-
tion problems

1 INTRODUCTION
Genetic Algorithms (GA) are able to solve many kinds of optimiza-
tion problems by producing high-quality results, which promotes
their adoption even in critical applications [14, 30]. A problem pre-
sented by GAs, but also by Machine Learning, is that they act as
black boxes which humans struggle to trust, despite the appar-
ent quality of the outputs [3]. This mistrust is not unjustified: a
GA’s results can be sub-optimal for many reasons, especially due
to stochastic behavior, incorrect fitness function implementations,
unintended biases and design issues [30].

This is not a small problem, since user trust becomes increas-
ingly important as GAs are introduced into high-stake applications
[30]. The solution to this issue is explainability, where the user
is presented with the knowledge synthesized by the algorithm to

solve the task. This can be used to debug the implementation, pro-
vide documentation for auditing purposes, manually adjusting and
improve understanding of computer-generated solutions [30].

1.1 Optimization problems
The present paper will concentrate on combinatorial optimization
problems, which can be particularly complex to solve despite their
relatively simple construction. Many have been shown to be com-
putationally hard, such as Graph Coloring [15], Knapsack [28] and
resource allocation problems [22]. As such, these often have to be
approached using metaheuristics such as GAs, but their internal
mechanisms are often difficult for humans to follow, suggesting the
need for techniques similar to XAI for Machine Learning [30].

There are many open questions which apply to optimization
problems, that are also particularly suited for explainability:

• Why is a solution good, or better than another?
• What characterizes good solutions?
• How can the global optima be detected?

The approach we propose offers one way to address these ques-
tions. We introduce the concept of a Partial Solution (PS), an explicit
decomposition of a positive trait identified in high-fitness solutions.
A collection of PSs is assembled and acts as a model that is then
sampled to generate new solutions. In doing so, the algorithm is in-
herently explainable, offering the ability for the end user to identify
key components of the recommended solutions.

These Partial Solutions offer a novel way of providing both global
and local explanations, but at the same time improve the search ef-
ficiency when solving the problem. We test whether it is possible to
consistently find these Partial Solutions for some benchmark func-
tions which have known underlying structures, in Section 5.2.1 and
Section 5.2.2. Afterwards, the ability to solve problems efficiently
is compared against a traditional GA and UMDA in Section 5.2.3.

2 RELATEDWORK
We now summarize relevant research in the EC and optimization
literature related to explainability.

2.1 Models within GAs and EDAs
Approaches which use a model to represent the problem, including
surrogate fitness functions such as neural networks and decision
trees, or the probabilistic models of Estimation of Distribution
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Algorithms (EDA), have been a popular target for developing ex-
plainability functionality. This is because these models are designed
to represent abstract information in order to accurately generalize
the solution space. This knowledge can also be presented to the
user for explainability purposes [1], drawing on the techniques
developed for explainability in Machine Learning.

This paper makes use of related concepts from EDAs, as they
present a fertile avenue for explainability applications that can be
adapted to metaheuristics. Although traditional GAs lack explicit
models, such structures can be added. For example, Brownlee [5]
approximates the fitness function using a Markov Network, which
can be then presented to the user, whereas Oh and Ahn [20] use a
marginal product model for linkage learning, and Yu and Goldberg
[31] use a hierarchical linkage model. Some methods can be argued
to be using the population itself as a model, such as [10, 11], where
the GA is analyzed in terms of the trajectory within the search
space that the population takes during the evolution process. Similar
to how an EDA generates its model from a population, the present
work will analyze a population and produce a set of PSs, which
then act as a model from which new solutions are generated. On
the other hand, since this “model” is only built once and is not
iterative, our approach is not a fully fledged EDA. Section 3.2 will
give a formal definition of the proposed concepts, and Section 3.4
will review the novelty of this approach in more detail.

2.2 Backbones and building blocks
As discussed in [1], backbones are related to explainability be-
cause they give insight into patterns found in solutions. Backbones
mostly relate to SAT problems, and consist of sub-configurations of
values which are shared among the global optima. Mathematically,
backbones and PSs share some similarities because they both repre-
sent commonalities within sets of solutions, but PSs are made with
explainability in mind, and thus they are generated using different
quality metrics and used very differently.

Both concepts are reminiscent of schemata, introduced by Hol-
land in some early theoretical work to formalize the convergence
properties of GAs [16, 29], but these theories were later shown to
not match observed results [27]. It should be noted that these results
are limited to Holland’s conjectures, and do not relate to the ex-
plicit construction of Partial Solutions or their use in explainability,
which will be the central topics of this paper.

3 PARTIAL SOLUTIONS
3.1 Informal Introduction
To understand the behavior of the fitness function of a combinato-
rial optimization problem, one can look at patterns associated with
higher fitness solutions. These may be higher-order interactions
between groups of variables, e.g. ‘all variables in the group must be
the same value’, but in the present paper the focus is on patterns
where certain variables are fixed and others can vary (indicated
using *). For example 0**1 applies to 0001, 0011, 0101 and 0111.

A collection of such patterns, found by analyzing a population,
provides a succinct and expressive representation of what makes a
solution “good” (as seen in Figure 1).

(110001)  3  

(111101)  3

(111001)  6

(111000)  5

(111111)  4

(001000)  2
(111011)  4

(101100)  0

(Reference Population)
Full Solutions PRef

Fitness

x [111∗∗∗]
y [∗∗∗00∗]
z [∗∗∗∗∗1]

ψ

(Catalog)
Partial Solutions Xψ

ψ

ψ

Figure 1: The positive traits in a collection of full solutions
PRef can be described by a collection of Partial Solutions 𝑋𝜓

In a real problem, PSs can offer useful insight into what variables
are linked, and what values they should take. In an employee-
allocation problem, for instance, these sub-configurations might
indicate that it is beneficial to assign certain groups of employees
to specific tasks. A solution such as 1111111 might have its high
fitness explained by the presence of 111*** and *****1, although
111001 is even better because of the presence of ***00*.

Additionally, PSs might show the presence of positive traits that
cannot coexist (e.g., **00 and *11*), which can explain the presence
of many near-global optima. The ability to find such disagreeing
PSs can help in explaining situations where generally positive traits
are not necessarily found in the global optima.

Partial solutions are an explicit decomposition of the problem,
which has two benefits:

• Partial Solutions are interpretable:
– Global explanations: describing the fitness landscape

by finding simple and atomic Partial Solutions which
are associated with high-fitness.

– Local explanations: describing a solution by pointing
out the Partial Solutions it contains.

• Partial Solutions assist the search process, because they
act as a model that describes high-fitness regions of the
solution space (similar to Probabilistic Graphical Models)
from which solutions may be constructed (see Section 4.2).

3.2 Formal definition
Table 1 summarizes our notation. A Partial Solution 𝑥𝜓 can be
described as “a sub-configuration of parameter values which is as-
sociated with high-fitness solutions within a reference population”,
where that reference population will be denoted as 𝑃Ref.

In the same way that a full solution is a tuple of values 𝑥 =

(𝑥1, 𝑥2, ..., 𝑥2), a Partial Solution is 𝑥𝜓 = (𝑥𝜓1 , 𝑥
𝜓
2 , ...𝑥

𝜓
𝑛 ) where each

𝑥
𝜓
𝑖 can take any value that 𝑥𝑖 can, as well as “*”, the “any” value.
A solution 𝑥 is said to “contain” the Partial Solution 𝑥𝜓 when they
agree on the fixed values found in 𝑥𝜓 .

contains(𝑥, 𝑥𝜓 ) ⇔ (𝑥𝜓𝑖 = ∗) ∨ (𝑥𝜓𝑖 = 𝑥𝑖 ) ∀ 𝑖 ∈ [1, 𝑛] (1)
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Table 1: Notation

Symbol Meaning
𝐹 Fitness function to be maximized
𝐹𝜓 Fitness function for partial solutions
𝑛 The number of parameters in the solutions

𝑎, 𝑏, . . . , 𝑥 Variables used to denote a full solution
𝑥1, 𝑥2, . . . , 𝑥𝑛 The parameters of 𝑥 , a full solution
𝑎𝜓 , 𝑏𝜓 , . . . , 𝑥𝜓 Variable used to denote a Partial Solution
𝑥
𝜓
1 , 𝑥

𝜓
2 , . . . , 𝑥

𝜓
𝑛 The parameters of 𝑥𝜓 , a Partial Solution

𝑃Ref A collection of evaluated full solutions

Conversely, it is possible to find all the solutions in 𝑃Ref which
contain the Partial Solution 𝑥𝜓 :

observations𝑃Ref (𝑥𝜓 ) = {𝑥 ∈ 𝑃Ref | contains(𝑥, 𝑥𝜓 )} (2)

For an optimization problem, within all of the possible PSs there is
a small subset which is preferable for explainability, the catalog .
These are the PSs which are optimal with respect to three metrics
described in the next section: simplicity, mean fitness and atomicity.

3.3 Partial Solution metrics
It is preferable for a PS to have many of its parameters take the *
value, since fewer fixed parameters improve interpretability. We
define this metric to be:

simplicity(𝑥𝜓 ) = |{𝑖 ∈ [1, 𝑛] | 𝑥𝜓𝑖 = ∗}| (3)

The simplest PS possible has no fixed variables, and consists
entirely out of *’s. Other than being simple, a PS also needs to be
associated with high-fitness solutions, which can be quantified by
finding the mean fitness of its observations (cf. Equation (2)).

meanFitness(𝑥𝜓 ) = average(𝐹 (observations𝑃Ref (𝑥𝜓 )) (4)

In order to have PSs assist with explainability, the previous two
metrics are not sufficient. Assume 𝑥𝜓 and𝑦𝜓 are optimal in different
metrics, and let 𝑧𝜓 be the union of their fixed values. 𝑧𝜓 is likely to
also be high-scoring, since it will have similar observations to its
parents, and its simplicity might not be significantly worse than
𝑥𝜓 and 𝑦𝜓 , even though it is redundant compared to them.

This effect was described in Holland’s Building Block Hypothesis
as beneficial to the GA process, but for our purposes this is actually
undesirable, since it gets in the way of interpretability due to all
the redundancy present. To solve this problem, it will be necessary
to define a third metric, which will encapsulate the idea that a PS
should be “irreducible”: atomicity.

For a Partial Solution 𝑥𝜓 , its fixed-value elements 𝑥𝜓𝑗 each con-
tribute in some way to its average fitness. We define a normalized
fitness function, remapped in the range [0, 1]:

FNorm (𝑥) =
F(𝑥) −𝑚

𝑆
(5)

(where𝑚 = min
𝑥 ∈ 𝑃Ref

𝐹 (𝑥), 𝑆 =
∑︁

𝑥 ∈ 𝑃Ref

𝐹 (𝑥) −𝑚)

In order to measure the contribution of the variable 𝑥𝜓
𝑘
within

𝑥𝜓 , define the following modifications of 𝑥𝜓 :
• isolate: where only 𝑥𝜓

𝑘
is fixed

• exclude: where 𝑥𝜓
𝑘
is *

And we define their “benefit” to be the sum of the normalized
fitnesses of their observations.

isolate(𝑥𝜓 , 𝑘) = 𝑦𝜓 𝑠 .𝑡 . 𝑦𝜓𝑖 =

{
𝑥
𝜓
𝑖 if 𝑖 = 𝑘
∗ otherwise

(6)

exclude(𝑥𝜓 , 𝑘) = 𝑧𝜓 𝑠 .𝑡 . 𝑧𝜓𝑖 =

{
𝑥
𝜓
𝑖 if 𝑖 ≠ 𝑘
∗ otherwise

(7)

benefit(𝑎𝜓 ) =
∑︁

𝑥 ∈ observations𝑃Ref (𝑎𝜓 )
𝐹Norm(𝑥 ) (8)

Finally, we define the contribution of the variable 𝑥𝜓
𝑘
as:

contribution(𝑥𝜓 , 𝑘) = 𝑝𝐴𝐵 · log
(

𝑝𝐴𝐵
𝑝𝐴∗ · 𝑝∗𝐵

)
(9)

where 𝑝𝐴𝐵 = benefit(𝑥𝜓 ),
𝑝𝐴∗ = benefit(isolate(𝑥𝜓 , 𝑘)),
𝑝∗𝐵 = benefit(exclude(𝑥𝜓 , 𝑘))

This is derived from mutual information, as used in DSMGA-II
[17]. Continuing the example from Section 3.1, the Partial Solution
111**1 will have its contributions calculated at 𝑘 ∈ {1, 2, 3, 6}, and
since independent groups are present the contribution scores will
be low. For 111***, the contributions are calculated at 𝑘 ∈ {1, 2, 3},
which will all be greater than those in the previous example.

In the same way that a chain is as strong as its weakest link,
the atomicity of 𝑥𝜓 is defined as the minimum of its contributions,
which ensures that all of the fixed parameters in the PS depend on
each other and are essential.

atomicity(𝑥𝜓 ) = min
{
contribution(𝑥𝜓 , 𝑘))

��� 𝑘 ∈ [1, 𝑛]𝑥
𝜓
𝑘
≠ *

}
(10)

Each of these metrics is necessary in order to characterize the
PSs which are best suited for explainability:

• Simplicity prioritizes more understandable PSs
• Mean-fitness promotes beneficial PSs
• Atomicity prevents redundant PSs

3.4 Novelty
Having defined Partial Solutions, we can now review related exist-
ing concepts to demonstrate where our novelty lies.

Schemata and backbones are similarly structured to Partial
Solutions, but they are used very differently. Schemata are abstrac-
tions that were used for theoretical work on GAs, and are implicitly
sampled, i.e. not meant to be explicitly instantiated. In contrast, our
work does instantiate them, similar to other studies which use
them to improve search efficiency [9, 13], whereas in this work they
are designed mainly for explainability.

Backbones relate to SAT problems where multiple satisfactory
solutions share a common sub-configuration. For most problems
there is only one backbone, and it is preferred for it to have many
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fixed variables in order to shrink the search space [24], whereas in
this work the aims are reversed to improve interpretability.

Since in this work the PS catalog is treated as a model, EDAs
are also an adjacent topic. In this sense, there are some related
works: Linkage learning [2, 17] and Family-of-Subsets [25] aim
to find which variables are interacting in the fitness function, and
are then assembled into structures such as sets or cliques [21]. These
structures only determine which variables are interacting, but their
optimal value assignments are not specified, whereas PSs contain
both. In other words, PSs are instances of the cliques / linked sets
found by the aforementioned approaches.

4 OVERALL SYSTEM
The system that we propose consists of:

• PS Miner: obtains the PS catalog from a reference popula-
tion, described in Section 4.1 and Algorithm 1

• Pick &Merge: an algorithmwhich forms solutions by com-
bining elements from the catalog , described in Section 4.2
and Algorithm 2.

The following (one pass) sequence of operations combines them:
(1) Generate a reference population 𝑃Ref, and evaluate it
(2) Apply the PS Miner on 𝑃Ref to generate the PS catalog
(3) Apply pick_and_merge on the PS catalog to obtain full

solutions
The process of producing solutions offers the explainability ben-

efits of PSs and maintains the ability to solve the original optimiza-
tion problem (see Figure 2), all of which will be tested in Section 5.

Problem
Definition

PS Catalog

Full 
Solutions

Reference 
Population

Uniform
sampling

PS Miner

Pick & 
Merge

Global 
explanations

Solutions to 
optimization task

Local 
explanations

Figure 2: The proposed system, which uses the PS catalog for
both explainability and to generate full solutions.

4.1 Finding Partial Solution Catalogs
The algorithm to find the PS catalog will be implemented using the
metrics in Section 3.2, but the design of the search method involves
some non-trivial design choices, which we will now describe.

4.1.1 Reference Population. 𝑃Ref is used to evaluate the meanFitness
and atomicity of PSs, and remains fixed throughout the PS Min-
ing process. It’s important for 𝑃Ref to cover enough of the search
space, and in the present work this was done using random uniform

sampling. Section 5.2.2 investigates the necessary size of 𝑃Ref and
whether it might be beneficial to evolve it.

Table 2: PS local search variants

Variant get_local get_init

Simplification-only Simplifications of 𝑥𝜓 returns the top individuals in
𝑃Ref as Partial Solutions

Specialization-only Specializations of 𝑥𝜓 returns the universal PS: **...**

Full-local
simplifications

∪
specializations

The union of the above two methods

4.1.2 Multiple objectives and 𝐹𝜓 . To simplify the system, the three
objectives are aggregated into a single objective 𝐹𝜓 . This is ob-
tained by remapping each metric into the range [0, 1] and taking
the mean, as seen in Algorithm 1.

Note that an evaluation of a full solution using 𝐹 is a different
operation from evaluating a Partial Solution with 𝐹𝜓 , and the latter
uses pre-calculated fitness values from 𝑃Ref for efficiency.

4.1.3 Exclusion archive. A problem to be tackled when searching
for the catalog is that the PS search space is large and contains
many local optima clusters, which hinder the search process. Their
presence is due to the fact that local optima for 𝐹 also act as fully-set
PS local optima for meanFitness, and their neighborhoods contain
many similar individuals but with ‘*’ values. In order to assist the
algorithm, an exclusion archive based method is proposed, where
the items selected in every iteration are put into an archive and
are not allowed to reappear in the population again. In another
sense, it marks which regions have been visited and prevents the
population from revisiting them. The archive stores all of the best
solutions seen throughout the iterations of the algorithm, and upon
termination these are evaluated and the top scoring PSs are returned.
This approach is implemented as shown in Algorithm 1, and it was
tested as part of Section 5.2.1.

4.1.4 Local search. Knowing that the PS search space might con-
tain many clustered optima, it is beneficial to include a form of
local search. Given a PS 𝑥𝜓 , its local neighborhood consists of

• Simplifications: one of the fixed variables is replaced by *
• Specializations: one of the * is replaced by a fixed value

Local searchmay use either or both of these, which determine the
implementation of get_local and get_init in Algorithm 1. The
three possible implementations will be tested as part of Section 5.2.1.

4.2 Pick & Merge algorithm
The PS catalog obtained via Algorithm 1 can be used as a model
to construct high-quality full solutions. Algorithm 2 simply picks
items from the PS catalog and merges them when possible. At
the end, any remaining unfixed parameters are filled with random
values, so that a full solution can be returned. Let 𝑋𝜓 be the catalog
found for a problem, and define the following operations, which
are used in Algorithm 2:
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Algorithm 1: Archive-based PS Miner
1 Def remap(values):
2 return 𝑣𝑎𝑙𝑢𝑒𝑠−min(𝑣𝑎𝑙𝑢𝑒𝑠 )

max(𝑣𝑎𝑙𝑢𝑒𝑠 )−min(𝑣𝑎𝑙𝑢𝑒𝑠 )
3 Def 𝐹𝜓 (𝑋𝜓 ):
4 𝑀 ← remap(meanFitness(𝑋𝜓 ))
5 𝑆 ← remap(simplicity(𝑋𝜓 ))
6 𝐴← remap(atomicity(𝑋𝜓 ))
7 return {avg(𝑚, 𝑠, 𝑎) for𝑚, 𝑠, 𝑎 ∈ zip(𝑀, 𝑆,𝐴)}
8 Def top(𝑋𝜓 , quantity):
9 sorted← sort(𝑋𝜓 , key = 𝐹𝜓 )

10 return sorted[:quantity]

11
get_init and get_local are discussed in Section 4.1

12 Def mine_ps(get_init, get_local, pop_size, qty_ret):
13 𝑋𝜓 ← get_init()

14 archive← {}
15 while termination_criteria_not_met do
16 selected← TournamentSelection(𝑋𝜓 )
17 localities← ⋃

𝑥𝜓 ∈ seleted get_local(𝑥𝜓 )
18 archive← archive ∪ selected
19 𝑋𝜓 ← (𝑋𝜓 ∪ localities) ∖ archive
20 𝑋𝜓 ← top(𝑋𝜓 , pop_size)
21 return top(archive, qty_ret)

Algorithm 2: Pick-and-Merge algorithm
1 Def weighted_random_choice(𝑋𝜓 ):

/* samples a random element of 𝑋𝜓 using 𝐹𝜓 as weights */

2 Def merge_from(𝑋𝜓 , limit):
3 available← copy(𝑋𝜓 )
4 𝑥𝜓 ← **..**

5 added← 0
6 while available ≠ ∅ & added < limit do
7 𝑦𝜓 ← weighted_random_choice(available)

8 available← available ∖ {𝑦𝜓 }
9 if mergeable(𝑥𝜓 , 𝑦𝜓 ) then
10 𝑥𝜓 ← merge(𝑥𝜓 , 𝑦𝜓 )
11 added← added + 1
12 return 𝑥𝜓

13 Def fill_gaps(𝑥𝜓 ):
14 for 𝑥𝜓𝑖 ∈ 𝑥𝜓 do
15 if 𝑥𝜓 = ∗ then
16 𝑥

𝜓
𝑖 ← random.randrange(cardinalities[𝑖])

17 return 𝑥𝜓

18 Def generate_via_pick_and_merge(𝑋𝜓 , merge_limit):
19 return fill_gaps(merge_from(𝑋𝜓 , merge_limit))

mergeable(𝑥𝜓 , 𝑦𝜓 ) = ¬∃ 𝑖 𝑠 .𝑡 . (𝑥𝜓𝑖 ≠ ∗ ≠ 𝑦𝜓𝑖 ∧ 𝑥𝜓 ≠ 𝑦𝜓 ) (11)

merge(𝑥𝜓 , 𝑦𝜓 ) = 𝑧𝜓 𝑠 .𝑡 . 𝑧𝜓𝑖 =



𝑥
𝜓
𝑖 if 𝑥𝜓𝑖 ≠ ∗
𝑦
𝜓
𝑖 if 𝑦𝜓𝑖 ≠ ∗
∗ otherwise

(12)

to_full(𝑥𝜓 ) = 𝑥 𝑠.𝑡 . 𝑥𝑖 = 𝑥𝜓𝑖 ∀ 𝑖 ∈ [1, 𝑛] (13)

(defined only when ¬∃ 𝑥𝜓𝑖 = ∗)

The parameter merge_limit used in pick_and_merge deter-
mines how many PSs should be contained in a generated solution,
which for this paper was set to ⌈√𝑛⌉. Note how this algorithm does
not use the original fitness function, as it is assumed that 𝑋𝜓 is
representative of beneficial traits.

5 EXPERIMENTS
This section will present three research questions, RQ1, RQ2 and
RQ3, answered by the testing rounds T1, T2 and T3 respectively.

• RQ1: Which algorithm parameters are best suited for find-
ing the PS catalog ?

• RQ2: How is the ability to extract Partial Solutions from a
reference population affected by its size and the amount of
generations it has been evolved for?

• RQ3: Can Partial Solutions be used to obtain high-fitness
full solutions? Our goal is increasing explainability, but the
algorithm must still be able to solve the problem.

T1 and T2 will check which algorithms can produce the PS
catalog effectively, which we assume will help explainability. For
testing, we’ll use benchmark problemswith known catalogs, defined
in Section 5.1. T3 will test the system’s ability to solve the original
optimization problem by checking how often it is able to find the
global optima. The algorithms and the parameters being tested will
be contained in Section 5.2, along with the description of the testing
rounds. Finally, the results are presented and discussed in Section 6.

5.1 Benchmark Problems
Here we draw upon benchmarks previously used by the EDA com-
munity, as they have clearly defined structures that map well to
graphical models, and present well-defined “target” PSs which we
aim for our algorithms to find. The benchmark problems will need
to be challenging enough to benefit from explainability, and hence
“simpler” ones such as OneMax and BinVal will not be considered.
Instead, problems which have dependencies between variables will
be chosen, and to prevent any biases due to proximity in linked
variables, the input variables will have their positions shuffled.

TheRoyal Road problem assigns a fitness to the input bit strings
by dividing them into disjoint adjacent groups of 𝑘 variables, and
counting how many of them are entirely consisting of 1’s [18]. The
target PSs here are the individual groups, with their values all being
set to 1. In this study 𝑘 = 4 (as can be seen in Figure 3), with 20
parameters in total, meaning that there are 5 target PSs.

A property of the Royal Road problem is that the target PSs are
disjoint, which might be too trivial for the algorithm to solve. In
order to increase the problem complexity, a variant called Royal
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Figure 3: Comparison of the RR and RRO problems, where
RRO has more complex global optima

RoadwithOverlaps (RRO) will be introduced, in which the groups
are allowed to have overlaps and use 0’s instead, as seen in Figure 3.

More formally, RRO is described by 𝑘 (the size of each group), 𝑞
(the number of groups) and 𝑙 (the amount of bits in the total input).
When 𝑙 < 𝑞 ·𝑘 the groups will be forced to overlap, which increases
problem complexity. Let𝐺𝜓 be the targets, in the form of PSs, then
the fitness function will be:

𝐹𝑅𝑅𝑂 (𝑥) = |{𝑔𝜓 ∈ 𝐺𝜓 s.t. contains (𝑥, 𝑔𝜓 )}| (14)

In this paper, 𝑘 = 4, 𝑞 = 5 and 𝑙 = 15 (guaranteeing overlap),
with the groups being randomized for every run. A full solution
containing all of the groups will often not be possible, and thus the
task of finding PSs does not align with finding just the building
blocks present in the global optima alone.

Another popular benchmark is Trap-k, in which each group of
k bits is assigned a fitness which increases monotonically with the
amount of 0’s, but achieves its maximum when it contains only 1’s,
as seen in Equation (16) [12, 26].

𝐹Trap-k (𝑥) =
(𝑙/𝜅 )−1∑︁
𝑖=0

𝐹 subTrap-k
©­
«
(𝜅+1) ·𝑖−1∑︁

𝑗=𝜅 ·𝑖
𝑥 𝑗
ª®
¬

(15)

𝐹 subTrap-k (𝑢) =
{
𝑘 if 𝑢 = 𝑘,

𝑘 − 𝑢 − 1 if 𝑢 < 𝑘.
(16)

The problem was devised to be challenging for GAs, due to its
deceptive fitness function, and it’s been considered here to check
whether deceptive PSs are a problem for our algorithms. Here, 𝑘 = 5
and 𝑙 = 25, so that there will be 5 deceptive groups. The target PSs
correspond to these groups, with all their parameters being set to 1.

5.2 Setup
When devising a PS mining algorithm, there are many potential
sources of variability, including:

• The algorithm itself, due to selection operators
• The reference population, being randomly generated
• The problem definition, in the case of RRO

Due to this, whenever data is gathered about an algorithm config-
uration being executed on a certain problem, the run is executed 100
times, with a freshly generated reference population (and problem

Table 3: PS Mining configurations

Algorithm Parameters

Own method




Population Size ∈ {50, 100, 150}

Local Search ∈


Simplification-only,
Specialization-only,

Full-local




Uses Archive ∈ {True, False}

GA
{
One point mutation, rate of 0.075
Two point crossover, rate of 0.7

Hill Climber



One point mutation, rate of 0.075
Repeated trials, with each trial ending
when a local optima is reached

Table 4: Reference Population GA Parameters

Option Value
Selection Tournament (size = 2), Elite = 2
Mutation One point mutation, rate of 0.075
Crossover Two point crossover, rate of 0.7

definition for RRO). Additionally, the algorithms will be restricted
to returning at most 50 PSs for every run (qty_ret in Algorithm 1).

5.2.1 T1. Many configurations of algorithm parameters will be
compared in their ability to find PSs efficiently. This will be done
by measuring the number of 𝐹𝜓 evaluations needed in order to find
all the target PSs for the benchmark problems. The algorithms and
the parameters that will be compared are shown in Table 3.

In each run, 𝑃Ref will consist of 104 uniformly randomly gener-
ated full solutions. The algorithms will then be executed with the
termination criterion being that they have found all of the target
PSs, or that they have gone over 105 𝐹𝜓 evaluations. Once the run
terminates, it is considered successful only if the output catalog
contains all of the target PSs.

5.2.2 T2. This round will contain a short analysis of how the
ability to find the PS catalog is affected by the size of 𝑃Ref and
the number of generations it has been evolved for. Populations of
sizes ∈ {100, 200, 500, 1𝐾, 2𝐾, 5𝐾, 10𝐾} are evolved for generations
∈ {0, 10, 20, 50, 100, 200}. The evolution process is done using a tra-
ditional GA, as described in Table 4 (derived from [7, 23]), and the
success criteria is the same as T1.

5.2.3 T3. The ability for the system to produce high-quality full
solutions will be tested by applying pick_and_merge as defined
in Section 4.2. For evaluation budgets ∈ {1K, 5K, 10K, 15K, 20K, 25K,
30K}, three methods to generate full solutions will be compared: a
traditional GA (as defined for T2), UMDA (both with population
size of 150) and the method suggested in Section 4. The latter will
use the settings selected from T1 to produce the catalog 𝑋𝜓 via the
PS Miner algorithm, by consuming a percentage (∈ 10%, 20%, . . . ,
90%) of the evaluation budget with 𝐹𝜓 evaluations. The remaining
evaluations are spent on 𝐹 to evaluate solutions and construct 𝑃Ref.
The catalog obtained is passed to pick_and_merge to produce full
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solutions. For each of these three methods, a run is considered
successful if it produces a global optima for the problem.

6 RESULTS
6.1 T1
Table 5 shows the success rate for each PS Mining algorithm con-
figuration, with the clear winner having the following properties:

• method: Archive-based
• population size: 150
• variant: Specialization-only

This configuration will be used in the tests that follow. In general,
configurations with the archive enabled were more successful than
their counterparts, with the specialization-only variants being the
best across all problems. Additionally, the GA and Hill Climber
were less successful, particulary with regard to the Trap-k problem.

Table 5: Results for T1: success rates for different algorithm
configurations (in bold are figures > 90%)

Search method Problem

Local search Pop. size Uses
archive RR RRO Trap-k

Simplification-only 50 


𝑇𝑟𝑢𝑒

0% 1% 0%
Simplification-only 100 0% 1% 0%
Simplification-only 150 0% 5% 0%
Specialization-only 50 64% 61% 47%
Specialization-only 100 96% 93% 86%
Specialization-only 150 100% 94% 93%
Full-local 50 0% 36% 0%
Full-local 100 0% 27% 0%
Full-local 150 0% 31% 0%
Simplification-only 50 



𝐹𝑎𝑙𝑠𝑒

0% 0% 0%
Simplification-only 100 0% 0% 0%
Simplification-only 150 0% 0% 0%
Specialization-only 50 61% 12% 1%
Specialization-only 100 95% 85% 10%
Specialization-only 150 100% 93% 30%
Full-local 50 0% 0% 0%
Full-local 100 0% 6% 0%
Full-local 150 0% 18% 0%
GA 50 - 0% 0% 0%
GA 100 - 0% 0% 0%
GA 150 - 0% 0% 0%
Hill-climber - - 28% 31% 0%

6.2 T2
The data in Table 6 suggests that the best 𝑃Ref to find the catalog
is unevolved, with its minimum size = 104 for the tested problems.
A possible explanation for this effect is the phenomenon of “hitch-
hiking”, where sub-optimal traits spread throughout a population
due to their co-occurrence with optimal traits. This effect was hy-
pothesized by Mitchell et al. [19] upon observing similar results for
Royal functions, where methods which rely on schemata (such as
[4]) perform worse when applied on pre-evolved populations.

6.3 T3
Table 7 and Figure 4 show three important facts:

(1) The PS catalog mediated approach is able to consistently
find the global optima for all of the problems, when between
20% and 60% being the recommended proportion of the
budget to dedicate to 𝐹𝜓 evaluations.

(2) for the RR and RRO problems, the GA and the PS catalog
mediated approach perform similarly when around 50% of
the evaluations are used for 𝐹𝜓 .

(3) For Trap-k, only the proposed method was able to find the
global optima consistently, whereas the GA and UMDA
almost always got stuck in the local optima.

These results give evidence that the proposed methodology can
solve optimization problems with similar performance to a GA,
improving on Trap-k, while adding explainability.

7 CONCLUSION
The algorithms presented in this paper describe a novel technique
for explainability, by using Partial Solutions. The PS catalog pro-
vides a global explanation of the fitness landscape by presenting
beneficial sub-configurations, while local explanations are ob-
tained by checking which PSs are found in a solution. Moreover,
the catalog acts similar to a model in an EDA, from which new
solutions can be sampled and thus solving the original optimization
problem. The testing rounds showed the following results:

• RQ1: The algorithm which is most apt for finding the PS
catalog in the benchmarks was the Specialization-only local
search, using the exclusion archive.

• RQ2: To obtain the PS catalog , it is better for 𝑃Ref to be a
large unevolved population

• RQ3: The system is consistently able to get the global op-
tima for the benchmark problems by first generating a PS
catalog and then applying pick_and_merge. This suggests
that the PS catalog can capture important information about
the fitness landscape. The recommended proportion of 𝐹𝜓
evaluations is between 20% and 60%.

It should be noted that the PS Miner algorithms implemented in
this work are not as efficient as they could be, since 𝐹𝜓 involves
complex calculations, and experimentation indicates this to be be-
tween 50 and 100 times slower than 𝐹 for |𝑃Ref | = 104. Therefore
the explainability of Partial Solutions still comes at a computational
cost, although this is might be partially countered by an improved
chance at finding global optima (as seen for Trap-k). The source
code for the system can be viewed at [8].

8 FUTUREWORK
The PS catalog represents beneficial traits for the fitness function,
and thus they can act as amodel that could be used to implement a
surrogate fitness function (similar to [6]) or improved GA operators
(similar to Optimal Mixing in [26]). Overall, the system could be
readapted to be a full EDA, for example by feeding the outputs of
pick_and_merge into 𝑃Ref.

The problems discussed in this document are admittedly simpler
than real-world problems, and therefore it would be useful to
see how well the PSs perform with some inherently inelegant
problems, such as rostering and scheduling tasks. In particular,
there will be cases where interpretable PSs are not always present
or difficult to find. This will be investigated in problems without
clean-cut cliques, where the explainability of PSs will be explored
more thoroughly.

As mentioned in Section 3.2, a PS may be generalized to higher-
order relationships. This will both greatly improve the descriptive
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Table 6: PS catalog success rate for T2, in bold are figures > 90% (success is finding all of the target Partial Solutions)

RR

Gen’s 0 10 20 50 100 200

𝑃Ref Size

100 0% 0% 0% 0% 0% 0%
200 0% 0% 0% 0% 0% 0%
500 52% 23% 22% 12% 23% 23%
1000 90% 77% 80% 75% 80% 82%
2000 100% 99% 98% 99% 98% 99%
5000 100% 100% 100% 100% 100% 100%
10000 100% 100% 100% 100% 100% 100%

RRO

Gen’s 0 10 20 50 100 200

𝑃Ref Size

100 4% 0% 0% 0% 0% 0%
200 22% 8% 9% 4% 5% 4%
500 66% 55% 47% 50% 45% 46%
1000 83% 82% 77% 75% 81% 78%
2000 89% 88% 89% 87% 87% 84%
5000 89% 86% 88% 91% 90% 89%
10000 94% 89% 89% 89% 89% 89%

Trap-k

Gen’s 0 10 20 50 100 200

𝑃Ref Size

100 0% 0% 0% 0% 0% 0%
200 0% 0% 0% 0% 0% 0%
500 0% 0% 0% 0% 0% 0%
1000 0% 0% 0% 0% 0% 0%
2000 2% 0% 0% 0% 0% 0%
5000 38% 11% 4% 3% 3% 6%
10000 93% 51% 60% 53% 49% 60%
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Figure 4: (Relating to T3) Mean fitness obtained by dedicating some of the evaluation budget to PS catalog mining.

Table 7: Global optima success rate for T3, in bold are figures > 90% (success is finding a global optima)

RR

Eval’s 1K 5K 10K 15K 20K 25K 30K

P&M

%
of

ev
al
’s
fo
rP

S
ca
ta
lo
g 10% 9% 71% 100% 100% 100% 100% 100%

20% 8% 100% 100% 100% 100% 100% 100%
30% 6% 100% 100% 100% 100% 100% 100%
40% 3% 100% 100% 100% 100% 100% 100%
50% 3% 100% 100% 100% 100% 100% 100%
60% 2% 100% 100% 100% 100% 100% 100%
70% 1% 98% 100% 100% 100% 100% 100%
80% 0% 88% 98% 100% 100% 100% 100%
90% 0% 17% 79% 95% 100% 100% 100%

GA 13% 100% 100% 100% 100% 100% 100%
UMDA 0% 3% 1% 0% 0% 0% 0%

RRO

Eval’s 1K 5K 10K 15K 20K 25K 30K

P&M

%
of

ev
al
’s
fo
rP

S
ca
ta
lo
g 10% 86% 96% 96% 97% 98% 97% 98%

20% 84% 95% 97% 99% 99% 98% 97%
30% 85% 97% 97% 98% 98% 98% 96%
40% 81% 97% 97% 99% 96% 98% 96%
50% 84% 98% 98% 98% 96% 97% 97%
60% 76% 96% 98% 99% 98% 98% 97%
70% 77% 94% 92% 97% 96% 97% 96%
80% 68% 92% 93% 99% 95% 96% 96%
90% 56% 81% 84% 96% 96% 96% 96%

GA 98% 100% 99% 100% 99% 98% 98%
UMDA 73% 77% 69% 68% 63% 73% 71%

Trap-k

Eval’s 1K 5K 10K 15K 20K 25K 30K

P&M

%
of

ev
al
’s
fo
rP

S
ca
ta
lo
g 10% 0% 0% 0% 53% 71% 82% 81%

20% 0% 0% 13% 39% 97% 99% 100%
30% 0% 0% 5% 79% 99% 99% 99%
40% 0% 0% 21% 87% 95% 99% 100%
50% 0% 0% 14% 74% 92% 99% 100%
60% 0% 0% 6% 52% 89% 96% 99%
70% 0% 0% 4% 38% 72% 89% 93%
80% 0% 0% 0% 11% 24% 58% 71%
90% 0% 0% 0% 0% 4% 3% 8%

GA 0% 0% 0% 0% 0% 0% 0%
UMDA 0% 0% 0% 0% 0% 0% 0%

power of PSs, but also greatly increase the complexity of the search
methods. 𝐹𝜓 could also be extended by adding more metrics, such
as novelty, robustness (to changes in the parameter values with
respect to fitness), or constraint satisfaction.
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B A P P E N D I X B : A L G O R I T H M S F O R VA R I O U S M E T R I C S

b.1 on the representation of partial solutions

In my work, PSs are implemented as a numpy array where the * wildcard is represented
by the value −1. All other values are integers starting from zero. Although there are
other formats to represent patterns, this occupies the least space in memory, which is a
concern when there is an entire population of them, and each is potentially hundreds of
variables long. Internally, these are stored as int8, because we never expect to find a
variable with cardinality over 255.

b.2 finding solutions which match a pattern, and their fitness

Finding the solutions which match a pattern is the core idea of this entire research, and
it is done for every pattern considered in the PS mining search process.

The solutions and their fitnesses are stored in a data structure called the PRef. This
is just an array of solutions and their precomputed fitness values. This is roughly
implemented as follows:

class PRef:
solutions_array: np.ndarray
fitness_array: np.ndarray
search_space_cardinalities: np.ndarray

def get_indices_of_matching_solutions(ps: PS):
# trivial and slow implementation

def get_fitnesses_of_matching_solutions(ps: PS):
indices = self.get_indices_of_matching_solutions(ps)
return self.fitness_array[indices]

Instead of finding the matching solutions directly, returning their indices allows for
much more flexibility (since sometimes the solutions are needed, and other times the
fitnesses are).

The method get_indices_of_matching_solutions is the bottleneck of the search
process, and therefore it needs to be optimized. A trivial version would be as follows:

Algorithm 21 Trivial Matching Algorithm

1: function Trivial_Get_Indices(xψ)
2: non_wildcards← xψ ̸= −1 ▷ Boolean array
3: matches← []
4: for index, solution ∈ self.solutions_array do
5: differences← (solution ̸= xψ)
6: mismatches← np.logical_and(non_wildcards, differences)
7: if not np.any(mismatches) then
8: matches.append(index)
9: end if

10: end for
11: return matches
12: end function

Although numpy hides some of the logic, checking every single solution to see if it
matches the pattern is rather slow.

There is a simple optimisation: if for example it is known that the pattern starts with
a 1, then we can exclude any solutions which do not start with a one and reduce the
search over that set. This can be generalized into the following process.
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pre-compute indices First, we construct a dictionary that maps every pair
of (variable, value) to an unordered set of indices.

precomputed_indices[(a, b)] is the indices of solutions where solution[a] = b.

Algorithm 22 Inverted Index Preparation
1: precomputed_indices← defaultdict(set)
2: for index, solution ∈ self.solutions_array do
3: for variable, value ∈ solution do
4: precomputed_indices[(variable, value)].add(index)
5: end for
6: end for

We can now utilize set intersections to find matches efficiently. The algorithm below
uses those precomputed indices to gradually narrow down the set of possibly matching
solutions.

Algorithm 23 Optimized Set-Intersection Matching

1: function Get_Matching_Indices(xψ)
2: ▷ precomputed_indices is pre-computed once
3: if xψ.is_empty() then
4: return set(range(len(self.solutions_array)))
5: else
6: sets_to_intersect← []
7: for var, val ∈ enumerate(xψ) do
8: if val ̸= −1 then
9: possible_indices ← precomputed_indices[(var, val)]

10: sets_to_intersect.append(possible_indices)
11: end if
12: end for
13: return set.intersect(∗sets_to_intersect)
14: end if
15: end function

This implementation relies on the fact that in Python, the set class is implemented
in C and is therefore much more efficient than most of the code that could have been
written manually. The internal implementation of set.intersect will start from the
smallest set and exclude as many items as soon as possible from the intersection.

Moreover, the solutions in Pnotmatch can be efficiently calculated as the set difference
between all the possible indices and the matching indices.

b.3 algorithm to find solutions which differ by a single variable

For Dominance-based linkage, it is necessary to have a collection of pairs of solutions,
such that these solutions differ by a single variable. From now on, the term “Hamming-
distance-1” will be used for clarity.

The algorithm described here will find any such pairs in a given list of solutions in an
efficient manner.

b.3.1 Naïve Approach

Firstly, let us consider the naïve approach: check every single pair of solutions.

def find_hamming_distance_1_pairs_naive(solutions_array):
# pairs_by_difference[v] represents all the pairs that
# differ by variable v
pairs_by_difference = [[] for _ in range(L)]
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for index_a, solution_a in enumerate(solutions_array):
for index_b in range(index_a+1, len(solutions_array)):

solution_b = solutions_array[index_b]

quantity_of_differences = np.sum(solution_a != solution_b)
if quantity_of_differences == 1:

# find the position of the difference
position_of_difference = None
for i in range(L):

if (solution_a[i] != solution_b[i]):
position_of_difference = i
break

# then add the pair to the correct list
pairs_by_difference[position_of_difference].append(

(index_a, index_b)
)

If N is the quantity of solutions in our dataset, this algorithm will make N × (N − 1)/2
pairwise checks, and each check is based on L comparisons. Therefore, the complexity
will roughly be L×N2 (because there are L×N × (N − 1)/2 operations).

Moreover, take notice of the format of the output: this is the format that is most
suitable for later analysis. For example, if pairs_by_difference is {{(4, 5), (8, 10)},
...}, it means that the solutions at indices 4 and 5 in the solutions_array differ only
by the first variable, and the same applies to 8 and 10.

b.3.2 Optimized Approach using Hash Collisions

The approach used here is based on hash collisions. Imagine a hash function which
considers all the variables in the solutions except for the last one. If two solutions have
the same hash value, then they are very likely to be different only in that last value. If
a different hash function which ignores one variable is implemented for every variable,
then we have a fast approach of quickly excluding solutions from our pairwise checking.

The algorithm proceeds as follows:

1. Precompute helper values, which are then used to calculate different hash values
efficiently.

2. Let collected_solutions be a list of dictionaries (specifically defaultdict(set)).

• collected_solutions[a][hash_value] is the set of indices of solutions
whose hash value (ignoring variable a) equals hash_value.

3. For every solution, and its index:

• For every variable v from 0 to L− 1:

– hash_value = hash value that ignores v for solution.

– collected_solutions[v][hash_value].append(index).

4. Initialise list_of_lists_of_pairs to be [list() for _ in range(L)].

• list_of_lists_of_pairs[v] is a list of pairs. Each pair is the indices of two
solutions that differ only by v.

5. For every variable v from 0 to L− 1:

• For every hash_collision_group in collected_solutions.values():

– A hash_collision_group is a set of indices of solutions that are likely
to differ by only one value. A pair needs to differ by exactly one
variable (not 0, not more than 1). The suitable pairs are added to
list_of_lists_of_pairs[v].

The hash values are calculated using a base, powers, and the modulo operator, in
such a way that the hash values can be derived from each other. The base and modulo
are chosen to be big prime numbers to avoid the risk of unwanted collusions, but their
specific value is not too important.

The final algorithm is shown below.
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def get_paired_samples_from_observations(solutions_array,
base=911382323,
mod=972663749):

N, L = solutions_array.shape

# Precompute powers of base
p_pow = np.ones(L + 1, dtype=np.int64)
for i in range(1, L + 1):

p_pow[i] = (p_pow[i - 1] * base) % mod

# Prefix hashes: prefix_hash[i, k] = hash of solutions_array[i, :k]
prefix_hash = np.zeros((N, L + 1), dtype=np.int64)
for k in range(1, L + 1):

prefix_hash[:, k] = (prefix_hash[:, k - 1] * base +
solutions_array[:, k - 1]) % mod

# Suffix hashes: suffix_hash[i, k] = hash of solutions_array[i, k:]
suffix_hash = np.zeros((N, L + 1), dtype=np.int64)
for k in range(L - 1, -1, -1):

suffix_hash[:, k] = (solutions_array[:, k] * p_pow[L - k - 1] +
suffix_hash[:, k + 1]) % mod

# for each index, we have a list of pairs
result_pairs = [list() for _ in range(L)]

# For each position, bucket by hash of vector with that position removed
for pos in range(L):

buckets = defaultdict(list)

for idx in range(N):
# prefix = hash of solutions_array[idx, :pos]
prefix = prefix_hash[idx, pos]
# suffix = hash of solutions_array[idx, pos+1:]
suffix = suffix_hash[idx, pos + 1]
# combine, shifting suffix down by one position in power terms
combined_hash = (prefix * p_pow[L - pos - 1] + suffix) % mod
buckets[combined_hash].append(idx)

# Check pairs within buckets
for idxs in buckets.values():

if len(idxs) > 1:
for i in range(len(idxs)):

index_sol_left = idxs[i]
val_left = solutions_array[index_sol_left, pos]
for j in range(i + 1, len(idxs)):

index_sol_right = idxs[j]
val_right = solutions_array[index_sol_right, pos]

if (val_left != val_right):
result_pairs[pos].append(

(index_sol_left, index_sol_right)
)

return result_pairs

The complexity of this algorithm is harder to calculate, but anecdotally it is fast
enough to be unnoticeable in normal use cases. The main parts of the algorithm iterate
over each solution and each of its variables, and therefore its complexity should be
L×N . The individual operations to calculate the hash values are somewhat expensive
to calculate, but the scalability of the overall algorithm is definitely better than the
naive approach.
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C A P P E N D I X C : D E F I N I T I O N S O F L I N K A G E

This chapter is an addendum to Chapter 7.
First, it starts by setting some notation, and then it gives a comprehensive description

and definition of each linkage method discussed in Chapter 7.

c.1 notation for linkage

Pure mathematical notation is often hard to parse in the context of
linkage learning. In the trade-off between mathematical purity and
readability, this chapter leans more towards the latter.

The notation used for this chapter will mainly relate to solutions, PSs and their
modifications. A solution may be indicated using a lowercase letter, usually x, y or s,
and the apex ψ indicates a PS.

These can be modified by changing one variable: xa=0 represents the solution x but
with the variable a set to 0. Similarly, two variables may be set as well: x a=0

b=0
is the

solution x but with variables a and b set to 0.
The same rules apply to PSs, such as xψa=* being the pattern xψ but the variable a is

set to (*).
It is also sometimes necessary to modify all the variables except one. xψ

a=∗ is the
pattern xψ but all the variables except for a have been set to (*).

Extending from this notation, F (·a=1) represents the fitness values of all solutions
where a = 1.

Finally, linkage involves the definition of many functions, and in order to differentiate
them it is necessary to give them long names. This sometimes involves giving them a
name that is longer than one line, such as first_line

second_line (x).

c.2 linkage learning methods

This section will contain definitions of the linkage function, which
takes two variables and returns how strongly linked they are. This is
different from atomicity, which takes a PS and returns the linkage
strength between all of its fixed variables. In other words, atomicity
is built on top of the linkage function.

There are many kinds of linkage learning methods, and it is important to understand
what makes them different.

c.2.1 The F-link example function

From now on, an example function will be used. Consider a function Flink with 3 binary
combinatorial arguments, such that:

Flink(a, b, c) =

⎧⎪⎪⎨⎪⎪⎩
0 · (c+ 2) if (a, b) = (0, 0)
1 · (c+ 2) if (a, b) = (0, 1)
5 · (c+ 2) if (a, b) = (1, 0)
4 · (c+ 2) if (a, b) = (1, 1)

(C.1)

An easier way to think about this function is: c+ 2 · (a · 5 ± 1), where the ± is determined
by the combination of a and b.

This function is constructed such that:
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• the best value for the variable a is always the same – it is always beneficial to
have a = 1,

• the best value for variable b is dependent on a, b should have the opposite value
to a,

• the variable c is not linked to any variable, since its role in the formula is not
affected by the others. Still, the final fitness value is entirely dependent on c, so
perhaps every variable is dependent on c.

This function will be used to show faults in existing methods and current understanding
of linkage. It introduces conditional behaviour, it is not linear and proposes a case where
linkage is a matter of opinion.

c.3 issues with non-linearity detection methods and their issues

Many approaches to linkage detection can be described as non-linearity detection
methods. More specifically, it is assumed that two variables are not linked if they have
univariate effects on fitness which are added together.

More formally, it means that a fitness function where no linkage takes place is assumed
to be in the form F (s) = F1(s1) + F2(s2) + . . ., which is an univariate additively
separable function.

In many cases, this is a harmful assumption: there are many systems in which variables
could be considered non-linked despite not fitting the above scheme. For example, a
function could be a product of many univariate functions: F (s) = F1(s1) · F2(s2) · . . .

In the coming paragraphs, issues relating to non-linearity detection methods will be
discussed in detail, as these are the most commonly found in the literature.

Note that in the context of metaheuristics, the optimisation problem
at hand is unlikely to be linear: if it was, metaheuristics would not
need to be used.

c.3.1 Inability to quantify linkage

Let us consider a non-linearity detection method which produces a “0” when two variables
are not linked. For any other value, there is no clear interpretation: it simply means that
the variables are not linearly independent. It might be a coefficient in a bi-variate linear
model, but even then it is an attempt to explain non-linearity using linear models, which
is deceptive.

c.3.2 The effect of non-linearity

The assumption of additivity and linearity has effects which are best understood through
a mental experiment: consider any optimisation problem, which has a certain fitness
function. Upon applying a non-linearity detection method, linkage information is obtained
in the form of a pair-wise linkage table.

Now consider the same problem, but the fitness function is fed into a sigmoid
function (which is monotonic and reversible, σ(x) = 1 + 1

1+exp(−x) ): the optimal
solution remains the same, and the ranking of each solution remains identical. In fact,
a metaheuristic’s search process should look identical since the relationships between
solutions remain the same.

Now, should there be a difference in linkage information between these two instances?
This is a matter of opinion, but it should be a property that the user is aware of, since
it does affect the results.

This effect can be observed in practice with ANOVA-based detection of linkage in
Figure C.1.

For situations where this is an issue, this chapter proposes dominance based linkage.
This method is robust against non-linearity, and it is designed to be more generally
applicable due to its few assumptions.

In the coming sections, we discuss how Perturbation-based linkage, Analysis of
Variance (ANOVA), SHAP, LIME and methods based on averages are non-linearity
detection methods and share the aforementioned issues.

217



0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

Original Trap-k, MI of survival

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

Sigmoid Trap-k, MI of survival

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

Original Trap-k, Chi-Squared (p-value)

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

Sigmoid Trap-k, Chi-Squared (p-value)

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

Original Trap-k, Domination (p-value)

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

Sigmoid Trap-k, Domination (p-value)

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

Original Trap-k, ANOVA (p-value)

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

Sigmoid Trap-k, ANOVA (p-value)

0.01

0.02

0.03

0.04

0.05

0.01

0.02

0.03

0.04

0.05

0.0

0.2

0.4

0.6

0.8

1.0

0.0

0.2

0.4

0.6

0.8

1.0

0.0

0.2

0.4

0.6

0.8

1.0

0.0

0.2

0.4

0.6

0.8

1.0

0.0

0.2

0.4

0.6

0.8

0.0

0.2

0.4

0.6

0.8

Figure C.1: A Trap-k problem (3 cliques of 5 bits) was solved by a standard GA,
and the resulting set of solutions is analysed for linkage using ANOVA.
On the left, the standard fitness function is used, whereas on the right
the fitness function is the sigmoid (σ(x) = 1 + 1

1+exp(x) ) of the original
fitness (F ′(x) = σ(F (x))). The sets of solutions are perfectly identical,
and the only difference is in their fitness.

c.4 perturbation-based linkage

Perturbation-based linkage is perhaps the most traditional way of detecting an
“interaction” between variables. A more accurate name for it would be detection of non-
linearity through perturbation, as used by [202, 186]. It is a paired-samples, change-
of-magnitude, effect-size, symmetric approach to linkage learning. Here, “perturbation”
is used to mean a small change to a solution in order to observe its change in fitness.

Let us consider the simplest possible case, with a combinatorial binary problem. Then
the perturbation-based linkage for a single solution is:

perturbation_linkage
in_solution

(x, a, b) = F (x a=1
b=1

) − F (x a=0
b=1

) (C.2)

−F (x a=1
b=0

) + F (x a=0
b=0

) (C.3)

This approach uses new fitness evaluations and produces linkage data relating to a
single solution. This formula is obtained by first measuring the linear contribution of
each individual perturbation, then comparing it against the linear contribution of their
combinations:

lin_cont_*1 = F (x a=0
b=1

) − F (x a=0
b=0

) (C.4)

lin_cont_1* = F (x a=1
b=0

) − F (x a=0
b=0

) (C.5)

lin_cont_11 = F (x a=1
b=1

) − F (x a=0
b=0

) (C.6)

perturbation_linkage = lin_cont_11− (C.7)
(lin_cont_*1 + lin_cont_*1) (C.8)

(C.9)

Note that to calculate the full linkage information of a single binary solution, there
will be L2−L

2 solutions to evaluate (one for every distinct pair of variables), which is
already above 100 for 15 variables. Therefore, finding this linkage information even for a
single solution is a rather expensive process, which is the main issue with this method.
(The situation is even worse for non-binary combinatorial spaces, which are relevant to
the Staff Rostering problem.)

Another important issue is that this method can only show when two variables are
not-linearly related to the fitness function, which leads to many issues Section C.3.

c.4.1 Perturbation linkage definition

A full algorithmic definition of perturbation linkage is provided. The following elements
need to be considered:
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• Each combinatorial variable has a finite quantity of possible values, and in most
systems these are encoded as integers starting at 0. The array options contains
the cardinality for each of these, so that options[a] == 2 indicates that a is a
binary variable.

• To determine the “effect” of a variable a on a solution, we check the fitness change
when changing the value of a. For example, setting a to 1 might increase the
fitness by 2. For each possible value of a, we will keep track of how it affects fitness
on average.

• To determine the “effect” of a pair of variables, we do a similar process but for
every possible combination of values.

• The expected “effect” of two independent variables is that setting (a, b) to (v1, v2)
is the effect of a = v1 + the effect of b = v2.

• To get average effects, it is easier to sum them and then divide them at the end.

• The measured distance between the expected and observed effect of two variables
is simply the sum of absolute value differences.

The algorithm definition is provided in Python, since the language of pseudocode
would actually be more terse.

def perturbation_linkage(a, b, Pref, F, options):
""" a, b are variable indices

Pref is a set of solutions, with their fitness
F is the fitness function, required for this
options[a] is the cardinality of a

"""

effect_a = np.zeros(shape=options[a])
effect_b = np.zeros(shape=options[b])
effect_ab = np.zeros(shape=(options[a], options[b]))

for solution, fitness in Pref.items():
for new_a in range(options[a]):

new_solution = solution.copy()
new_solution[a] = new_a
new_fitness = F(new_solution)
effect_a[new_a] += new_fitness - fitness

for new_b in range(options[b]):
new_solution = solution.copy()
new_solution[b] = new_b
new_fitness = F(new_solution)
effect_b[new_b] += new_fitness - fitness

for new_a in range(options[a]):
for new_b in range(options[b]):

new_solution = solution.copy()
new_solution[a] = new_a
new_solution[b] = new_b
new_fitness = F(new_solution)
effect_ab[new_a, new_b] += new_fitness - fitness

effect_a /= len(pRef)
effect_b /= len(pRef)
effect_ab /= len(pRef)
expected_ab = effect_a + effect_b.reshape(-1, 1)

linkage_strength = np.sum(np.abs(effect_ab - expected_ab))

return linkage_strength
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c.4.2 Walsh decomposition

A generalisation of the above method is found in using Walsh decompositions of binary
functions [127]. Every function that maps binary strings to scalars can be rewritten
as a Walsh function [107], its Walsh decomposition. This formulation, and how this
decomposition can be obtained is defined in [128].

In summary, the fitness function is rewritten as the sum of many terms, where the
coefficients of certain terms indicate linkage strength. The main benefit of this approach
is that it extends beyond pairwise relationships, but at the same time it is restricted to
binary problems.

For pairwise interactions, perturbation and Walsh coefficients are mathematically
equivalent [127].

c.5 fitting linear models and anova

Many linkage learning methods are extensions of variable importance methods. A common
variable importance method is fitting a linear model in order to approximate a function,
and then inspecting its coefficients. Therefore, it might seem obvious to apply the same
process for linkage learning: simply use a model with interaction terms, and check
their coefficients.

An ANOVA test for interaction works very similarly, but instead it measures the
probability that the coefficient for the interaction term is 0 [8, 160].

c.5.1 Building a naive linear model with interactions

First, let us consider a linear model which will attempt to model Flink, which takes as
input 3 binary values (a, b, c). The linear model will have the following parameters to be
learned:

• intercept

• coefficients for a, b, c

• coefficients for pairwise interaction terms (ab, ac, bc)

Similarly to how a linear model can be used to obtain variable importance by looking
at its coefficients, this model has “pairwise” terms with coefficients that quantify linkage
(e.g. the coefficient for ab is the linkage strength between a and b).

If Flink was a perfectly linear function (k0 + k1a+ k2b+ k3c) then all the coefficients
for the interaction terms would be 0. If Flink is not a linear function, then the value of
those coefficients is unpredictable and yields poor results (as it is underfitting, a linear
model can only model linear functions).

Let us try to fit a linear model to this function:

F (a, b, c) = (a+ 1) · (b+ 1) · (c+ 1)

We will look at the coefficients to determine if there is linkage between
the variables. Whether these variables are linked or not is up for debate,
but it is sensible to expect that they are all equally linked to each
other. Let us fit the aforementioned linear model, and the following is
obtained:

1.375 + 0.25a+ 0.25b+ 0.25c+ 2.5ab+ 0.5bc+ 2.5ac

This linear model has R2 = 0.96, which indicates that it is highly
accurate. Despite this, the pairwise coefficients are 2.5, 0.5 and 2.5,
which does not reflect our expectation of equal linkage.

c.5.2 Building a more sensible linear model

The linear model shown in the previous section has issues which are commonly seen in
the literature.
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too many terms The model shown above contained all the univariate terms,
and all the pairwise interaction terms. This approach quickly becomes unsuitable as
more input variables are present (for stability and computational complexity), with 14
variables requiring a linear model with 106 terms already. A more scalable approach is
to make a linear model for every pair of variables, so that the linear models are always
in the following form:

Fitness ∼ A+B +A : B (C.10)

The drawback is that instead of one big model, there are many small models, but at
least these will be stable.

exact meaning of the interaction term Consider a case where the
variable a has possible values {Red, Green, Blue}, and a variable b has possible values
{White, Black}. The term a : b in the linear model is actually 6 terms, one for each possible
combination of their values. For example, there is a term (A == Red) · (B == Black)
which has value 1 only when A is Red and B is Black.

The interaction term used in linear models is different between combinatorial
variables and continuous variables, where it is simply a multiplication of values. The
models shown in Section C.5.1 intentionally showed the wrong kind of interaction
(multiplication of values), in order to show how easy it is to get confused. For binary
variables, each pair of variables should result in 4 terms in a model: k1ab+ k2(a− 1)b+
k3a(b− 1) + k4(a− 1)(b− 1).

This aspect is strongly connected with the point made in Section C.5.2: making a
linear model with all the interaction terms would be far too large, and it is necessary
to make many small models instead. Another point to note is that the meaning of this
interaction term is only well defined for additive systems. A paper from 1948 relating to
ANOVA states [90]:

When the interaction is not negligible, estimation of the main effect of A
must depend upon circumstances, and no definition [. . . ] can be claimed as
‘the only legitimate’.

In general, the nature of this interaction, and how this should be analysed is a matter
of contention [131].

obtaining the coefficients ANOVA models implicitly use the aforemen-
tioned models, and Ordinary Least Squares is the most common method of obtaining
the coefficients [144]. There is one detail that is often overlooked for ANOVA: the order
in which the coefficients and p-values are obtained [131, 169, 63]:

• Type I: the coefficients are obtained sequentially. The (n+1)th term is based on
the residuals from fitting the previous n terms.

• Type II: the coefficients are obtained in isolation, and they are not influenced by
each other’s residuals.

• Type III: the coefficients are obtained all at the same time.

Of these, type II is the most suitable for obtaining the coefficients to the interaction
terms, as it removes any unnecessary influence from other variables and is the most
robust in the case of unbalanced data [169].

p-value or effect size An ANOVA test produces many numerical results,
with two being the most important: the p-value and the effect size. As already discussed
in Section 7.2.4, these represent two different measurements. If one wants to determine if
there is linkage, they should use the p-value, while they should use the effect size (called
η2) to quantify its strength.

c.5.3 ANOVA linkage definition

In summary, the suggested definition of linkage through ANOVA for a pair of variables
(a, b) is:

• For every solution in the dataset, store the value of a, b and its fitness.
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• Define a linear model in the form Fitness ∼ a+ b+ a : b

• Obtain the linear model through Ordinary least squares, then carry out Type II
ANOVA

• Extract the p-value or effect size of the statistical test.

Once again, this algorithm lends itself better to Python code than to pseudocode.

def ANOVA_linkage(a, b, Pref):
"""
Calculates the interaction between variable A and variable B
using a Two-Way ANOVA (Type II).
solutions = Pref.solutions # a matrix where each row is a solution
fitness = Pref.fitness # an array of all the fitness values
"""

# Construct a DataFrame
df = pd.DataFrame({

'A': pd.Categorical(solutions[:, a]),
'B': pd.Categorical(solutions[:, b]),
'Fitness': fitness

})

# Check if enough samples are present
if df['A'].nunique() < 2 or df['B'].nunique() < 2:

return 1.0

# Define the linear model
model = ols('Fitness ~ C(A) + C(B) + C(A):C(B)', data=df).fit()

# Perform ANOVA (Type II)
anova_table = sm.stats.anova_lm(model, typ=2)

# Extract p-value.
p_val = anova_table.loc['C(A):C(B)', 'PR(>F)']
# If we wanted effect size, use 'sum_sq' instead of 'PR(>F)'

return p_val

c.6 shap interaction via xgboost

SHAP is a well-known method for measuring variable importance, and therefore there is
a method for obtaining linkage using similar techniques, namely XGBoost [50].

An introduction to Shapley values was given in Section 3.5.2, and how SHAP was
derived from it is provided in Section 3.5.2.

What the reader needs to be aware of for this section is that Shapley assumes that
the underlying function is additive, and SHAP methods make even stronger assumptions
in order to be computationally feasible. Moreover, these methods rely on the presence of
a model, which adds a layer of indirection (is the linkage within the model or within the
data?). At the same time, the use of the model might allow for SHAP methods to detect
non-linear effects.

c.6.1 SHAP linkage definition

The SHAP linkage learning proposed here will be based on an XGBoost model[50]. This
is chosen as it is the most popularly used method of linkage via SHAP. It is implemented
as follows by scikit-learn:

• The dataset of solutions and fitness values is used to train a surrogate model,
specifically an XGBoost model.

• Within the model, interaction terms based on SHAP are calculated. Here, a SHAP
value is the contribution of a pair of variables.

• SHAP values explain individual solutions. To obtain general values, these are
averaged over all solutions
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In simple terms, XGBoost consists of an ensemble of shallow decision trees, and two
variables are interacting if they tend to be used within the same trees.

import xgboost as xgb
import shap

def SHAP_linkage(a, b, solutions, fitness):

# Train the surrogate model
model = xgb.XGBRegressor(n_estimators=100, max_depth=6)
model.fit(solutions, fitness)

# Calculate SHAP interaction values using TreeExplainer
explainer = shap.TreeExplainer(model)
interaction_values = explainer.shap_interaction_values(solutions)

# get averages over solutions
global_interactions = np.abs(interaction_values).mean(axis=0)

return global_interactions[a, b]

time complexity An issue with this method is its scalability: for this linkage
information to be obtained, it needs to train a model, potentially on many variables. This
becomes increasingly slow as the quantity of variables and solutions increases. If certain
parameters are kept constant (quantity of trees, depth of trees), L is the quantity of
variables and N is the quantity of solutions, then the time complexity of model training is
O(LN2 logN) [50]. The time complexity of calculating the linkage values is not known,
but it is expected to be insignificant with regard to the model training step. This scales
poorly as more solutions are to be considered, and it is expected to become unfeasible
for highly-dimensional problems.

c.7 correlation

The concept of correlation belongs to the conditional-distribution category of methods,
generally for continuous variables but not necessarily.

The most popular methods for continuous variables are the following.

• Pearson Correlation coefficient (r): assumes that between two variables there
is a linear relationship with normally distributed noise. This method produces
a value between -1 and +1 that represents the strength and direction of the
estimated linear relationship [13].

• Spearman’s Rank Correlation (ρ), Kendall’s τ : these measure if there is
a monotonic relationship between variables, by comparing the rankings of their
values. These do not assume a linear relationship or normality of noise, which
makes them non-parametric alternatives to Pearson correlation [13].

• Chatterjee’s ξ correlation: an asymmetric metric which measures if a variable
can be predicted by knowing another. More formally, it determines whether there
is a function that can map between variables. More specifically, it measures how
discontinuous the relationship between rankings is [48]

For combinatorial variables, the following are available:

• χ2 test for independence (χ2): (discussed in Section C.8): measures the probab-
ility that two categorical variables are linked by a conditional distribution.

• ϕ coefficient, Cramer’s V: (discussed in Section C.8) these measure the strength of
two combinatorial variables. ϕ is limited to two binary variables, whereas Cramer’s
V applies to higher cardinalities.

Finally, there are methods that work between a combinatorial and a continuous
variable, such as biserial and point-biserial correlation [262].

As this thesis focuses on combinatorial problems, the correlation between continuous
variables will not be considered.
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c.8 χ2 tests

Other than ANOVA, there are other statistical approaches that can be used for linkage
learning, and these are based on conditional distributions.

Given a set of solutions, we can count the probability for each variable to have a
certain value (the marginal distribution). Similarly, the joint distributions will
show the probability of each combination of values for two variables.

If two variables are linked, we should observe a conditional probability distribution. For
example, if the variable u = 1 30% of the time, and the variable v = 1 30% of the time,
we would expect (u, v) = (1, 1) to occur 9% of the time if the variables are independent.
If those variables are not independent, then the combination (1, 1) would have a higher
or lower proportion than 9%. In the case of a metaheuristic, the combination (1, 1) might
be more common than expected due to natural selection.

The important step is to quantify how strongly a given joint distribution “behaves
as a conditional distribution”, and there are many statistical tests to achieve this. The
most common is a χ2 test, which calculates the probability that the observed joint
distribution came from independent marginal distributions [238]. The result of this test
is a p-value and an effect size (Cramer’s V).

χ2 tests are an approximation of Fisher’s Exact test. Fisher’s exact
test is rather expensive and complex to implement, and most imple-
mentations only allow for binary variables. χ2 tests produce nearly
identical results, and are used throughout this thesis. There are many
other derivations of Fisher’s test, such as Boschloo’s Test [30], G-test
[189, 66], Phi-coefficient [65], and the Fowlkes-Mallows index [93].
These aim to correct certain biases in different ways.

These kinds of tests disregard fitness values, placing them in the conditional-
distribution category of linkage learning methods.

c.8.1 χ2 linkage

χ2 tests are the most well-documented in the literature, with definitions being available
in [38] for example.

To quantify linkage between two variables A and B, the following is done:

1. Create a zero matrix of dimensions |DA| × |DB |, called counts.

2. Iterate through every solution s in the PRef. Increment counts[sA, sB ].

3. counts now represents the conditional distribution between A and B. This can be
passed as the input to a χ2 test.

4. From the statistical test, extract either the p-value or the effect size. Cramer’s V
is recommended due to its wide applicability.

c.9 mutual information and bayesian linkage

The following methods of detecting linkage have been popular in many EDAs, as they
are flexible and can produce linkage information from a population of solutions. In
information theory, this is measured via Mutual Information. If the probability of
a variable having a certain value is a piece of information (think of the game “Guess
Who?”), Mutual Information measures how much knowing the value of one variable
predicts knowing the value of the other, as defined in Equation (C.11).

MI(a, b) =
∑︂

vala∈options(a)
valb∈options(b)

p(· a=vala
b=valb

) log

(︄
p(· a=vala

b=valb
)

p(·b=valb )p(·a=vala )

)︄
(C.11)

(where p indicates the probability of a solution having certain values)
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Entropy of X
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Joint Entropy of X and Y
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Conditional Entropy of Y 
knowing X

vs

Mutual Information of X and Y

vs vs

= Probability of X

= Probability of Y

= Probability of X and Y

Figure C.2: Diagram showing the elements involved in Joint Entropy, Conditional
Entropy and Mutual Information. Mathematical notation is intentionally
avoided in order for the reader to focus on what elements are used in
each formula.

The terms Mutual Information, Joint Entropy and Conditional Entropy
are often confused.
Entropy is a function of probability, H(p) = −p · log(p).
Joint Entropy is the entropy of the probability of two variables having
a certain combination of values.
Conditional Entropy is the entropy of a probability of an event,
knowing that another event has occurred. This is non-symmetric.
Mutual Information is not an entropy, and it compares 3 probabilit-
ies. A summary is shown in Figure C.2.

Bayesian methods use similar formulas, but they are hidden within a larger process.
Bayesian methods aim to generate a directed graph, where the nodes are the variables
of the problem (as shown in Figure C.3). A node points to another if it influences its
distribution, and thus the graph can represent complex dependencies (one variable is
dependent on two variables, which themselves depend on others...) but finding such
a graph is not easy. Generally, many such graphs are generated, and the one which
maximises a certain metric is picked (usually this is implemented as a greedy search)
[216]. This metric to be optimised is often based on information theory.

In the Bayesian Optimisation Algorithm (BOA) family of methods for example, two
metrics are used: the Bayesian Information Criterion and the Bayesian-Dirichlet metric
with likelihood equivalence [216]. The first method uses Conditional Entropies, whereas
the second is a distance between the observed distribution and the one generated by the
graph [218, 216].

These methods fall in the conditional-distribution category, and they are implemented
in Equation (C.11). Although there are many similar metrics, they are expected to
perform similarly in our context since they cannot make use of fitness information.

c.10 friedman’s h statistic

Friedman’s H statistic is isolated from other methods, and it has received relatively little
attention in the literature. It is a way to quantify conditional-effect on fitness, and it
stems from thinking about the gradients of the fitness function [95]. The theory behind
this method is based on Partial Dependence plots, which in practice are surrogate models
for the fitness function that use only certain variables. Therefore, its implementation is
somewhat similar to Shapley values, but it has less layers of abstraction.

Firstly, a fitness function for a problem with two variables j and k could be written as
F (x) = Fj(xj) +Fk(xk) +Fjk(xj ,xk), but if the variables are independent then it could
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V1

V3

V2

V4

V5

V6

Figure C.3: Example of a Bayesian Network for an optimisation problem with 6
variables. Each variable is a node, and the arrows indicate conditional
distributions. For example, V2’s value distribution is conditional to V1’s
value. V3 is conditional to the combination of values of V2 and V6. The
distribution of V5 is independent of other variables.

be F (x) = Fj(xj) + Fk(xk). This framework is the starting point of this methodology,
and therefore this method is also based on non-linearity detection.

Note that Fj and similar terms are not estimates of fitness, but rather they are terms
of a bigger sum. It might be easier to think of them as correction factors.

The final metric is derived as follows:

1. For a problem with L variables, Fl can be approximated by using certain models
such as a random forest regressor where the input variables can be chosen. This
approximation of the correction factors is represented by F̂j and similar terms. In
the case of pairwise linkage for combinatorial variables, a model is not required
and F̂ summands are simply averages.

2. Let F̂jk(xj ,xk) be the predicted correction factor for the fitness of x based on a
model that only uses variables j and k.

3. For a solution x, one can measure the “local linkage” for an individual solution x

for j and k (sol_variance, Equation (C.12)).

4. The local linkages can be aggregated over all solutions, producing a value which
can be described as the variance of the interaction term (jk_variance,
Equation (C.13)).

5. There is variance of the overall model which uses j and k (with Fj and Fk
correction factors). This is model_variance, in Equation (C.14).

6. The final linkage metric is jk_variance normalised by the model_variance, in
Equation (C.15).

sol_variance(x, j, k) = F̂jk(xj ,xk) − F̂j(xj) − F̂k(xk) (C.12)

jk_variance(j, k) =
∑︂

x∈PRef

(sol_variance(x, j, k))2 (C.13)

model_variance(x, j, k) =
∑︂

x∈PRef

(F̂jk(xj ,xk))2 (C.14)

H2
jk = jk_variance(j, k)/model_variance(j, k) (C.15)

The definition provided is broken down in a way that is not suggested
in the original formulation, but they are mathematically equivalent.
This is for the benefit of the reader.

c.11 cosine similarity linkage

As part of the work with Recommender Systems ([43]), the linkage measure used made
use of the fact that each variable was associated with an embedded vector (denoted with
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embedding(a) for variable a). Cosine similarity is a commonly used technique in machine
learning, as it allows to define a similarity metric between items, aligned with domain
information (Equation (C.16)).

cos_sim(u, v) =
u · v

∥u∥ ∥v∥
(C.16)

Linkage between two variables is trivially defined as:

linkage
cosine_sim

(a, b) = cos_sim(embedding(a), embedding(b)) (C.17)
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D A P P E N D I X D : L I N K A G E TA B L E S

This appendix will present a selection of linkage tables obtained by applying the various
linkage learning algorithms described in Chapter 7. These are applied on the metaheur-
istics and benchmark problems described in the same chapter.

The linkage tables shown in Figure D.1 serve as a baseline for what the correct linkage
tables should look like for every linkage problem. Note that the linkage table for a
benchmark problem and its Sigmoid counterpart are identical.
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Figure D.1: Linkage tables representing the pairwise linkage relationships between
the variables of each benchmark optimisation problem. Yellow cells mark
pairs of variables which are linked.
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Problem: Sigmoid Parity
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EA P P E N D I X E : B E N C H M A R K S TA F F R O S T E R I N G P R O B L E M S

e.1 definition of sr-rr

This Staff Rostering problem instance is equivalent to a RoyalRoad problem where each
clique contains 4 variables, and there are 5 cliques in total.

There are 20 workers in total, and 5 skills. Every clique in the original RoyalRoad
problem corresponds to a group of 4 workers, each having the same skill. In the first
clique, the workers have skill A, in the second they have skill B etc...

Each worker has the rotas shown in Figure E.1, each being 5 weeks long: one rota
with no working days, and a rota where they work every day for one week. The first
worker can work on the first week, the second worker can work on the second week etc...

Worker #0: Skills = {A}

Rota #0

Rota #1

Week 1

Week 1
✓ ✓ ✓ ✓ ✓ ✓ ✓

Week 2 Week 3 Week 4 Week 5

Week 2 Week 3 Week 4 Week 5

Worker #2: Skills = {A}

Rota #0

Rota #1

Week 1

Week 2
✓ ✓ ✓ ✓ ✓ ✓ ✓

Week 2 Week 3 Week 4 Week 5

Week 1 Week 3 Week 4 Week 5

Worker #3: Skills = {A}

Rota #0

Rota #1

Week 1

Week 3
✓ ✓ ✓ ✓ ✓ ✓ ✓

Week 2 Week 3 Week 4 Week 5

Week 1 Week 2 Week 4 Week 5

Worker #4: Skills = {A}

Rota #0

Rota #1

Week 1

Week 4
✓ ✓ ✓ ✓ ✓ ✓ ✓

Week 2 Week 3 Week 4 Week 5

Week 1 Week 2 Week 3 Week 5

Figure E.1: Rota choices available for

This group of 4 workers is repeated 5 times, with skills A, B, C and D respectively.
Within the clique with skill A, if all the workers use rota #1 then every day is covered by
exactly one person with skill A. If even one worker in the clique uses rota #0, then there
is a day where 0 workers with skill A are working. In these latter cases, the minimum
observed quantity of workers is 0, which causes the Range of that skill to be a low
constant value (division by 0 is prevented by returning a low constant value).

Finally, the weight of each day is set to 1, and the weight of preferential rotas (W) is
set to 0.

The final fitness is the summation of the Range for every skill, and so the final problem
is equivalent to RoyalRoad.

e.2 definition of sr-gc

This instance of the Staff Rostering problem is equivalent to a Graph Colouring problem
composed of isolated 3-node cliques, with 3 colours available, shown in Figure E.2.

For this problem, there are 15 workers and 15 skills in total (A to O). For each clique
in the Graph colouring problem, there are 3 skills assigned. In the first clique, the first
worker has skills A and B, the second has skills B and C, and the third has skills C and
A. This is done so that the choice of rota for the first worker affects both of the other
workers in the clique independently (because each pairing shares a skill, but they do not
all share a skill). Each worker has 3 rota options, where in each rota the worker will
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Figure E.2: Graph Colouring problem corresponding to SR-GC

Worker #0: Skills = {A, B}

Rota #0

Rota #1
Week 1
✓ ✓ ✓ ✓ ✓ ✓ ✓

Week 2

Week 1

Rota #1
Week 2
✓ ✓ ✓ ✓ ✓ ✓ ✓

Week 3

Week 2
✓ ✓ ✓ ✓ ✓ ✓ ✓

Week 3
✓ ✓ ✓ ✓ ✓ ✓ ✓

Week 3
✓ ✓ ✓ ✓ ✓ ✓ ✓

Week 1
✓ ✓ ✓ ✓ ✓ ✓ ✓

Worker #1: Skills = {B, C}

(Rotas are the same as Worker #0)

Worker #2: Skills = {A, C}

(Rotas are the same as Worker #0)

Figure E.3: Workers and their rotas corresponding to the first clique in the Graph
Colouring problem.

work every day except for one week. This setup, shown in Figure E.3 is then used for
every clique in the Graph Colouring problem.

Each clique’s optimal rota assignment is when the workers choose different rotas from
each other, just like in Graph Colouring. For a specific skill, if the two workers with that
skill choose the same rota, there will be a week with zero workers, and thus the Range
will have a high penalty. If those two workers choose different rotas, there will be a week
with 2 people every day, and two weeks with one person every day, which has a better
Range. In other words, each skill acts as an “edge” of the network, and if the two nodes
have the same colour, then a penalty is applied.

This setup was verified using a computer program, where it was shown through
enumeration that there is a monotonic and reversible relationship between the fitness
values of SR-GC and the true Graph Colouring instance.
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FA P P E N D I X F : Q U E S T I O N N A I R E F O R U S E R S T U D Y

The following are the questions contained in the questionnaire administered as part
of the user study discussed in Chapter 9. There are 2 such questionnaires, and this is
Variant ’A’: there are explanations for the first task but not for the second. Variant ’B’
lacked explanations for the first task, but had them for the second task.

There are various links shown, which at the time directed the user to documents such
as the “tips and tricks” (shown in Figure 9.2) and explanations (shown in Figure 9.1).
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